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Abstract

We characterize all nonexpected utility functions based on a cardinal utility index.

Our main assumption, Preference-Mixture Certainty Independence, is the counterpart of

certainty-independence in the pure risk setting. Our model includes rank-dependent ex-

pected utility, disappointment aversion and probabilistically sophisticated maxmin ex-

pected utility theory as special cases. Our representation is a generalization of a welfare

function proposed by Sheshinski (1972) where one minus the Gini index is multiplied by

per capita GDP. In our generalization, a function of the utility-Lorenz curve, which we

call the Generalized Gini Discount, is multiplied by expected utility. Our analysis reveals

some features of nonexpected utility preferences: rank-dependent expected utility prefer-

ences and disappointment averse preferences are a subset of maxmin nonexpected utility

preferences.

† We thank David Dillenberger for his insightful comments on an earlier version of this project.



1. Introduction

In this paper, we offer a single answer to three seemingly unrelated questions: what

do all risk preferences with a (single) cardinal utility index have in common? What models

emerge from well-known axiomatic theories of ambiguity when probabilistic sophistication

is imposed on them? Finally, what does it take to incorporate a utility index into welfare

measures based on the Lorenz curve? The answer to all three questions turns out to be

the same: the pure risk setting counterpart of the Gilboa and Schmeidler (1989) certainty

independence axiom.

Our first task is to define what is meant by a preference having a cardinal utility

index. A risky prospect delivers a random reward, “money.” We identify risky prospects

with cumulative distribution functions (cdfs) and let F denote the set of risky prospects.

A utility index converts each risky prospect into a random distribution of utility: that is,

F 7→ Fu where Fu(ν) = F (u−1(ν)). Hence, a preference on F has utility index u if there

is a function V such that the mapping F 7→ V (Fu) represents the preference relation. The

utility index, u, is cardinal if

V (Fau+c) = aV (Fu) + c

Thus, an affine transformation of the utility distribution yields a corresponding transfor-

mation of the utility of that distribution.

One immediate implication of a preference having a cardinal utility index is the fol-

lowing: if the utility distribution G is an affine transformation of the utility distribution

F and the utility distribution Ĝ is an affine transformation of the utility distribution F̂ ;

that is, if

Gu(aν + c) = Fu(ν)

Ĝu(aν + c) = F̂u(ν)

then F̂ is preferred to F if and only if Ĝ is preferred to G. In particular, if a ∈ [0, 1] and

c = (1 − a)u(x) for some x, then having a cardinal utility index ensures that “shifting”

the utility of every prize in F and F̂ proportionally, towards u(x), preserves the ranking

of F and F̂ . This last observation facilitates our main axiom. Our next task is to identify

preference operations that causes such shifts.
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Consider the binary lottery (a, y, x) that yields y with probability a and x with proba-

bility 1−a. Let yax denote the certainty equivalent of (a, y, x). Under the usual continuity

and monotonicity assumptions, this certainty equivalent is well-defined. Lottery G is the

a-preference mixture of F and x if G(yax) = F (y) for every y. The preference mixture G

returns every prize yax with the probability that the original lottery F returns y.

If an expected utility maximizer prefers F to F̂ , then this preference is preserved by

a common preference mixture; that is, Fax � F̂ ax. As the following example shows,

this condition is too demanding for non-expected utilities with a cardinal utility index.

Consider a non-expected utility that has a cardinal utility index u such that the utility of

binary lottery (b, y, x), for y > x, is:

u(ybx) = U(b, y, x) = γ(b)u(y) + (1− γ(b))u(x)

where γ, the probability weighting function, is an increasing bijection from [0, 1] to [0, 1].

If γ(b) is not identically equal to 1−γ(1− b), as is typically the case in most non-expected

utility theories; then good prizes and bad prizes are being treated differently. For example,

if γ(1/2) 6= 1/2, then the weight on the better prize in the display equation above is

different than the weight of worse prize despite the probability of both prizes being the

same. Hence, in general, the binary lottery with utility .5u(y) + .5u(x) is not (1/2, y, x).

Therefore, for any lottery F , identifying the lottery G such that G(z) = F (y) whenever

u(z) = .5u(y) + .5u(x) requires treating y > x and y < x differently.

Let Fabx be the lottery H such that

H(z) =

{
Fax(z) if z ≥ x
Fbx(z) otherwise

Thus, Fabx returns yax whenever F returns y > x and ybx whenever F returns y < x.

Our main axiom requires that for all a ∈ [0, 1) there must exist ba ∈ [0, 1) such that F � G

implies Fabax � Gabax. Note that ba can only depend on a and must be the same for

all F,G, x. In the binary-lottery example above, ba is given by the unique solution to the

equation γ(a) = 1− γ(1− ba).

In Theorem 1, we show that a continuous and monotone preference has a cardinal

utility index if and only our main axiom is satisfied. In Theorem 2 we provide a repre-

sentation theorem for preference with a cardinal utility index. Our main axiom, together
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with continuity and monotonicity of the preference relation yields a cardinal utility index

and a representation based on this cardinal index. More specifically, let Fu denote the

cumulative distribution of utility induced by the distribution F . Then, let LFu denote the

Lorenz curve of the cdf Fu. Our main theorem ensures the existence of a function, δ, on

the set of Lorenz curves such that the function U , defined below, represents the preference

relation:

U(F ) = δ(LFu)µ(Fu) (1)

where µ(Fu) :=
∫
νdFu(ν) =

∫
u(x)dF (x) is the expected utility of F .

When u is linear and δ(LFu) equals one minus the Gini index of LFu , the function U

above becomes the welfare function proposed by Sheshinski (1972). The following class of

Lorenz Expected Utility functons is a slight generalization of Sheshinski’s proposal:

U(F ) = (1− ag(LF ))µ(F ) (2)

where g is the Gini index and a is a real number between 0 and 1. We call this class of

utility functions Sheshinski welfare functions.

We call a preference relation over risky prospects a nonexpected utility preference if

it satisfies the standard assumptions, order, continuity and monotonicity. Theorem 1 is

our characterization of all nonexpected utility preferences with a cardinal utility index. It

establishes that having such an index is equivalent to the preference mixture certainty in-

dependence axiom described above. We call the resulting class of models Lorenz Expected

Utility models.

In Theorem 3, we show that adding the preference-mixture hedging axiom, analo-

gous to Gilboa and Schmeidler’s hedging (or uncertainty aversion) axiom to the Lorenz

Expected Utility model yields the probabilistically sophisticated counterpart of maxmin

non-expected utility preferences. We call these preferences Maxmin Non-Expected Utili-

ties. Theorem 4 establishes that strengthening preference-mixture hedging to preference-

mixture comonotonic indepedence yields Quiggin’s (1984) rank dependent expected utility

preferences.

We show that adding Dekel (1986)’s betweenness axiom to the Lorenz Expected Utility

model yields a subclass that we call Nehring’s two-parameter model (Theorem 5). Theorem
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6 shows that imposting both betweenness and preference-mixture hedging characterizes

Gul’s (1991) disappointment averse preferences.

2. Cardinal Utility

A lottery is a cumulative distribution function (cdf) with non-negative bounded sup-

port. For any cdf F , let XF be the unique, up to a set of measure 0, nondecreasing

random variable defined on the Borel sets of the interval [0, 1] (endowed with the Lebesgue

measure) that has F as its cdf; that is,

XF (ω) = sup{x ∈ IR |F (x) ≤ ω}

for all ω ∈ [0, 1]. We let µ(F ) denote the mean of F ; that is, µ(F ) =
∫ 1

0
XF (s)ds.

Let M = [l, h] ⊂ IR with h > l denote a nondegenerate interval of real numbers. Let F

denote the set of cumulative distribution functions (cdfs) with support contained in [l, h].

The primitive of our analysis is a binary relation, �, on F. Throughout, we will assume

the following three axioms are satisfied. These axioms are standard and shared by most

theories of choice among lotteries. We refer to preferences that satisfy these three axioms

as non-expected utilities.

Order: � is complete and transitive.

For any sequence Fn ∈ F, we write Fn ⇒ F to mean Fn converges to F at every

continuity point of F .

Continuity: If G � Fn � H for all n and Fn ⇒ F implies G � F � H.

The cdf F stochastically dominates the cdf G if F (x) ≤ G(x) for all x ∈ IR and F 6= G.

We write F >1 G to mean F stochastically dominates G. Let � denote the strict part of

�; that is, F � G if and only if F � G and G 6� F .

Monotonicity: F >1 G implies F � G.

Our first objective is provide a necessary and sufficient condition for a non-expected

utility to have a cardinal utility index. A preference has a cardinal utility index if there is

a function u : [l, h]→ [0, 1] such that for all lotteries F,G, F̂ , Ĝ, and all constants a > 0, c,

u(XF̂ ) = au(XF ) + c; u(XĜ) = au(XG) + c
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implies

G � F if and only if Ĝ � F̂

Existence of a cardinal utility index implies that there is no “special” or unusual prize

range that affects the structure of preferences. An analyst who knows the utility index

can make prediction about choices between lotteries over a sub-domain from behavior in

another (sub)domain. In expected utility theory, the utility index fully characterizes the

agent’s attitude to risk. A non-expected utility with a cardinal utility index is more general

in that it allows for first order risk aversion. However, once behavior over some subdomain

of lotteries is observed, the utility index suffices to infer the ranking of all lotteries.

Theorem 1, below, shows that a non-expected utility has a cardinal utility index if

and only if our main axiom, PMC-independence, is satisfied. To state it, we need to define

a preference mixture. Let (a, F,G) denote the a-mixture of F and G with the standard

mixture operation; that is, (a, F,G) = H such that H(x) = aF (x) + (1 − a)G(x) for

all x ∈ IR. We write y for the cdf F that yields y for sure and, therefore, (a, y, x) is a

lottery that yields y with probability a and x with probability 1− a. We use the notation

yax for the certainty equivalent of the binary lottery (a, y, x), that is yax = z ∈ [l, h] if

z ∼ (a, y, x).

For a, b ∈ [0, 1], x ∈ [l, h], the cdf H is a ab-preference mixture of the cdf F and x if

XH(ω) =

{
XF (ω)ax if XF (ω) ≥ x
XF (ω)bx otherwise.

for all ω ∈ [0, 1]. We write Fabx for the ab-preference mixture of F and x. Thus, the

random variable XFabx returns yax whenever the random variable XF returns y ≥ x and

ybx if XF returns y < x. We write Fax instead of Faax. As we show in Lemma A1 in the

appendix, the three axioms above ensure that Fabx is well defined for all F, x, a and b.

Our main axiom, Preference-Mixture (PM) Certainty-Independence, requires that b

can be chosen so that ab-preference mixtures preserve the preference ranking:

PM Certainty-Independence: For all a ∈ [0, 1] there is b ∈ [0, 1] such that F � G

implies Fabx � Gabx.
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In Lemma A1 (in the appendix) we show that if a non-expected utility satisfies PM

Certainty-Independence then the mapping from a to the b postulated in the axiom is an

increasing and onto function. We will write ba for the value of this function at a.

Theorem 1: A nonexpected utility satisfies PMC-Independence if and only if it has a

cardinal utility index.

In the ambiguity literature, Ghirardato and Marinacci (2002) define bi-separability

as follows: the utility function, U , is bi-separable (with utility index u) if there is an

increasing and onto function γ : [0, 1] → [0, 1] such that for any binary lottery, (a, y, x),

with y ≥ x,

U(a, y, x) = γ(a)u(x) + (1− γ(a))u(y) (3)

Preferences that have a cardinal utility index are bi-separable. To see why, fix y, x with

y > x and define, for every a ∈ [0, 1], γ(a) so that equation (3) is satisfied. Monotonicity

and continuity imply that the function γ is well defined and has the desired properties.

Then, let y′, x′ with y′ > x′, and note that there are b > 0, c such that

u(y′) = bu(y) + c

u(x′) = bu(x) + c

Since u is a cardinal utility index for the preference, in the sense defined above, we must

have

U(a, x′, y′) = bU(a, x, y) + c = γ(a)u(x′) + (1− γ(a))u(y′)

Thus, the utility function U is bi-separable. Bi-separability applies only to binary lotteries.

It is necessary but not sufficient for the existence of a cardinal utility index. In the next

section, we provide a general representation theorem for such preferences.
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3. Lorenz Expected Utility

Let F
∗

denote the cdfs with support contained in [0, 1]. For any cdf F and any

continuous strictly increasing function φ, we let Fφ denote the cdf such that Fφ(φ(x)) =

F (x) for all x ∈ M . In particular, given any risky prospect F ∈ F and utility index u,

Fu denotes the corresponding cumulative distribution of utilities. Henceforth, we use the

term cdf to refer to elements of F or F
∗
.

The Lorenz curve of a lottery F is represents the normalized distribution of outcomes.

With outcomes ordered from lowest to highest, the Lorenz curve at ω measures the fraction

of rewards that the lottery allocates to outcomes below the ω−percentile. The Lorenz

curve, LF , of F such that µ(F ) > 0 is the function LF : [0, 1]→ [0, 1] defined as

LF (ω) =

∫ ω
0
XF (s)ds

µ(F )

It is easy to see that LF is onto, convex, continuous and has a finite left derivative at 1 for

all F with µ(F ) > 0. Let L denote the set of all such Lorenz curves.

The simplest example of a Lorenz curve is the identity function ι. It corresponds to

a degenerate lottery that yields a single prize with probability 1. We use the convention

LF = ι whenever F is degenerate at a single value, even if µ(F ) = 0. Quadratic Lorenz

curves of the form L(ω) = aω+(1−a)ω2 with a ∈ [0, 1], correspond to uniform distributions

over some bounded interval of nonnegative numbers. Affine shifts of a distribution yield

Lorenz curves that are convex combinations of the original Lorenz curve and the identity

function. Specifically, let F and G be such that XF = aXG + b for some a > 0, b ≥ 0.

Then, LF = λLG + (1− λ)ι where λ = µ(G)/(µ(G) + b/a).

For any L ∈ L, we let L′ denote the unique right-continuous function that is continuous

at 1 and satisfies
∫ ω

0
L′(s)ds = L(ω) for all ω ∈ [0, 1]. Note that L′F (ω)µ(F ) = XF (ω)

and, therefore, L′F (ω)µ(F ) ≥ L′G(ω)µ(G) for all ω implies that F first order stochastically

dominates G.

Lorenz expected utility has two parameters, a utility index and a Generlized Gini

Discount (GGD) that maps the Lorenz curve of a lottery to [0, 1]. The function δ : L → IR+
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is a Generalized Gini Discount (GGD) if it is continuous and satisfies to following two

properties:

δ(aL+ (1− a)ι) = aδ(L) + 1− a

δ(L) > aδ(Lo) whenever L′(ω) ≥ aL′o(ω) for all ω ∈ [0, 1]

for all L,Lo ∈ L, L 6= Lo and a ∈ [0, 1). We call the first property, the mixture condition

and call the second the derivative condition. The mixture condition corresponds to cer-

tainty independence; it ensures that affine shifts of outcome utilities lead to an affine shift

of the lottery’s utility. The derivative condition implies and is implied by monotonicity;

that is, stochastically dominating prospects have higher utilities than the prospects they

dominate.

A function U : F→ IR+ is a Lorenz Expected Utility (LEU) if there is a utility index

u, and a GGD δ, such that

U(F ) = δ(LFu) · µ(Fu)

for all F ∈ F.

Theorem 2, below, is our main theorem. It shows that non-expected utilities have a

cardinal utility index if and only if they have a Lorenz expected utility representation.

Theorem 2: A binary relation can be represented by an LEU if and only if it is a nonex-

pected utility that satisfies PMC-Independence. Two LEUs represent the same preference

if and only if they have the same GGDs and the same utility indices.

The two parameters of Lorenz expected utility measure different aspects of the agent’s

risk attitude. The utility index u plays the same role in LEU as it does in expected utility

theory while the GGD δ captures the agent’s first order risk attitude in the following sense.

Consider “first order” lotteries, i.e., lotteries that have support in [x, x+ ε] for some ε > 0.

We claim that the agent’s ranking over this restricted set of lotteries pins down the GGD

δ. To see this, first consider the case x = l. Then, the corresponding range of utilities is

u ∈ [u(l), u(l+ ε)] = [0, ε′] for some ε′ > 0 and it is straightforward to verify that for every

Lorenz curve L there is a lottery Fu with support in [0, ε′] such that L = LFu . As a result,

the ranking of these first order lotteries determines the GGD δ. If x > l and u(x) > 0 we
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use the mixture condition of the GGD to obtain the same conclusion. Specifically, if L is

a Lorenz curve for Fu with utilities in the range [0, ε] then

L̂ =
u(x)

u(x) + µ(Fu)
ι+

µ(Fu)

u(x) + µ(Fu)
L

is the corresponding Lorenz curve for the “same” lottery (that is, the lottery with all

utilities shifted up by u(x)) with utilities in the range [u(x), u(x) + ε′]. The mixture

condition on GGD’s requires that δ(aL+ (1− a)ι) = aδ(L) + 1− a and, therefore, δ(L) is

again identified. We conclude that the agent’s ranking of lotteries with support [x, x + ε]

pins down the GGD δ even if x > l.

4. Risk Aversion and Allais-Prone Behavior

In this section, we provide a sufficient and almost necessary condition for one LEU to

be risk averse.

4.1

The preference � is risk averse if F � G whenever F is a mean preserving spread of G.

We say that δ is non-decreasing if L ≤ L′ implies δ(L) ≤ δ(L′). Note that if two lotteries

have the same mean, that is, if µ(F ) = µ(G), then F is a mean preserving spread of G if

and only if LF ≤ LG (Atkinson (1970)). Thus, a lower Lorenz curve indicates greater risk.

Proposition 1: The LEU (u, δ) is risk averse if u is concave and δ is non-decreasing. If

u is concave and (u, δ) is risk averse then δ is non-decreasing.

Proposition 1 shows that a decreasing δ is necessary for risk aversion but does not

show the same for a concave u. Necessity of a concave u holds for special cases of LEU

such as rank dependent expected utility theory (Ryan (2006)) or disappointment aversion

(Gul (1991)) but we were not able to establish necessity for the general case.

LEU simplifies to expected utility if δ = 1. In that case, the preference is risk neutral

with respect to small (first order) risk. For a general LEU, the GDD δ captures the agent’s

departure from expected utility theory and her first order risk aversion. Specifically, we

can relate the properties of the GGD to behavior associated with the Allais paradox. In

the familiar common ratio example, decision makers compare a sure prize x with a lottery
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G that yields y1 < x or x < y2. The common ratio effect asserts that if both lotteries are

mixed with a low outcome (say l) then the preference shifts in the direction of the risky

lottery. That is, if the lottery G is preferred to the sure prize x then (a,G, l) is preferred to

(a, x, l). Conversely, if x is preferred to G then (a,G, l) may be preferred to (a, x, l) leading

to the familiar reversal. Our definition of Allais-prone behavior generalizes this idea.

Consider two lotteries F and G such that LGu ≤ LFu , that is, G has a “riskier” utility

distribution than F in the sense that the normalized utility distribution of G is a mean

preserving spread of the normalized utility distribution of F . In the common ratio example

above, F corresponds to the sure prize and therefore, LFu = ι. Since G = (a, y1, y2) is

risky, we have LGu(ω) < ω for all ω ∈ (0, 1). We say that the Lorenz utility is Allais-prone

if mixing with a low prize may shift the preference to the more risky lottery but cannot

shift the preference to the less risky lottery.

Definition: A Lorenz utility is Allais-prone if for all F,G such that LFu ≥ LGu

G � F =⇒ λG+ (1− λ)l � λF + (1− λ)l

for all λ ∈ [0, 1].

For a ∈ (0, 1) and any Lorenz curve L, define La to be the Lorenz curve such that

La(t) =

{
0 if t ≤ 1− a
L
(
t+a−1
a

)
if t > 1− a

Note that La is the Lorenz curve of aF + (1− a)l for F such that LF = L.

Proposition 2: The Lorenz utility (u, δ) is Allais-prone if, for all a ∈ (0, 1) and all

L,M ∈ L such that L ≤M ,

δ(La)

δ(Ma)
≥ δ(L)

δ(M)

Proposition 2 applies not only to the standard common ratio effect in which one lottery

yields a sure prize but it also in settings where both lotteries are risky. For example,

consider the following four lotteries:
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(1) 50% chance each of 40 and 80;

(2) 45% chance each of 50 and 100 and 10% chance of zero;

(3) 33% chance each of 0, 40 and 80;

(4) 30% chance each of 50 and 100 and 40% chance of 0.

An Allais-prone agent may prefer (1) to (2) and prefer (4) to (3). Note that the latter

pair of lotteries are attained by mixing each one on the former pair with a 1/3 chance of

zero. If, however, the agent prefers (3) to (4) then he must also prefer (2) to (1).

Allais-prone behavior depends only on the GGD. An example of an Allais-prone GGD

is δ such that

δg(L) = b+ (1− b)(1− g(L))

for 0 ≤ b ≤ 1 where g(L) is the Gini-coefficient of L. Note that 1−g(La) = (1−a)(1−g(La))

for 0 ≤ a ≤ 1 and, therefore, δ is Allais-prone if 0 ≤ b ≤ 1 and strictly Allais-prone if these

inequalities are strict.

The LEU (u, δg) is a generalization of a utility function first proposed by Sheshinsky

(1972) and analyzed further in section 6, below. It is a special case of rank dependent

expected utility (see Yaari (1998), Ben-Porath and Gilboa (1994)). In section 5, we explore

the connection between Lorenz utilities and rank dependent expected utility theory in more

detail.

As a second example, consider the GGD δp such that

δp(L) = b+ (1− b)(1− L−1(p))

for some 0 < p < 1, 0 < b < 1. Recall that L(ω) measures the resources allocated to

outcomes in the lower ω−quantile. Therefore, L−1(p) is the lower quantile of outcomes

to which a p−fraction of resources (in utility terms) is allocated. Interpreted as a welfare

measure, this utility function evaluates inequality by the fraction of the population that

must make do with a p−fraction of resources (in utility terms). If income is equally

distributed then this fraction is p; inequality implies that L−1(p) > p and, the greater the

inequality, the greater the lower quantile of agents who consume a p−fraction of resources.
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The GGD δp is increasing since L ≤ L̂ implies L−1(p) ≥ L̂−1(p) and Allais-prone. For

the latter, first note that a(1− L−1(p)) = 1− [La]−1(p) for 0 ≤ a ≤ 1 and, therefore,

b+ (1− b)(1− [La]−1(p))

b+ (1− b)(1− [L̂a]−1(p))
=
b+ a(1− b)(1− L−1(p))

b+ a(1− b)(1− L̂−1(p))
≥ b+ (1− b)(1− L−1(p))

b+ (1− b)(1− L̂−1(p))

for 0 < a < 1 and L−1(p) ≥ L̂−1(p).

5. Lorenz Expected Utility: Special Classes

In the first subsection below, we will consider two nested special classes of Lorenz

expected utility preferences. First, we characterize maxmin non-eu (MNUE) preferences

which are the probabilistically sophisticated analogues of maxmin expected utility prefer-

ences studies in the ambiguity literature. Then, we characterize a subset of maxmin ex-

pected utility preferences known as rank-dependent expected utility preferences (RDEU).

These are the probabilistically sophisticated counterparts of Choquet expected utility pref-

erences studied in the ambiguity literature.

In the second subsection below, we consider two other special classes of Lorenz ex-

pected utility functions. Here, we first characterize betweeenness satisfying Lorenz ex-

pected utility preferences. We call this subclass Nehring’s two-parameter model or Two-

parameter preferences (TPP). Finally, we identify the class of Lorenz expected utility

preferences at the intersection of Nehring’s and betweenness. These turnout to be disap-

pointment averse preferences.

5.1 Maxmin Non-EU and RDEU

Quiggin’s (1984) RDEU model has two parameters, a utility index and a probability

transformation function. The function λ : [0, 1] → [0, 1] is a probability transformation

function (PTF) if it is continuous, strictly increasing and onto. For any cdf F , let Fλ be

the unique cdf that agrees with the function φ at every continuity point of φ where

φ(x) = 1− λ(1− F (x))

The utility function U is RDEU if U(F ) = µ(Fλu ) for some utility index u and some

probability transformation function λ.
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Maxmin Nonexpected utility (MNEU) generalizes RDEU and considers agents who

have multiple PTFs. The utility function U is a MNEU preference if there is a utility index

u and a closed and convex set Λ ⊂ T such that U(F ) = minλ∈Λ µ(Fλu ). Ortoleva and Dean

(2017) consider MMEUs with convex probability transformation functions in an Anscombe-

Aumann setting. They refer to the representation as a multiple-priors, multiple-weighting

model.

The following axiom is the analogue of Schmeidler’s (1989) characterization of uncer-

tainty aversion and the main axiom of Gilboa and Schmeidler’s (1989) maxmin expected

utility model.1 To state the axiom, we must extend our definition of preference mixtures

to pairs of lotteries. The preference mixture FabG is the unique cdf H such that

XH =

{
XF (ω)aXG(ω) if XF (ω) ≥ XG(ω)
XF (ω)bXG(ω) otherwise

PM-Hedging: F � G implies FabaG � G for all a ∈ (0, 1).

Theorem 3: A binary relation is a maxmin nonexpected utility if and only if it is an

LEU that satisfies PM-Hedging.

Rank-dependent utility preferences are a subset of maxmin nonexpected preferences.2

The set Λ has a single element for a Rank-dependent utility. Thus, the function U : F→ IR

is a rank-dependent expected utility (RDEU) if there exists a utility index u and a PTF

λ such that

U(F ) =

∫
u(x)dFλ(x)

for all F ∈ F. The GGD δ is linear if

δ(aL+ (1− a)L∗) = aδ(L) + (1− a)δ(L∗)

1 This version is weaker since it is imposed only quantile functions; i.e., comonotonic acts.
2 In ambiguity theory, Choquet expected utility and nonexpected utility are not nested. Yet, rank-

dependent expected utility preferences; that is, probabilistically sophisticated Choquet expected utility
preferences, are a subset of the set of maxmin nonexpected preferences. The latter are a strict superset
of the set of probabilistically maxmin expected utility preferences. This follows from the fact that PM-
hedging applies only to comonotonic acts while Gilboa and Schmeider’s (1989) uncertainty aversion axiom
applies to all acts.
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The next axiom, preference mixture comonotonic independence is the preference mixture

counterpart of Schmeidler’s comonotonic independence assumption:

PM-Comotononic-Independence: For all a ∈ [0, 1] there is b ∈ [0, 1] such that F � G

implies FabH � GabH.

It is easy to see that PM-Comonotonic-Independence independence implies both PM-

Independence and PM-Hedging. Hence, any nonexpected utility preference that satisfies

PM-Comonotonic-Independence must be a Lorenz expected utility and a maxmin expected

utility. The theorem below reveals that it must also be a rank-dependent expected utility.

Theorem 4: For any binary relation �, the following three conditions are equivalent:

(i) � is a nonexpected utility that satisfies PM-Comonotonic-Independence.

(ii) � is an RDEU.

(iii) � is an LEU with a linear GGD.

An example of a linear GGD is 1 − g(L) where g(L) = 1 − 2
∫ 1

0
LF (ω)dω is the Gini

coefficient of the distribution F . The Gini coefficient is a prominent measure of inequality.

In the next section, we build on this connection and analyze Lorenz expected utility theory

as a theory of welfare measurement.

5.2 Two-Parameter Preferences and Disappointment Aversion

In Nehring’s two-parameter model3, the utility of an agent with utility index u, pa-

rameter ρ > 0 and σ > 0 is implicitly defined as follows: U(F ) = u(z) where z is the

unique solution to

ρ

∫
x≤z

(u(x)− u(z))1/σdF (x) =

∫
x>z

(u(z)− u(x))1/σdF (x) (1)

In the appendix (Section 6.3), we show that the equation above does, indeed, define

a Lorenz expected utility preference. Straightforward manipulation of the above equa-

tion reveals that two-parameter model is bi-separable: when restricted to binary lotteries

3 We learned of the two-parameter model from Klaus Nerhing’s class notes taken when he was a
visiting faculty member at Princeton University. In those notes, Nehring describes the local utility function
(equation (1) above) of betweenness satisfying bi-separable preferences and identifies the two parameters
from the local utility function. We are grateful to David Dillenberger for making us aware of this material.
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(a, y, x) such that y ≥ x, utility can be computed explicitly:

U(a, y, x) = γ(a)u(y) + (1− γ(a))u(x) where

γ(a) =
aσ

aσ + (1 + β)(1− a)σ

β = ρσ − 1

The sensitivity parameter, σ > 0, quantifies how much emphasis the decision-maker places

on relatively unlikely extreme outcomes while the pessimism parameter β > −1 quantifies

how much emphasis the the decision-maker places on all bad outcomes.

Nehring’s two-parameter model turns out the be only LEU that satisfies Betweenness:

Betweenness: If F ∼ G, a ∈ (0, 1), F ∼ (a, F,G).

Theorem 5: A Lorenz expected utility preference is a two-parameter preference if and

only if it satisfies Betweenness.

The representation of the probability weighting function, γ, above suggests that β

is related to the disappointment aversion parameter (Gul (1991)). The disappointment

aversion model is characterized by a utility index, and a parameter β ≥ 0 with β =

1 corresponding to expected utility theoruy. The utility of a lottery F can be defined

implicitly as follows: U(F ) = u(z) where z is the unique solution to

ρ

∫
x≤z

(u(x)− u(z))dF (x) =

∫
x>z

(u(z)− u(x))dF (x) (2)

Comparing equations (1) and (2) reveals that the disappointment aversion model can

be derived from the TPP model by setting σ = 1 and choosing ρ ≥ 1.

To additional property that distinguishes disappointment averse preferences from

other preferences in the TPP model is PM-Hedging; i.e., the property that characterizes

the the maxmin nonexpected utilities. Theorems 4, 5 above together with the theorem

below establish that disappointment averse preferences are the only preferences at the

intersection of TPP and Maxmin non-expected utility.

Theorem 6: A Lorenz expected utility preference is disappointment averse preference

if and only if it satisfies Betweenness and PM-Hedging.
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It is not difficult to check that disappointment averse preferences satisfy PM-hedging.

This can be verified by providing an explicit representation as a maxmin non-expected

utility for disappointment averse preferences and appealing to Theorem 4. We will show

that the disappointment averse preference (u, β) is the same as the maxmin expected utility

(u,Λβ) where Λβ is the set of probability transformation functions consisting of all λzβ

such that

λzβ(p) =

{ p
1+β(1−z) if p ≤ z
z+(1+β)(p−z)

1+β(1−z) otherwise

We can also describe the preference (u, β) as a Lorenz expected utility by computing

is GGD:

δβ(L) = min
ω

1 + βL(ω)

1 + βω

Proposition 3, below ensures that the three formulae describe the same preference.

Proposition 3: The maxmin nonexpected utility (u,Λβ), the LEU utility (u, δβ) and

the disappointment averse utility defined in (2) represent the same preference.

6. Appendix

6.1 Proof of Theorem 2

By Monotonicity, F 6= h implies h � F and F 6= l implies F � l. As noted in section

2, Monotonicity and Continuity also imply that for all F ∈ F and x, z ∈M such that z > x

and z � F � x, there is y ∈ [x, z] and a ∈ [0, 1] such that y ∼ F ∼ (a, x, z). Moreover, y

is unique and therefore, FabG is well-defined for all F,G, a and b. In addition, note that

a, as defined above, is unique.

For any a, let ba be such that F � G implies Fabax � Gabax for all x. That is, ba

associates to each a the b of the PMC-Independence axiom.

Lemma A1: (i) The function a 7→ ba is well defined. (ii) F ∼ G implies Fabax ∼ Gabax.

Proof: Choose z > x and let F be the cdf of the lottery (1/2, z, x). Let y be such that

y ∼ F . Let yn converge to y from above. Then, PMC-Independence implies that there is

b such that ynay � Faby for all n. Then, by Continuity, yay = y � Faby. A symmetric
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argument yields Faby � y and hence y ∼ Faby. If the b in question were not unique, we

would have y ∼ Fab̂y and hence Faby ∼ Fab̂y for some b̂ 6= b, contradicting Monotonicity.

To prove the second assertion, let F ∼ G. If F = h, then F = G and there is nothing

to prove. Hence, assume F 6= h and let Fn := (an, F, h) with an → 1. Monotonicity implies

that Fn � F and, therefore, Fnabax � Gabax. Then, by Continuity, Fabax � Gabax. A

symmetric argument interchanging the roles of F and G then implies Fabax ∼ Gabax.

In addition to a 7→ ba, the observations above ensure that the following mappings are

well defined:

(1) z > x, (a, z, x) 7→ (zax).

(2) z > y > z, (z, x) 7→ a such that y = zax.

Next, we will show that they are also continuous.

Lemma A2: The function a 7→ ba and the functions defined in (1)-(2) above are con-

tinuous.

Proof: To see why (a, z, x) 7→ (zax) for z > x is continuous, let (an, zn, xn) converge to

(a, z, x). If znanxn does not converge to zax, it must have a subsequence that converges

to some y 6= zax. If y > zax, then there is a subsubsequence and w such that for all n,

(an, zn, xn) ∼ znanxn � w � zax ∼ (a, z, x), contradicting Continuity. The proof of the

zax > y case and part (2) symmetric and omitted.

To see why a 7→ ba is continuous, suppose an converges to a. Let x = h(1/2)l. Then,

(1/2, xanl, xbanh) ∼ x ∼ (1/2, xal, xbah) by PMC-Independence and Lemma A1. Hence,

if ban does not converge to ba, it must have a subsequence that converges to some b̂ 6= ba.

Then, (1/2, xal, xb̂h) = lim(1/2, xanl, xbanh) 6∼ x, contradicting Continuity.

Lemma A3: For all h1, l1, h2, l2 such that h ≥ h1 > l1 ≥ l and h ≥ h2 > l2 ≥ l, there

is a unique homoemorphism φ : [l2, h2] → [l1, h1] such that for any two cdfs F,G with

supports contained in [l2, h2], F � G if and only if F ◦ φ � G ◦ φ.

Proof of Lemma A3: First, choose a such that h2 = hal. Next, choose b ∈ [0, 1] such

that l2 = h2bl. For x ∈ [l, h], let φ1(x) = xal and for x ∈ [l, h2], let φ2(x) = h2bx.

Monotonicity implies that φ1 is a strictly increasing function from [l, h] to [l, h2]. By

Lemma A2 it is continuous and, since φ1(l) = l, φ1(h) = h2, it is onto. Hence, φ1 is a
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homeomorphism. The same arguments ensure that φ2 is a homeomorphism from [l, h2] to

[l2, h2]. Hence, φ3 = φ2 ◦ φ1 is also a homeomorphism.

PMC-Independence implies that F ◦φ1 � G◦φ1 whenever F � G and F ◦φ2 � G◦φ2

whenever F � G and the supports of F and G are contained in [l, h2]. Hence, F ◦φ3 � G◦φ3

for all F,G such that F � G.

Similarly, there is a homeomorphism φ4 : [l, h]→ [l1, h1] such that for all F,G, F � G

implies F ◦ φ4 � G ◦ φ4. Let φ = φ4 ◦ φ−1
3 and note that φ is a homeomorphism from

[l2, h2] to [l1, h1] such that for all F,G with supports contained in [l2, h2], F � G implies

F ◦ φ � G ◦ φ. The uniqueness of the homeomorphism φ4 follows from Monotonicity.

Henceforth, we will say that φ : [l2, h2] → [l1, h1] is a utility isometry if for any two

cdfs F,G with supports contained in [l2, h2], F � G if and only if F ◦ φ � G ◦ φ. Lemma

A3 shows that order, continuity, monotonicity and PMC-Independence imply there is a

utility isometry between any two nondegenerate closed subintervals of [l, h].

Lemma A4: The function a 7→ ba is a homeomorphism from (0, 1] to itself.

Proof: Continuity of the function a 7→ ba has already been established. Next, we will

show that the function is strictly increasing, that is, a > a′ implies ba > ba′ . Suppose,

towards a contraction, that ba′ ≥ ba for some a > a′. Let x = (1/2, h, l) and note that x ∼

(xbah)(1/2)(xal) ∼ (xba′h)(1/2)(xa′l). By Monotonicity, xa′l > xal and xba′h ≥ xbah,

contradicting Monotonicity.

It remains to show that the mapping is onto. That ba = 1 for a = 1 is an immediate

implication of monotonicity and thus, it remains to show that inf{ba | a > 0} = 0. If not,

let b = inf{ba | a > 0} > 0 and define x = (1/2, b, l). Let an > 0 converge to 0 and note

that x ∼ (hanx)(1/2)(lbanx) for all n. Since ban → b > 0, Lemma A2 and Continuity

imply that (hanx)(1/2)(lbannx) converges to x(1/2)(lbx). Continuity then requires that

x ∼ x(1/2)(lbx), contradicting Monotonicity.

Lemma A5: Let z > x. There exists α ∈ (0, 1) such that

(i) bα = 1− α

(ii) (zαy)α(yαx) = y if and only if y = zαx.
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Proof: By Lemma A4, a > 1−ba for a sufficiently close to 1 and a < 1−ba for a sufficiently

close to 0. Hence, by continuity, there is α such that α = 1− bα. This proves (i). For part

(ii), note that (zαy)α(yαx) is the unique w ∈M such that w ∼ (α, zαy, yαx). Next, note

that (α, zαy, yαx) = (α, z, x)αbαy ∼ (zαx)αbαy by PMC independence. Finally, observe

that (zαx)αbαy = y if and only if y = zαx.

Next, we will construct a utility index u that maps M onto the unit interval. Let

y0
0 = l, y1

0 = h and set y0
1 = y0

0 = l, y2
1 = y1

0 = h and y1
1 = y0

1αy
l
0. Next, let y0

2 = y0
1 = l,

y4
2 = y2

1 = h, y2
2 = y1

1 . Also, let y1
2 = y2

2αy
0
2 and y3

2 = y4
2αy

2
2 . By Lemma A5, y2

2 = y1
1 =

y3
2αy

1
2 . Continue in this fashion to define yjk for k = 0, 1, . . . and j = 0, . . . , 2k and note

that y2n
k = ynk−1 for all k, n by Lemma A5. Then, let u(yjk) = j

2k
. Hence, u defines a

strictly increasing bijection from some set X ⊂M to the set of all dyadic numbers in the

interval [0, 1].

Lemma A6: The function u is strictly increasing and its domain, X, is dense in M .

Proof: Monotonicity ensures that u is strictly increasing. Suppose there is an interval

(x, y) such that x < z and X ∩ (x, z) = ∅. Let (x, z) be a maximal open interval with this

property. Assume for now that x > 0 and z < 1. Construct a nondecreasing sequence

xn ∈ X and a nonincreasing sequence zn ∈ X such that limxn = x and lim zn = z.

We can, without loss of generality, choose xn, zn so that xn = y
j(n)
k(n) and zn = y

j(n)+1
k(n) .

Let w = zαx. Clearly, w ∈ (x, z) and, by Lemma A2, there is ε < {w−x, z−w} such that

znαxn ∈ [w − ε, w + ε] for all n large enough, a contradiction.

Lemma A7: For any x, z ∈ X, if u(z) − u(x) = 2−k for some k ≥ 0, then u(zαx) =

(u(z) + u(x))/2.

Proof: For x, z ∈ X, such that z > x, define κ to be the smallest t such that u(x)2t and

u(z)2t are both integers. By the hypothesis of the Lemma, there is τ(x, z) ≤ κ such that

2τ(x,y) = 2κ(u(z)− u(x)).

If τ(x, z) = 0, we have 2κ(u(z)−u(x)) = 1 and the assertion follows from the definition

of u; specifically, u(zαx) := 2−(κ+1)(2u(z) + 2u(x))/2 = (u(z) + u(x))/2.

If τ(x, z) = 1, then 2κ(u(z) − u(x)) = 2. From the definition of κ it follows that

u(z)2κ and u(x)2κ are both odd. Let y ∈ X be such that u(y) = (u(x) + u(z))/2 and
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note that 2κu(y) = 2κ(u(z) + u(z))/2 = 2κu(x) + 1 is an even integer. Let κy < κ be

the smallest t such that u(y)2t is an integer and let r = κ − κy. From the construction

of u it follows that there are z0, x0 ∈ X such that u(z0)2κy−1, u(x1)2κy−1 are integers,

1 = u(z0)2κy−1 − u(x0)2κy−1, y = z0αy0 and u(y) = (u(z0) + u(x0)/2. For r ≥ t > 0, let

zt = zt−1αy, xt = yαxt−1 and note that xr = x, zr = z by the definition of u. Furthermore,

u(y) = (u(z0) + u(x0))/2 = (u(zt) + u(xt))/2 for all 1 ≤ t ≤ r. Since y = z0αx0, Lemma 6

implies that y = ztαxt for all 1 ≤ t ≤ r. Thus, we conclude that u(y) = (u(xr) + u(zr))/2

and y = zrαxr. Since x = xr, z = zr this proves the Lemma for the case τ(x, z) = 1.

Next, assume that the result is true whenever 1 ≤ τ(x, z) ≤ t and let τ(x, z) = t+ 1.

Define y such that u(y) = (u(x) + u(z))/2. Then, define y1, y2 such that y1 = yαx and

y2 = zαy and note that 2τ(x,z)u(y1), 2τ(x,z)u(y), 2τ(x,z)u(y2) are all integers. Therefore,

τ(x, y) ≤ t, τ(y1, y2) ≤ t and τ(y, z) ≤ t. By the inductive hypothesis, u(yαx) = (u(y) +

u(x))/2; u(zαy) = (u(z) + u(y))/2; and u(y2αy1) = (u(y2) + u(y1))/2 = u(y). It follows

that y = (zαy)α(yαx). Lemma A5 then implies that y = zαx, as desired.

Lemma A8: For all z ∈ X such that z 6= l, u(zαl) = (u(z) + u(l))/2 = u(z)/2.

Proof: Let y ∈ X be such that u(y) = 1/2 = u(h)/2. Let φ : M → [l, y] be a utility

isometry. First, we show that u(φ(z)) = u(z)/2 for all z ∈ X. We will prove this by

induction. Let Xk = {z ∈ X|u(z) = i/2k for some i = 0, . . . 2k} and note that the

assertion is true for k = 0. Assume, it holds for 0 ≤ k′ = k − 1. Let w ∈ Xk be

such that u(w) = i/2k for some odd i and let x, z be such that u(z) = (i + 1)/2k and

u(x) = (i−1)/2k. Note that u(w) = (u(x)+u(z))/2. Since φ is a utility isometry, it follows

that zαx ∼ w implies φ(z)αφ(x) ∼ φ(w). By the inductive hypothesis, φ(x), φ(z) ∈ X

with u(φ(x)) = u(x)/2 and u(φ(z)) = u(z)/2. Since u(φ(z))−u(φ(x)) = 2−(k−1)/2 = 2−k,

Lemma A7 implies u(φ(w)) = (u(φ(z) + u(φ(x))/2. Since (u(φ(z) + u(φ(x))/2 = u(w)/2,

the assertion follows for Xk.

Clearly, φ(h) = hαl and φ(l) = lαl = l. PMC-Independence and uniqueness of φ

imply that φ(z) = zαl for all z. It follows that u(zαl) = u(z)/2 as desired.

Lemma A9: For h1, l1, h2, l2 ∈ X such that u(h1)−u(l1) = 2−k and u(h2)−u(l2) = 2−n,

let φ : [l2, h2]→ [l1, h1] be a utility isometry. Then, u(φ(w)) = u(l1) + 2n−k(u(w)− u(l1))

for all w ∈ X ∩ [l2, h2].
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Proof: Clearly, φ(l2) = l1 and φ(h2) = h1. Lemma A7 and an inductive argument

analogous to the one in the proof of Lemma A8 establish that for w such that u(w) =

u(h2)a(w) + u(l2)(1− a(w)) we have u(φ(w)) = u(h1)a(w) + u(l1)(1− a(w)). Substituting

a(w) = u(w)−u(l2)
u(h2)−u(l2) = 2n(u(w) − u(l2)) and u(h1) = u(l1) + 2−n into the second equation

then yields the result.

Lemma A10: For x, z ∈ X such that z > x, u(zαx) = (u(z) + u(x))/2.

Proof: If u(z) ≤ 1/2, then let l1 = x, h1 such that u(h1) = u(x) + 1/2 and note that

hl ∈ X. Let l2 = l and h2 = y such that u(y) = 1/2. Let φ be a utility isometry. By Lemma

A9, φ(w) = z such that u(z) = u(l1)+u(w). Hence, the desired result follows from Lemma

A8. If u(z) ≥ 1/2, then let φ : M → [0, y] be a utility isometry. Clearly, φ(w) = wαl

and therefore, u(φ(w)) = u(w)/2 for all w ∈ X by Lemma A8. By definition, u(zαx) =

u(φ−1(φ(z)αφ(x))). Hence, by the first part of this proof u(zαx) = (u(z) + u(x))/2.

Lemma A11: The function u is continuous.

Proof: Let xn ∈ X converge to x ∈ X. Assume for now that x ∈ (l, h) and let j be the

unique odd number such that u(x) = j
2k

for some k. Choose x1, x2 such that u(x1) = j−1
2k

and u(x2) = j+1
2k

. Since u is strictly increasing (Lemma A6), x1 < x < x2. Hence, for n

large enough, u(xn) ∈ (u(x)− 1/2k, u(x) + 1/2k). Obvious adjustments suffice when x = l

or h.

Next, we extend u to the interval M . For all x /∈ X, there is an increasing sequences

xn converging to x. Let u(x) = limu(xn). Clearly, u is well-defined and since X is dense

in M , it is also strictly increasing.

Lemma A12: The function u is strictly increasing and continuous on M .

Proof: The fact that u is strictly increasing follows from the fact that its restriction to

X is strictly increasing. The proof of continuity is essentially identical to that of Lemma

A11.

Let y = hαl and note that u(y) = 1/2. Let γ(a) = 2u(yal) and r(a) be the unique

b ∈ [0, 1] such that u(hay) = 1 − u(lby). We observe that r(a) = ba for all a < 1. To

prove this assertion, note that, by PMC-Independence, (hay)α(lbay) = y and, therefore,
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Lemma 11 yields u(hay) + u(lbay) = 2u(y) = 1 for all hay, lbay ∈ X. Monotonicity and

continuity then yields the assertion for all hay, lbay ∈M . Uniqueness of r(a) follows from

monotonicity.

Lemma A13: (i) For all a ∈ [0, 1], γ(a) = u(hal). (ii) For all x, z ∈ M , u(zabax) =

γ(a)u(z) + (1− γ(a))u(x).

Proof: For part (i), let φ : [l, y] → [l, h] be a utility isometry. Then, by Lemma A9,

u(φ(z)) = 2u(z) for all z ∈ X. Since φ is a utility isometry, w = yal implies that

φ(w) = φ(y)aφ(l) = hal and, therefore 2u(w) = u(φ(w)) = u(hal) for hal ∈ X. Continuity

and monotonicity of u ensure that γ(a) = u(hal) for all a ∈ [0, 1].

For part (ii), first, assume x < z. Let φ : M → [x, z] be a utility isometry. An

inductive argument and Lemma A10 ensure that u(φ(w)) = u(w)u(z) + (1 − u(w))u(x)

for every x ∈ X. Then, continuity and monotonicity of φ and u ensure that u(φ(w)) =

u(w)u(z)+(1−u(w))u(x) for all w. It follows that u(φ(w)) = u(w)u(z)+(1−u(w))u(x) for

all w. Since φ(hal) = φ(z)aφ(l) = zax, we have u(zax) = γ(a)u(z) + (1− γ(a))u(x) for all

a. If x > z, a symmetric argument shows that u(xabaz) = γ(1−ba)u(x)+(1−γ(1−ba))u(z)

for all a. It remains to show that γ(a) = 1 − γ(1 − ba). To prove this last assertion, let

h > y > l such that y ∼ (α, x, z). The definition of ba and PMC-Independence imply that

u(y) = γ(α)[γ(a)u(h) + (1 − γ(a))u(y)] + (1 − γ(α))[γ(1 − ba)u(y) + (1 − γ(1 − ba))u(l)].

Substituting for u(h), u(y), u(l) and applying Lemma A10 then yields 1−γ(1− ba) = γ(a),

as desired.

Define U : F→ [0, 1] such that U(F ) = u(x) for x ∈M such that x ∼ F . Continuity

and monotonicity ensure that x and, therefore, U(F ) is well-defined for every F ∈ F.

Then, for F 6= l, define δ(LFu) = U(F )/µ(Fu).

Lemma A14: δ is well-defined.

Proof: Suppose LFu = LGu for F,G ∈ F such that 0 < µ(Fu) < µ(Gu). Let a =

µ(Fu)/µ(Gu). Clearly, Fu(x) = Gu(ax) for all x. Choose b such that u(xbl) = au(x) for

some x > l. By Lemma 14, b = γ−1(a) and u(zbl) = γ(b)u(z) + (1 − γ(b))u(l) = av(z)

for all z ∈ M . Since z 7→ zbl is a utility isometry, we conclude that φ(z) = y such that
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u(φ(z)) = au(z) is a utility isometry from M to [0, hbl]. Hence, µ(Fu) = φ(µ(Gu)); that

is, µ(Fu) = bµ(Gu) and U(F ) = aU(Gu). Therefore, U(Fu)/µ(Fu) = U(Gu)/µ(Gu) as

desired.

Lemma A15: (i) For all L ∈ L, there is F ∈ F with µF > l such that LFu = L; (ii) U

represents � and is continuous; δ and u are continuous. (iii) δ(aL+(1−a)ι) = aδ(L)+1−a

for a ∈ [0, 1]; (iv) L′(ω) > aL′o(ω) for all ω implies δ(L) > aδ(Lo).

Proof: To prove (i), let Z(ω) = L′(ω)/L′(1) and let X(ω) = u−1(Z(ω)) and define F

such that F (X(ω)) = ω. Then, F ∈ F, LFu = L and µF > l since X(1) = h.

To prove (ii), note that monotonicity of u implies that U such that U(F ) = u(x)

for x ∼ F represents � and therefore, U(F ) = δ(LFu)µ(Fu) represents �. The mapping

F 7→ Fu is continuous since u is continuous. The mapping F 7→ x such that x ∼ F

is continuous since � satisfies order continuity and monotonicity. Hence, F 7→ U(F ) is

continuous as is F 7→ µ(Fu). It follows that F 7→ U(F )/µ(Fu) is continuous whenever

µ(Fu) 6= 0; that is, F 6= l. Let Ln → L and, define Xn(ω), Fn as in the proof of part (i)

and note that Xn(ω) → X(ω) and, thus, Fn → F with µ(Fn), µ(F ) > l. It follows that

δ(Ln) = U(Fnu )/µ(Fnu )→ U(Fu)/µ(Fu) = δ(L), as desired. Hence, δ is continuous.

To prove (iii), let F be any cdf on [0, 1] such that LF = L and choose x such that

u(x) = µ(F ). Also, choose G such that Gu = F and a′ such that γ(a′) = a. Then, let H =

Ga′ba′x and note thatXHu = aXGu+(1−a)µ(F ). It follows that LHu = aLGu+(1−a)ι and

µ(F ) = µ(Hu) = µ(Gu). Let y ∼ G. Hence, by Lemma A1, H ∼ ya′ba′z and therefore,

U(H) = u(ya′ba′x) = aV (G) + (1 − a)µ(F ). By definition, U(H) = δ(LHu)µ(Hu) and

U(G) = δ(LGu)µ(Gu). Hence,

δ(aLGu + (1− a)ι)µ(Hu) = δ(LHu)µ(Hu)

= aV (G) + (1− a)µ(F )

= aδ(LGu)µ(Gu) + (1− a)µ(Hu)

= (aδ(LGu) + 1− a)µ(F )

Hence, δ(aL+ (1− a)ι) = aδ(L) + 1− a as desired.

To prove (iv), assume there are L 6= Lo and a < 1 such that L′(ω) ≥ aL′o(ω) for

all ω. Choose F,G such that LFu = L and LGu = Lo. We can assume that µ(Fu) =
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µ(Gu); if not assume without loss generality that µ(Fu) > µ(Gu). Then, let Z(ω) =

µ(Gu)XFu(ω)/µ(Fu) for all ω. Since µ(Gu)/µ(Fu) < 1, there is some H ∈ F such that

XHu = Z. Clearly, LHu = LFu = L. A similar argument ensures that we can also assume

there is H ∈ F such that XHu = XFu/a.

Since L′(ω) ≥ aL′o(ω) for all ω, µ(Fu)L′(ω) ≥ aµ(Fu)L′o(ω); that is, µ(Fu)XFu(ω) ≥

aµ(Gu)XGu . Since L 6= Lo, µ(Fu)XFu(ω) > aµ(Gu)XGu for some ω. It follows that

Hu stochastically dominates Gu. Since � satisfies Monotonicity and U , represents �, we

conclude that U(Hu) > U(Gu). Hence, µ(Hu)δ(L) > µ(Gu)δ(Lo); that is, δ(L) > aδ(L′)

as desired.

For the converse, assume that δ is a GGD and u is a utility index and U(·) = δ(·)µ(·)

represents �. Clearly, � is complete and transitive. Next, we show that U is continuous.

Let Fn → F . First, consider the case with µFu > 0. Then, LFnu → LFu and, therefore,

continuity of δ and u yield the result. Next, consider the case µ(Fu) = 0, that is, F = l.

For all x ∈ M , define φ(x) such that u(φ(x)) = u(x)/2 + 1/2. Since u : M → [0, 1] is

strictly increasing, continuous and onto, the function φ is well defined, strictly increasing

and continuous with u(φ(l)) = 1/2. Let F ◦ φ be such that

F ◦ φ(x) =

{
F (φ−1(x)) if x ≥ φ(l)
0 otherwise

Note that (F ◦ φ)u(u/2 + 1/2) = Fu(u) for all F ∈ F. Therefore,

L(F◦φ)u =
µ(Fu)Lu + ι

2µ((F ◦ φ)u)
=
µ(Fu)Lu + ι

µ(Fu) + 1

Hence,

δ((F ◦ φ)u) =
µ(Fu)δ(Lu) + 1

µ(Fu) + 1

and U(F ◦ φ) = (U(F ) + 1)/2. Let Fn → l, then, by the argument above, U(Fn ◦ φ) →

u(φ(l)) = 1/2 and, therefore U(Fn)→ 0.

Next, we prove that � satisfies monotonicity. Note that F stochastically dominates G

if and only if XF (ω) ≥ XG(ω) for all ω and XF 6= XG. Since u is monotone, this condition

is equivalent to XFu(ω) ≥ XGu(ω) for all ω and XFu 6= XGu . Hence, F stochastically

dominates G implies µ(Fu)L′Fu(ω) ≥ µ(Gu)L′Gu(ω) for all ω and µ(Fu) > µ(Gu). Hence,
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setting a = µ(Fu)
µ(Gu) < 1 and invoking the derivative property yields δ(LFu) > aδ(LGu); that

is, δ(LFu)µ(Fu) > δ(LGu)µ(Gu). Hence, U(F ) > U(G) and therefore, F � G.

To conclude, we will prove PMC-Independence. For all a ∈ [0, 1], F a = (a, h, l) define

γ(a) = U(F a) = δ(LFau )µ(F au )

We have already shown that � satisfies monotonicity. Hence, γ is strictly increasing. Since

u and δ are continuous, so is γ. Clearly, γ(0) = 0 and γ(1) = 1. Hence, γ : [0, 1]→ [0, 1] is a

homeomorphism. For a ∈ [0, 1], let ba = 1−γ−1(1−γ(a)) and note that γ(a) = 1−γ(1−ba).

For z > x, let Ga = (a, z, x). First, we will show that U(Ga) = γ(a)u(z) + (1 −

γ(a))u(x) for all a. Note that u(h) ≥ u(z) > u(x) ≥ u(l) and, therefore, u(x)/µ(Gau) ≤

u(l)/µ(F au ) implies x = l, z = h. Thus, we may assume that u(x)/µ(Gau) > u(l)/µ(F au ).

Choose a∗ such that a∗u(l)/µ(F au ) + 1− a∗ = u(x)/µ(Ga); that is

a∗ =
(u(z)− u(x))µ(F au )

µ(Gau)

and note that LGau = a∗LFau + (1− a∗)ι. Hence,

U(Ga) = δ(LGau)µ(Gau) = (a∗δ(LFau ) + 1− a∗)µ(F au )

Then, straightforward calculations yield

U(Ga)− u(x)

u(z)− u(x)
= U(F a) = γ(a)

as desired.

The preceding argument and the definition of ba ensure that (a, z, x) ∼ y for y such

that u(y) = γ(a)u(z) + (1 − γ(a))u(x) whenever z ≥ x, (ba, z, x) ∼ y such that u(y) =

γ(1− ba)u(x) + (1− γ(1− ba))u(z) = γ(a)u(z) + (1− γ(a))u(x) whenever z < x. Thus, if

U(F ) > U(G) and F̂ = Fabax, F̂ = Gabax, then

U(F̂ ) = δ(LF̂u)µ(F̂u) = δ(bLFu + (1− b)ι)µ(F̂ )

= (bδ(LFu) + 1− b)(γ(a)µ(Fu) + (1− γ(a))u(x))
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where b = γ(a)µ(Fu)
γ(a)µ(Fu)+(1−γ(a))u(x) . Hence,

U(F̂ ) = γ(a)U(F ) + (1− γ(a))u(x)

U(Ĝ) = γ(a)U(G) + (1− γ(a))u(x)

proving that � satisfies PMC-Independence.

Proof of uniqueness: Let U = (u, δ) be an LEU for �. For F a = (a, h, l), define γ

such that γ(a) = U(F a). Let y = hαl with α ∈ (0, 1) as defined in Lemma A5. Note that

γ(α) ∈ (0, 1) since α ∈ (0, 1) and U is strictly increasing in a. Then, u(y) = γ(α) and, by

Lemma A5, y = (hαy)α(yαl). Lemma A13 then implies that

u(y) = γ(α) = γ(α)[γ(α) + (1− γ(α))γ(α)] + (1− γ(α))γ(α)2

= 3γ(α)2 − 2γ(α)3

It follows that γ(α) = 1/2 and, therefore, u is uniquely defined for all x ∈ X (where X is

defined prior to Lemma A5 above). Continuity of u then implies that its extension to M

is unique as well. Since u is unique, the uniqueness of δ is immediate.

Proof of Theorem 1: Assume that� is a nonexpected utility preference. Suppose� also

satisfies PMC-Independence. Then, by Theorem 1, � has an LEU representation. Let u be

its utility index and δ be the GGD of that representation. Suppose u(XF̂ ) = au(XF ) + c,

u(XĜ) = au(XG) + c for some a > 0, c ∈ IR. Note that since u is a utility index, we must

have a+ c ≥ 0. Furthermore, if a+ c = 0, then we have XF (ω) = XG(ω) = h for all ω and

XF̂ (ω) = XĜ(ω) = l for all ω and, hence, there is nothing to prove. So, we will assume

a+ c > 0 throughout the remainder of the proof.

Next, assume also that c ≥ 0. If a + c ≤ 1, then either a = 1, c = 0 and there is

nothing to prove or we can choose x ∈M such that u(x) = c/(1−a) and note that u(XF̂ ) =

au(XF ) + (1 − a)u(x), u(XĜ) = au(XG) + (1 − a)u(x). Then, U(F̂ ) = δ(LF̂u)µ(F̂u) =

aδ(LFu)µ(Fu) + (1−a)u(x). Similarly, U(Ĝ) = aδ(LĜu)µ(Ĝ) + (1−a)u(x). Hence, G � F

if and only if Ĝ � F̂ as desired.

Next, consider the c ≥ 0 and a+ c > 1 case: let β = 1/(a+ c) and choose F ∗, G∗ such

that u(XF∗) = βu(XF̂ ) and u(XG∗) = βu(XĜ). The argument in the first paragraph of
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this proof ensures that G � F if and only if G∗ � F ∗ and Ĝ � F̂ if and only if G∗ � F ∗.

Therefore, GX � GY if and only if GX̂ � GŶ as desired.

Finally, assume c < 0. Set β = 1/(1 − c) and choose F ∗, G∗ such that u(XF∗) =

βu(XF̂ ) and u(XG∗) = βu(XĜ) + 1 − β. Again, the argument in the first paragraph of

this proof ensures that F � G if and only if F ∗ � G∗ and F̂ � Ĝ if and only if F ∗ � G∗.

Therefore, F � G if and only if F̂ � Ĝ as desired.

For the converse, assume that u is the utility index of �. For any F , choose xF

so that F ∼ xF . Continuity and monotonicity ensure that xF is well-defined. Then,

let δ∗(Fu) = u(x)/µ(Fu) whenever µ(Fu) > 0 and let δ∗(0) = 1. Clearly, the function

U(Fu) = δ∗(Fu)µ(Fu) represents �.

Assume LFu = LGu for F,G such that Fu 6= Gu. We will show that δ∗(Fu) = δ∗(Gu).

Assume, without loss of generality, that µ(Fu) ≥ µ(Gu) and note that µ(Fu) > 0. Let

a = µ(Gu)/µ(Fu). If a = 0 then Gu = 0, Fu = c > 0, and, therefore δ∗(Gu) = δ∗(Fu) = 1.

If a > 0 then µ(Gu) > 0 and Gu(ac) = Fu(c) for all c. Since u is a cardinal utility index,

we conclude U(Gu) = u(z) for z such that u(z) = au(xF ). Hence,

δ∗(Gu)aµ(Fu) = U(G) = au(xF ) = aU(F ) = aδ∗(Fu)µ(Fu) = δ∗(Fu)µ(Gu)

Then, dividing both sides by µ(Gu) we obtain δ∗(Gu) = δ∗(Fu). Thus, we have shown that

LFu = LGu implies δ∗(Gu) = δ∗(Fu). Therefore, the function δ such that δ(L) = δ∗(Fu)

for F such that LFu = L is well defined.

Continuity of δ follows from the continuity of �. Repeating the argument in the proof

of Lemma A15(iv) reveals that the monotonicity of � ensures that δ satisfies the derivative

condition.

Finally, to see that δ satisfies the mixture condition, take any L ∈ L and choose F such

that µ(F ) 6= 0 and LFu = L, x, z such that u(x) = µ(Fu) and u(z) = au(xF )+(1−a)u(x).

Then, choose G such that Gu(ac+(1−a)u(x)) = Fu(c). Since u is a cardinal utility index,

we have U(Gu) = u(z); that is,

δ(LGu)µ(Gu) = u(z)

δ(aL+ (1− a)ι)µ(Fu) = au(xF ) + (1− a)u(y)

δ(aL+ (1− a)ι)µ(Fu) = aU(Fu) + (1− a)µ(Fu)

δ(aL+ (1− a)ι)µ(Fu) = aδ(LFu)µ(Fu) + (1− a)µ(Fu)
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Since µ(Fu) 6= 0, δ(aL+ (1− a)ι) = aδ(LFu) + 1− a as desired.

6.2 Proof of Propositions 1 and 2

Lemma B1: (i) If u is concave and δ is non-decreasing then (u, δ) is risk averse. (ii) If

u is concave then u′(l) is well defined and u′(l) > 0.

Proof: Part (i): Assume G is a mean preserving spread of F . We claim that Fu second

order stochastically dominates Fu. That is,
∫

[0,1]
vdFu ≥

∫
[0,1]

vdGu for all non-decreasing,

concave v. To see this, note that w = v ◦ u is concave since u is concave and v is

concave and non-decreasing. Since G is a mean preserving spread of F , it follows that∫
[0,1]

vdFu =
∫
M
wdF ≥

∫
M
wdG =

∫
[0,1]

vdGu. Thus, Fu second order stochastically

dominates Gu and there exists F̂u such that Fu first order stochastically dominates F̂u and

F̂u is a mean preserving spread of Gu. The derivative condition of the GGC δ implies that

δ(Fu)µ(Fu) ≥ δ(F̂u)µ(F̂u)

Since Gu is a mean preserving spread of F̂u, Atkeson (1970) shows that LF̂u ≥ LGu and,

since δ is non-decreasing, we conclude that

δ(LF̂u)µ(F̂u) ≥ δ(LĜu)µ(Ĝu)

Part (ii): Concavity implies that u is right differentiable and, therefore, u′(l) is well

defined. It is strictly positive since otherwise concavity implies u is constant which con-

tradicts the fact that u is strictly increasing.

Lemma B2: Let (u, δ) be a Lorenz utility such that u′ is differentiable at l with u′(l) > 0.

If (u, δ) is risk averse then δ is monotone.

Proof: For any cdf H, let Hε be the cdf such that Hε(l+ εx) = H(l+ x) and let H\l be

the cdf such that H\l(x− l) = H(x). Note that LH\l = LHε\l for all 1 ≥ ε > 0.

Let L ≤ L′. It is straightforward to verify that there are F,G such that µ(F ) =

µ(G) > l and LF\l = L′, LG\l = L. Thus, LGε\l = L,LF ε\l = L′ and Gε is a mean

preserving spread of F ε for all 1 ≥ ε > 0.
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Since u′(l) > 0 and u(l) = 0 there is g : [0, h− l] → IR such that limz→0 g(l + z) = 0

and u(l+ z) = zu′(l)(1 + g(l+ z)). Since 0 ≤ x ≤ h− l, it follows that supx |g(l+ εx)| → 0

as ε→ 0 and, therefore, for any cdf H, for 0 ≤ t ≤ h− l,

lim
ε→0

∫ l+t
l

u(z)dHε(z)

εu′(l)
= lim
ε→0

∫ t
0
u(l + εx)dH\l(x)

εu′(l)
=

∫ t

0

xdH\l(x)

Therefore, LHεu converges to LH\l at every continuity point of H and, thus, LHεu converges

to LH\l as ε→ 0.

Risk aversion implies that U(F ε) ≥ U(Gε) for all ε. Since µ(F ) > l, we have U(F ε) > 0

for all ε. Thus,

1 ≥ lim
ε→0

U(Gεu)

U(F εu)
=
δ(LG\l)µ(G\l)
δ(LF\l)µ(F\l)

=
δ(LG\l)

δ(LF\l)
=

δ(L)

δ(L′)

Proof of Propositions 1 and 2: Proposition 1 follows from Lemma B1 and Lemma

B2. For Proposition 2, let LFu ≥ LGu and δ(LGu)µ(Gu) ≥ δ(LFu)µ(Fu) and assume

µ(Gu) > 0. Then, for any 0 < a < 1,

δ([LGu ]a)

δ([LFu ]a)
=
δ(LaGu+(1−a)0)

δ(LaFu+(1−a)0)
≥ δ(LGu)

δ(LFu)
≥ µ(Fu)

µ(Gu)
=
µ(aFu + (1− a)0)

µ(aGu + (1− a)0)

and, therefore, δ(aGu + (1− a)0)µ(aGu + (1− a)0) ≥ δ(aFu + (1− a)0)µ(aFu) + (1− a)0)

as desired. If µ(Gu) = 0 then µ(Fu) = 0 and the result is trivial.

6.3 Proofs of Theorems 3 and 4

Proof of Theorem 3

Let X denote the set of bounded, nondecreasing functions X : [0, 1] → IR such that

X is right-continuous and continuous at 1. We identify a constant function with its value

u ∈ IR. We endow X with the topology of weak convergence, that is, Xn → X if Xn(ω)→

X(ω) at every continuity point of X. Note that for each X ∈ X there is a unique cdf F

such that F (x) = inf{ω ∈ [0, 1] |X(ω) ≥ x}.

Let U = (u, δ) be a Lorenz utility representing a preference that satisfies PM-Hedging.

Let X ∗ ⊂ X be the subset of functions such that 0 ≤ X(0) ≤ X(1) ≤ 1. Thus, X ∈ X ∗

29



if and only if X = XFu for some F ∈ F. For X ∈ X ∗, define I(X) = U(F ) where F is

the unique cdf such that Fu(x) = inf{ω ∈ [0, 1] |X(ω) ≥ x}. From the properties of U it

follows that I(u) = u for all constant functions u ∈ [0, 1] and I(aX + b) = aI(u) + b for all

X ∈ X ∗ such that aX + b ∈ X ∗.

For X ∈ X , define a = X(1) − X(0) if X(1) > X(0) and a = 1 if X is constant;

define b = X(0). Then, 1
a (X −X(0)) ∈ X ∗, and therefore, for all X ∈ X there is X∗ ∈ X ∗

such that X = aX∗ + b for some a, b ∈ IR. We can therefore extend I to X by defining

I(X) = aI(X∗) + b for X = aX∗ + b,X∗ ∈ X ∗. It is straightforward to verify that this

extension is well-defined for all X ∈ X .

Let G = FabaH with U(F ) ≥ U(H). By Lemma A13, XGu = γ(a)XFu + (1 −

γ(a))XHu . PM-Hedging implies that U(G) ≥ U(H) and, therefore, I(XG) ≥ I(XH).

Since γ is onto we conclude that I(X) ≥ I(Y ) implies I(bX + (1 − b)Y ) ≥ I(Y ) and,

thus, I is quasi-concave. Since I is homogenous (i.e., I(aX) = aI(X)), it follows that I is

superadditive, that is, I(X + Y ) ≥ I(X) + I(Y ) and, therefore, concave.

The proof now adapts the argument of Gilboa-Schmeidler (1989).

Let Pn = {i2−n, i = 0, . . . , 2n} and let Xn ⊂ X be the step functions that are constant

on the intervals ((i−1)2−n, i2−n) for all i = 1, . . . , 2n. For any X ∈ X , let Xn ∈ X denote

the upper approximation of X with an element of Xn, that is, Xn(ω) = minb∈Pn,b≥ωX(b).

We write c for the constant function that is equal to c for all ω. Clearly, every element of

Xn can be identified with a vector in IRn.

Fix X̄ ∈ X with I(X̄) > 0 and choose n large enough so that I(X̄n) > 0. Let

X0 = X̄n/I(X̄n). Define Y = {X ∈ Xn | I(X) > 1} and let Z = conv({X ∈ Xn | I(X) ≤

1}) ∪ ({X ∈ Xn |X ≤ X0}). Then, Y and Z are disjoint convex sets. Since Y and Z

can be identified with convex subsets of IRn, there exists a non-zero linear function Tn
X̄

(a

vector in IRn) such that Tn
X̄
·Y ≥ Tn

X̄
· 1 = a ≥ Tn

X̄
·Z for all Y ∈ Y, Z ∈ Z. Since IRn− ⊂ Y

it follows that Tn
X̄

is a vector in IRn+ and, therefore, we may choose a = 1.

Let Xb be such that

Xb(ω) =

{
0 if ω < 1− b
1 if ω ≥ 1− b

and define λn
X̄

(b) = Tn
X̄
·Xn

b .
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Define λX̄(b) = limn→∞ λn
X̄n

(b). To see that λX̄(b) is well-defined note that 1 ≥

λnX(b) ≥ 0 for all n. Consider two convergent subsequences and assume that their limits do

not coincide. Then, there are constants c′ > c such that, for all n there are m > n, k ≥ n

with Tm(Xm
b + c) > 1 > T k(Xk

b + c′) and, therefore |I(Xm
b ) − I(Xk

b )| ≥ c′ − c. Since

I(Xn
b ) → I(Xb) we have |I(Xm

b ) − I(Xk
b )| ≤ |I(Xm

b ) − I(Xb)| + |I(Xk
b ) − I(Xb)| → 0, a

contradiction.

Using monotonicity and continuity of I, it is straightforward to verify that λX̄(1) =

TX̄ · 1 = 1 ≥ TX̄ ·Xb ≥ λX̄(0) = TX̄(0) = 0. If a > b then, by strict monotonicity, there is

c > c′ such that I(Xa + c′) > 1 > I(Xb + c) and, therefore Tn
X̄
· [Xn

a + c′] = Tn
X̄
·Xa + c′ ≥

Tn
X̄
· [Xb + c] = Tn

X̄
·Xb + c for large n, which, in turn, implies λX̄(a) > λX̄(b). Thus, λX̄ is

increasing. It is continuous because limb↓a λ(Xb)−λ(Xa) > ε implies that there are c′ > c

such that I(Xn
a +c′) ≥ 1 ≥ I(Xn

b +c) for all b, n and thus, limn→∞ limb↓a I(Xn
b )−I(Xn

a ) ≥

c′ − c > 0, contradicting the continuity of I.

For ω ∈ [0, 1], define Hλn(ω) = 1− λn
X̄

(ω),Hλ(ω) = 1− λX̄(ω) and note that Hλn →

Hλ is a cdf. Next, we adapt the argument in Gilboa-Schmeidler (1989) to establish that

I(X̄) =
∫
X̄dHλ and I(X) ≤

∫
XdHλ for all X ∈ X . First consider X such that I(X) > 0.

Then, Xn/I(Xn)+c ∈ Yn for all c > 0 and n large which implies that
∫
XdHλ+c ≥ I(X)

for all c > 0 and, therefore,
∫
XdHλ ≥ I(X). For X such that I(X) < 0 we can choose c so

that I(X+c) > 0, repeat the previous argument and use the fact that I(X+c) = I(X)+c.

Since X̄/I(X̄) ∈ Z we also have
∫
X̄dHλ ≤ I(X̄) and, therefore, I(X̄) = TX̄(X̄).

Thus, we define Λ to be the closure of convex hull of the union of all λX such that

I(X) > 0. The argument above establishes that I(X) ≤ minλ∈Λ

∫
XdHλ with equality if

I(X) > 0. The fact that I(aX + b) = aI(X) + b then gives the result for all X. Necessity

is straightforward.

Proof of Theorem 4

Let U = (u, δ) be an LEU for � satisfying PMCO-Independence.

Lemma B1: U(FabaH) = γ(a)U(F ) + (1− γ(a))U(H).

Proof: Let x ∼ F, y ∼ H. By an argument identical to the one in Lemma A1 (ii),

FabaH ∼ xabaH. Let c = γ−1(1 − γ(a)). Then, by Lemma A13, xabaH = Hcbcx. Since
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Hcbcx ∼ ycbcx = xabay, it follows that U(FabaH) = U(xabay) = γ(a)u(x)+(1−γ(a))u(y)

where the last equality again follows from Lemma A13.

Lemma B2: δ(bL+ (1− b)L̂) = bδ(L) + (1− b)δ(L̂).

Proof: Let Z(ω) = L′(ω)/L′(1), Ẑ(ω) = L̂′(ω)/L′(1). Without loss of generality, assume

a =
∫ 1

0
Z(ω)dω/

∫ 1

0
Ẑ(ω)dω ≤ 1. Let X(ω) = u−1(Z(ω)), X̂(ω) = u−1(aẐ(ω)) and define

F, F̂ such that F (X(ω)) = F̂ (X̂(ω)) = ω. Then, LF = L,LF̂ = L̂, µFu = µF̂u > 0.

Note that L(FabF̂ )u
= γ(a)L + (1 − γ(a))L̂ by Lemma A13. Lemma B1 implies that

δ(L(FabaF̂ )u
) = γ(a)δ(LFu) + (1− γ(a))δ(LF̂u). Setting b = γ(a) then yields the result.

Lemma B3: U(F ) =
∫
u(x)dF γ(x)dx.

Proof: Lemma B2 implies that U(FabaG) = γ(a)δ(LFu)µFu +(1−γ(a))δ(LG)µG. Define

I(Fu) = δ(LFu)µFu and let Fu[a]Gu be the cdf H such that XH(ω) = aXF (ω) + (1 −

a)XG(ω). Note that U(FabaG) = I(Fu[γ(a)]Gu) and, therefore, I(Fu[a]Gu) = aI(Fu) +

(1−a)I(Gu). Furthermore, I(x) = x and, for F = (a, u, v) with u ≥ v, I(F ) = γ(a)u+(1−

γ(a))v. Let F be a cdf with finite support u1, . . . , un such that 1 ≥ u1 > u2 > ... > un ≥ 0

and F (ui) = ai. Then, for Fi = (ai, u1, un), we have

F = F1

[
u1 − u2

u1

](
F2

[
u2 − u3

u2

](
F3 . . .

(
Fn−1

[
un−1 − un
un−1

]
Fn

)
. . .

)
and, therefore, I(F ) = γ(a1)(u1−u2)+γ(a2)(u2−u3)+. . .+γ(an−1)(un−1−un)+γ(an)un.

Thus, I(F ) =
∫
udF γ(u)du. We conclude that the Lemma holds for all F with finite

support and, thus, by continuity, for all F .

6.4 Proofs of Theorem 5 and 6 and Proposition 3

Note that the function qF (w) = ρ
∫
z≤w(w − z)1/σdFu(z) −

∫
z>w

(z − w)1/σdFu(z) is

continuous and strictly increasing on [0, 1]. Moreover, qF (0) ≤ 0 and qF (1) > 0. Hence,

there is a unique w such that qF (w) = 0. Let xF be the unique x such that u(x) = w. It is

easy to see that F >1 G implies qF (xG) < 0. Hence, xF > xG, proving that the preference

defined by equation (1) is a nonexpected utility. Finally, note that this preference has a

cardinal utility, u, and hence it satisfies PM-Independence; that is, it is a Lorenz expected

utility.
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Proof of Theorem 5

Assume U = (u, δ) is a Lorenz expected utility that satisfies Betweenness. Then,

continuity of U ensures that U(F ) = U(G) implies U(aF + (1− a)G) = U(F ). Therefore,

betweenness, in the sense of Dekel (1986) is also satisfied. Hence, by Proposition 1 in that

paper, the preference, U , has a local utility function, ĝ : M × [0, 1] → [0, 1], and a utility

function V̂ : F→ [0, 1] such that V̂ represents the preference and∫
ĝ(z, η)dF (z) = η (3)

if and only if V̂ (F ) = η for all η. Both the V and g(·, η) are continuous (for all η).

We can identify each prize x ∈ M with the value of its utility index and express

equation (3) above in utils as follows:∫
g∗(ν, η)dFu(ν) = η (4)

if and only if V (Fu) = η, where V (Fu) = V̂ (F ) and g∗(ν, η) = ĝ(u−1(ν), η) for all F, ν.

Let

gη(ν) = |g∗(ν + νo, η)− η|

where C(F ) is the certainty equivalent of F and νo = u(C(F )).

Then, equation (3) and the definition of gη yield,∫
ν≤νo

gη(ν − νo)dFu(ν) =

∫
ν>νo

gη(ν − νo)dFu(ν) (4)

whenever V (Fu) = η. Again, gη is continuous for all η.

Since Lorenz expected utility preferences are bi-separable, there is a weighting function

continuous bijection γ[0, 1]→ [0, 1] such that

γ(a)u(x) + (1− γ(a))u(y) = u(z)

(a, x, y) ∈ F and x ≥ y implies C(a, x, y) = z. Let α = γ−1(1/2), x = h and y = l. Then,

γ(a)u(x) + (1− γ(a))u(y) = u(z) = 1/2

33



for some z. Let V (F ) = η for F = (α, h, l) and hη(ν) = gη(−ν) for all ν ≥ 0. Then,

equation (4) yields

gη(1/2)α = gη(1− 1/2)α = gη(1/2− 1)(1− α) = hη(1/2)(1− α)

Since u is a cardinal utility index, (α, h, l) ∼ z, γ(α) = 1/2, u(x) = 1 − λ/2 and

u(y) = λ/2 implies (α, x, y) ∼ w. Then, the preceding display equation yields

gη(θ) = khη(θ)

for all θ ∈ [0, 1/2], where k = (1− α)/α.

First, assume that k < 1. Then, choose arbitrary x0 such that u(x0) > 1/2 and

define xn for n > 0 and yn for n ≥ 0 inductively as follows: (1/2, xn−1, yn−1) ∼ w and

u(xn) = 1− u(yn−1). Then, we have

gη(u(xn−1)− 1/2) = kgη(1/2− u(yn−1)) = kgη(u(xn)− 1/2)

So, gη(u(xn)−1/2) = k−ngη(u(x0)−1/2). Since the preference has a cardinal utility index,

the ratio of u(xn−1)− 1/2 to 1/2− u(yn−1) = u(xn)− 1/2 is constant. Call this ratio r1.

Since k > 1, we have r1 > 1. Let z1
1 = u(x1

0) − 1/2 and c1 = gη(u(x1
0) − 1/2). Hence,

gη(z1r
−n
1 ) = k−nc1. Let r2 = r

1/2
1 , z2 = z1/r2 and choose x2

0 such that u(x2
0)− 1/2 = z2.

Arguing as above, we get gη(z2r
−n
2 ) = k−nc2. Since z2r

−2n+2
2 = z1r

−n
1 and z2 = z1r1, we

conclude that k−nc1 = k−nc2. Hence, c1 = c2. Continuing in this fashion we conclude

that

gη(z1r
m/2n

1 ) = km/2
n

c1

for all n = 1, 2, . . . and k ≤ 2n. Continuity of gη ensures that, ignoring the subscripts,

gη(zrλ) = kλc = kλg(z) for some λ 6= 0. Let θ = rλ and A = k1 log r. Then, log θ =

logA θ logA that is,

gη(zθ) = (AlogA θ)logAg(z) = θBg(z)

where B = logA. Hence, g(z) = DzB for some D > 0 and B > 0. We can, without loss of

generality, set D = 1 since D has no effect on equation (4).
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Proof of Theorem 6

Let U = (u, ρ, σ) be a TPP that satisfies PM-Hedging. We will prove the result by

showing that σ = 1. Let b ∈ (0, 1) and consider any lottery F = (b, y, l) for y ∈ (l, h). Let

x be the certainty equivalent of F . Then, choose ε > 0 small enough such that y + 2ε < h

and y − 2ε > x and choose a ∈ (0, b) such that U(G) = U(F ), where G is the lottery that

yield y + 2ε with probability a and y − 2ε with probability b − a and l with probability

1− b. Continuity and monotonicity of U ensures that such an a exists. Then, equation (1)

yields

bf(ν) = (1− b)ρf(u(x))

af(ν + 2ε) + (b− a)(ν − 2ε) = (1− b)ρf(u(x))

where f(z) = z
1
σ and ν = u(y)− u(x). PM-Hedging implies that U(1/2, F,G) ≥ U(F ) =

U(G). This means

af(ν + ε) + (b− a)f(ν − ε) ≥ f(ν) = af(ν + 2ε) + (b− a)f(ν − 2ε)

otherwise, equation (1) for (1/2, F,G) would hold require a lower u(x); that is, the certainty

equivalent of (1/2, F,G) would be strictly less than x. Simple manipulations of the equation

above yield

a[f(ν + ε)− f(ν)] ≥ (b− a)[f(ν)− f(ν − ε)]

(b− a)[f(ν − ε)− f(ν − 2ε)] ≥ a[f(ν + 2ε)− f(ν + ε)]

Both of these equation can only be satisfied if f is not strictly convex; that is if σ ≥ 1.

Next, let b ∈ (0, 1) and consider any lottery F = (1 − b, h, y) for y ∈ (l, h). Let x be

the certainty equivalent of F . Then, choose ε > 0 small enough such that y + 2ε < x and

y − 2ε > l and choose a ∈ (0, b) such that U(G) = U(F ), where G is the lottery that yield

y + 2ε with probability a and y − 2ε with probability b − a and l with probability 1 − b.

Then, equation (1) yields

ρbf(ν) = (1− b)f(1− u(x))

ρ[af(ν − 2ε) + (b− a)(ν + 2ε)] = (1− b)f(1− u(x))
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where f(z) = z
1
σ and ν = u(x)− u(y). PM-Hedging implies that U(1/2, F,G) ≥ U(F ) =

U(G). This means

af(ν − ε) + (b− a)f(ν + ε) ≤ f(ν) = af(ν − 2ε) + (b− a)f(ν + 2ε)

otherwise, equation (1) for (1/2, F,G) would require a lower u(x); that is, the certainty

equivalent of (1/2, F,G) would be strictly less than x. Simple manipulations of the equation

above yield

a[f(ν)− f(ν − ε)] ≥ (b− a)[f(ν + ε)− f(ν)]

(b− a)[f(ν − ε)− f(ν − 2ε)] ≤ a[f(ν + 2ε)− f(ν + ε)]

Both of these equation can only be satisfied if f is not strictly convex; that is if σ ≤ 1. We

conclude that σ = 1.

6.5 Proof of Proposition 3

First, we show that disappointment averse utilities are maxmin. For z ∈ [0, 1] and

β ≥ 0, define the PTF λβz such that

λβz(t) =

{
t

z+(1+β)(1−z) if t < z
(1+β)(t−z)+z
z+(1+β)(1−z) if t > z

Note that ∫
udF

λβz
u =

(1 + β)
∫ z

0
XFu(ω)dω +

∫ 1

z
XFu(ω)dω

1 + βz
:= g(z)

For the maxmin nonexpected utility (u,Λβ), U(F ) = minz∈[0,1] g(z). To prove that

(u,Λβ) is a disappointment aversion utility with parameters (u, β), it suffices to show that

z∗ such that g(z∗) ∈ [limz↑z∗ XFu(z), XFu(z∗)] solves this minimization problem. First,

note that X(0) ≤ g(0) = g(1) ≤ X(1). Therefore, there exists z∗ ∈ [0, 1] such that

g(z∗) ∈ [limz↑z∗ XFu(z), XFu(z∗)]. It is straightforward to verify that g(z) is increasing if

X(z) > g(z) and decreasing if X(z) < g(z) and, therefore, z∗ is the global minimum.

To prove equivalence with the LEU (u, δβ) note that g(z) can be rewritten as follows:

g(z) = µ(Fu)
(1 + β)L(z) + 1− L(z)

1 + βz

and, therefore, δβ(L) = minz
1+βL(z)

1+βz yields the desired GGD.
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