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Abstract

This paper studies nonparametric identification of nonseparable models when true endoge-
nous variables are unobservable because of information frictions. We consider identification of
various structural parameters such as the average structural function and quantile structural
effects, based on the instrumental variables and control variables approaches, and show how
the identification results can be extended to the case of the unobservable true endogenous vari-
ables. The identification results are further extended to the nonseparable models where both the
true endogenous variables and instrumental variables are unobservable because of information
frictions, which have been neglected despite their theoretical and empirical importance. Our
identification strategy is constructive in the sense that it produces explicit forms of the iden-
tified parameters and suggests corresponding nonparametric estimation strategies from these
closed-form expressions. Uniform convergence rates of the proposed estimators are provided.
We apply the results to analyze nonseparable consumer demand system using the PSID data.
The estimated outcomes underscore the importance of addressing both the endogeneity and
information frictions in the form of measurement errors on the family expenditure.
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1 Introduction

1.1 Objectives and Outline

We consider identification and estimation of nonseparable triangular simultaneous equations:

Y = g(X,U) (1)

X = h(Z, η), (2)

where Y is the dependent variable, X is a vector of endogenous regressors, U and η are unobserved

heterogeneity, Z is a vector of instrumental variables satisfying Z ⊥⊥ (U, η), and g(·) and h(·)
are unknown functions. The parameters of interest are the average structural functions (Blundell

and Powell (2003)) and the quantile structural effects (Imbens and Newey (2009)). The true

endogenous regressors X and the true instrumental variables Z are allowed to be observed with

information frictions to researchers. To the best of our knowledge, this paper is the first work

which obtains identification of the parameters under mild restrictions on the dimensions of the

unobserved heterogeneity, shapes of the unknown functions, and information frictions on X and Z

in the nonseparable triangular simultaneous equations models.

Dealing with the unobservable true endogenous variables has been of interest in many empirical

and theoretical economic models. Because of complexity of economic relations, many economic

variables are endogenously selected and they are even unobservable to economists because of in-

formation frictions such as private signals, transitory shocks, imperfect competition, adjustment

costs, transaction costs, inattention, information asymmetry, or reporting errors.1 For instance,

consider the linear parametric simultaneous equations models with measurement errors in Griliches

(1974) and Hausman (1977). As these authors note, in the linear case, the further presence of

frictions in the form of measurement errors on the endogenous variables poses no difficulty beyond

that posed by the endogeneity itself, as long as these measurement errors are uncorrelated with

the instrumental variables. On the other hand, in the nonlinear models such as the polynomial

regression model, it turns out that correcting for both the endogeneity and measurement errors in

the same variables is not straightforward.2 It requires a greater extent of treatments for the unob-

servable true endogenous variables due to measurement errors, which is associated with recovering

the distribution of the unobservable true variables. As a result, there are presently few studies

that simultaneously accommodate both the endogeneity and measurement errors in the nonlinear

models, even though failure to properly accommodate these features leads to potentially serious

1Starr (1969) defines the friction as the lack of a completely smoothly working market. It is common in many
economic models such as theory of search, matching, demand, investment, production, auction, trade, and financial
market.

2Amemiya (1985) and Hsiao (1989) point out that, even in the absence of endogenous variables, the existence of
valid instruments is not sufficient to control for measurement error.
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errors in inference.3

Our main contribution is to provide a general approach to identification and estimation of

the structural parameters in the nonseparable triangular simultaneous equations models in the

presence of the true endogenous regressors and instrumental variables observed with the information

frictions. Our analysis introduces theory and methods that simultaneously accommodate both the

endogeneity and information frictions under weaker conditions than what have been required in

the literature.

In identifying the structural parameters such as the average structural functions and the quan-

tile structural effects, we build upon the nonlinear measurement error literature to deal with the

unobservable true endogenous variables. The innovation in this paper over the previous studies is

to provide a unified framework covering instrumental variables and control variables approaches

in the nonseparable model where the reduced-form equation (2) has one-dimensional unobserved

heterogeneity but the structural equation (1) has either multi-dimensional heterogeneity or one-

dimensional heterogeneity. We show how the identification results of Matzkin (2003), Imbens and

Newey (2009), and Hoderlein, Holzmann, Kasy, and Meister (2015) can be extended to our model

with the information frictions. We use a convenient property of the Fourier transform which relates

unobservables to observables. For this, we introduce quantities of a general form which are shown

to be identified by observables and provide identification of various structural parameters based on

the quantities. It is shown that two observed measurements of the unobservable true endogenous

variables are sufficient to recover the core unobservable quantities which can be used to identify

the structural parameters such as the average structural function and quantile structural effects.

In particular, we relax full independence conditions in the literature on repeated measurements

(e.g., Horowitz and Markatou (1996), Li and Vuong (1998), Bonhomme and Robin (2010) and

Evdokimov (2010)) and show less restrictive conditions such as mean independence can still deliver

identification results in more general nonseparable models. In fact, even though we consider both

the endogeneity and information frictions in the nonseparable models (1)–(2), the condition on the

information frictions in this paper is much weaker than the one in Hausman, Newey, Ichimura, and

Powell (1991), Schennach (2004) and Song, Schennach, and White (2015), in that we allow for the

true X to depend on the information frictions on the repeated measurements.4

The identification strategy is further extended to the nonseparable models where both the true

endogenous variables and instrumental variables are unobservable, which have been neglected de-

spite their theoretical and empirical importance. The problem of measurement errors in both sides

has been investigated by many papers in the linear models (e.g., Adcock (1877), Wald (1940),

3For instance, because of the complications embedded and the lack of comprehensive methods in the nonlinear
parametric or nonparametric models, most of previous studies of returns to schooling and of the Engel curve, where
measurement errors on the endogenous variables are pervasive, address at most one of these issues.

4Contrast to our condition, Hausman, Newey, Ichimura, and Powell (1991), Schennach (2004) and Song, Schennach,
and White (2015) exclude the case that the first information friction is correlated with the true X and the second
information friction, when two repeated measurements on the true X are observed.
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Reiersøl (1950) and Madansky (1959)) and in the linear simultaneous equations systems (e.g.,

Griliches (1974), Geraci (1977) and Hausman (1977)). In this paper we simultaneously accommo-

date the measurement errors on the true X (left-side variable) and true Z (right-side variable) to

identify the average structural function and quantile structural effects in the general nonseparable

triangular simultaneous equations models.

The presence of the unobservable true endogenous regressors and instrumental variables in

the nonseparable triangular simultaneous equations is non-standard issue for many reasons. In the

reduced-form equation (2), the dependent variables are the unobservable true endogenous regressors

X and in practice they are replaced with their observable proxies. Since the instrumental variables

Z and the unobserved individual heterogeneity η are nonseparable, the latter cannot merely capture

the frictions on the dependent variables X. As a result, the additional problem due to the frictions

in the context of controlling for the endogeneity issue is highly nonlinear and requires nonparametric

treatments.

Furthermore, when both the true endogenous regressors and instrumental variables are un-

observable, we have a problem of mismeasured regressands and regressors in the nonseparable

reduced-form equation (2). Allowing for the unobservable true instrumental variables has its own

merit in many economic examples. In particular, identification strategies in many economic models

such as nonadditive hedonic models (Heckman, Matzkin, and Nesheim (2010)), production function

models (Olley and Pakes (1996)), and demand models (Berry, Levinsohn, and Pakes (1995)) rest

on shape restrictions such as monotonicity or invertibility of the function of interest in a particular

variable or the unobserved individual heterogeneity. To make them operational, one-dimensional

individual heterogeneity is crucial. When the true instrumental variables are unobservable but

are replaced with their observed proxies, these approaches fail to achieve identification since the

unobserved heterogeneity is not one-dimensional anymore.

Even after the true endogenous regressors in the structural equation (1) are “exogenized” by the

instrumental variables or control variables, they are still unobservable in identifying the structural

parameters. Thus, an additional treatment on the information frictions is necessary, but it is in

a highly nonlinear way because of the nonseparability of the structural equation. Lastly, when

distributional effects such as the quantile structural effects are particularly of interest, nonsmooth-

ness of the problem-solving is inevitable. So it is not clear that an identification strategy for the

average structural function in the presence of the frictions is straightforwardly conveyed to the

distributional effects. This is simply verified by the fact that there have been few studies on the

quantile regression when regressors are mismeasured even in the absence of endogeneity.

Based on the identification results, we propose nonparametric estimators which are easily imple-

mentable thanks to closed-form expressions of the identified parameters. Because the denominators

of the estimators are associated with a conditional characteristic function which converges to zero

as frequency goes to infinity by Riemann-Lebesgue lemma (Lukacs (1970)), it is natural to have so-
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called ill-posed inverse problem (Fan (1991)) or irregular identification (Khan and Tamer (2010)).

We rectify the issue by adopting compactly-supported Fourier transform of a kernel function and

derive uniform convergence rates of the estimators. The rates depend on relative tail behaviors of

distributions and functions involved. As shown in Monte Carlo experiments, the proposed estima-

tors perform well in estimating the structural parameters in the presence of the unobservable true

endogenous regressors. An application to the consumer demand using the Panel Study of Income

and Dynamics (PSID) shows that it is of great importance to correct for both the endogeneity

and information frictions in the form of measurement errors on family expenditure in estimating

nonseparable consumer demand systems.

Finally, our contributions to the literature are summarized as follows. First, we investigate how

the existing solutions to the parametric triangular simultaneous equations with the unobservable

true endogenous variables can be extended to the additively-nonseparable triangular simultaneous

equations. Second, we further develop methods on how to obtain identification when both the

true endogenous regressors and instrumental variables are unobservable to empirical researchers,

which can be interpreted as a nonparametric generalization of the linear simultaneous equations

systems studied in Griliches (1974), Geraci (1977), and Hausman (1977). Third, we impose less

restrictive restrictions on the information frictions. In particular, we relax the full independence

and mean independence of the information frictions, which have been commonly imposed in the

literature. Our imposed conditions are mild enough to cover non-classical measurement errors,

so the proposed methods would be useful in many economic examples where variables interact

with each other. Fourth, we provide a unified framework to identify the structural parameters,

which can be applied to popular methods such as the instrumental variables and control variables

approaches in the nonseparable models. We show our methods can cover the nonseparable models of

the structural equation (1) with multi-dimensional heterogeneity or one-dimensional heterogeneity

under the condition of one-dimensional heterogeneity in the reduced-form equation (2). Fifth, our

identification strategy is comprehensive but simple, so various effects such as the average effects,

marginal effects, and quantile structural effects can be recovered, depending on the researcher’s

goal. Furthermore, we propose easy-to-implement estimators which have closed-form expressions

and require no numerical optimization.

The rest of the article is organized as follows. Section 1.2 reviews the related literature. Section

2 presents the nonseparable triangular simultaneous equations models and motivates our models

with economic examples. Sections 3–4 consider identification of the structural parameters, respec-

tively, with the control variables approach, instrumental variables approach, when the unobserved

heterogeneity in the structural equation is multi-dimensional. Section 5 presents identification

when the unobserved heterogeneity in the structural equation is one-dimensional. Section 6 dis-

cusses how the identification results can be obtained when both the true endogenous variables and

instrumental variables are unobservable. In Section 7, we apply the proposed methods to study the

nonseparable consumer demand systems. Section 8 summarizes and discusses possible extensions.
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All proofs are included in the Appendix.

The online Supplementary Material contains identification of densities of the information fric-

tions and sketches identification results for the case of multi-dimensional variables and the case

of multiple repeated measurements. It also proposes estimators of objects of interest, establishes

their asymptotic properties, and presents finite-sample behaviors of the estimators via Monte Carlo

simulations and more results on the empirical application to the consumer demand systems.

1.2 Related literature

This article contributes to the extensive literature on the nonseparable models with endogenous

regressors and the nonlinear models with measurement errors. We summarize a selected set of

papers in the two literature for brevity. It is worth noting that there have been no published

papers which simultaneously study both the endogeneity and measurement errors in the general

nonseparable simultaneous equations models.

Researchers have previously imposed linearity or separability on systems of structural equations

because of the resulting ease of interpretation and implementation. But more realistic models of

the economic behavior do not necessarily exhibit these convenient features. When these simplifying

assumptions fail, serious errors of the inference on the models may result. To overcome such diffi-

culties, researchers have devoted increasing attention to relaxing some or all of these assumptions.

In particular, identification and estimation of models with the nonseparable structural equations in

the presence of observable endogenous regressors have been extensively studied under various sets of

assumptions. Imbens and Newey (2009) allow for the heterogeneity in the structural equation to be

multi-dimensional but the heterogeneity in the reduced-form equation to be one-dimensional. Their

identification strategy relies on the monotonicity of the reduced-form equation in the heterogeneity.

In a similar model, Florens, Heckman, Meghir, and Vytlacil (2008) impose a stochastic polynomial

restriction on the structural equation, but relax a large support assumption required in Imbens and

Newey (2009). Chesher (2005) considers local identification of derivatives in the triangular simul-

taneous equations where the monotonicity of both equations hold, but imposes a restriction on the

dimensionality of the multi-dimensional heterogeneity. Hoderlein, Holzmann, Kasy, and Meister

(2015) maintain the conditions in Imbens and Newey (2009) but additionally assume the mono-

tonicity of the reduced-form in the instrumental variables. They show that a reweighting method

could serve as an alternative estimation procedure to the control variables approach. Chernozhukov

and Hansen (2005), Chernozhukov, Imbens, and Newey (2007), Horowitz and Lee (2007), Komunjer

and Santos (2010), and Gagliardini and Scaillet (2012) invoke a high-level completeness condition

instead of considering the triangular simultaneous equations. They assume the monotonicity of

the structural equation in one-dimensional heterogeneity. Gandhi, Kim, and Petrin (2011) propose

a generalized control function approach for the nonseparable models and apply it to estimating
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discrete choice demand models where observed factors including price interact with the unobserved

demand error. Torgovitsky (2015) assumes the monotonicity of both equations in one-dimensional

heterogeneity and shows binary instruments can be used for identification. Sasaki (2015) shows

that the quantile partial derivative identifies a weighted average of the structural partial effects

without the monotonicity, building on results in Hoderlein and Mammen (2007).

Since economic variables of interest are often misreported or missing, approaches aiming to cor-

rect for measurement errors in the nonlinear or nonparametric models have received considerable

attention in the literature. Unlike the proposed methods in this paper, most existing methods are

restricted to estimating average effects and assume that all regressors are exogenous. In particu-

lar, approaches closely related to this paper are techniques which utilize repeated measurements.5

For example, Hausman, Newey, Ichimura, and Powell (1991) propose a consistent estimator in a

polynomial specification in the presence of instruments or repeated observations. Horowitz and

Markatou (1996) propose nonparametric estimators for the linear models with independent and

identically distributed error components and show that every component of the convolution can be

identified and nonparametrically estimated from repeated observations of the dependent variable.

They apply the proposed estimators to earnings model. Linton and Whang (2002) study nonpara-

metric estimation of the density function and regression function based on aggregated data that are

grouped into family totals. They allow for a common within-family component but assume that

observations are independent across different families. Li (2002) introduces a consistent estimator

in an arbitrary nonlinear specification using repeated measurements, based on a technique devised

by Li and Vuong (1998), but his identification relies on a mutual independence assumption on

the measurement errors. A related method devised by Schennach (2004) relaxes the mutual inde-

pendence assumption on one of measurement errors to mean independence in a general nonlinear

parametric specification, but still requires it to be a classical measurement error. Delaigle, Hall, and

Meister (2008) study nonparametric density and regression models using repeated measurements

with errors that are generally independent. They provide a sufficient condition for first-order prop-

erties and the convergence rate of estimators to be equivalent when the error distribution is known

and unknown. Useful results have been derived by Bonhomme and Robin (2010) in nonparametric

estimation of the distributions of latent factors in earnings dynamics, at the expense of mutual

independence of measurement errors. Evdokimov (2010) presents interesting results for identifi-

cation of nonparametric panel data model with nonadditive individual-specific heterogeneity, but

assumes regressors are observed and idiosyncratic disturbances are additively separable from the

structural function. Hu and Sasaki (2015) propose a consistent estimator in additively-separable

nonparametric model with non-classical measurement errors by imposing location-scale normaliza-

tion on one of repeated measurements. Song, Schennach, and White (2015) consider identification

of average marginal effects in the nonseparable models with measurement errors on the endogenous

5We focus on papers using repeated measurements which are the most relevant. For other approaches based on
(e.g.) the simulation, auxiliary data or instrumental variables methods, we refer to excellent reviews by Carroll,
Ruppert, Stefanski, and Crainiceanu (2006) and Chen, Hong, and Nekipelov (2011).
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regressors. Since they assume that the control variables are observable, it is not required to identify

and estimate these variables through the reduced form of the nonseparable triangular simultaneous

equations, which greatly simplifies the procedure. And they study neither the quantile structural

effects nor the case of the unobservable true Z.

2 Model and Background

2.1 Setup

Suppose (Y,X,Z) are independent and identically distributed (i.i.d.) random variables defined

on a complete probability space (Ω,F,P). Our first assumptions are conditions imposed on the

triangular systems and random variables.

Assumption 1 The triangular simultaneous equations (1) and (2) satisfy the following conditions:

(i) The endogenous regressors X | Z = z and instrumental variables Z are continuously distributed

in R for all z;

(ii) We have Z ⊥⊥ (U, η);

(iii) The function h(Z, η) is strictly monotone in η for all Z where η is a continuously distributed

scalar with strictly increasing Fη(η) on the support of η.

Assumption 1 (i) states that X and Z are considered to be real-valued and continuously dis-

tributed.6 It excludes binary (or discrete) treatment and instruments. Assumption 1 (ii) imposes

that the instrumental variables are exogenous, which is typically imposed in the literature. As-

sumption 1 (iii) restricts one-dimensional heterogeneity and the monotonicity of h(Z, η) in the

reduced-form model (2) (see Matzkin (2003) for the usual normalization in the nonseparable mod-

els). Note that the structural model (1) is allowed to have multi-dimensional heterogeneity U . We

provide further identification results for one-dimensional unobserved heterogeneity U in Section 5.

An emerging concern in economics is that the true endogenous causes of interest, X, may be

unobservable to researchers because of the information frictions generated by the information asym-

metry, imperfect competition, adjustment costs, transaction costs, financial frictions, or measure-

ment errors. Nevertheless, common practice is to assume either the endogeneity or the information

friction does not exist. This is not because of theoretical reason but rather simplification. In the

context of measurement errors, when the true X is unobservable but a proxy to X is observed, we

need to deal with mismeasured regressors in the structural equation (1) and mismeasured depen-

dent variables in the reduced-form equation (2) of the model. Because the functions g and h are

unknown, the measurement errors need to be solved in a nonlinear or nonparametric way.

6It can be shown to extend the scalar case to multi-dimensional endogenous regressors or multi-dimensional
endogenous and exogenous regressors. Extension to multi-dimensional case involves mainly notational complications.
(see the Supplementary Material for more details).
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We address both issues of the endogeneity and unobservability of the true X simultaneously

without imposing strong restrictions such as independence of the information frictions and others

or known distribution of the information frictions. This is a sharp distinction from the previous

literature. We assume that, instead of the true X, two repeated measurements or proxies to X are

observable to researchers as follows:

Assumption 2 Two repeated measurements of X are observable such as X1 = X + ε1 and X2 =

X + ε2 with information frictions, ε1 and ε2.

There are many examples for the repeated measurements of economic variables. In twins data,

twins are asked to report their own and their twin’s years of education. In firm’s production

function, multiple proxies to intermediate input such as material, energy, and fuel may be available.

Employer-employee matched data for wages can be another example. Matched federal agency and

firm-level data (e.g., bank credit, customs data, and export data) is also popularly used. Market-

based measures as proxies and firm-specific earnings forecasts from securities analysts have been

widely used for a firm’s intrinsic value in the investment equation literature. The average of each

site’s observed catch rates and the observed trip patterns are two available data set about the

expected catch rates in the demand models for recreational fishing sites. In panel data, any single

variable can be repeatedly measured for the same individual at a different point in time. For

instance, bidder’s private signals in auction models and earnings data in earnings dynamics are

good examples for the repeated measurements over time.

2.2 Examples

We now discuss three examples on the nonseparable models where the true endogenous variables

are unobservable due to the information frictions.

2.2.1 Labor Supply Elasticity

A growing literature studies identification of structural parameters when agents face optimization

frictions. Chetty (2012) considers a dynamic model for labor supply and consumption in the

presence of the optimization frictions such as adjustment costs, inattention, or misperception of

prices and derives bounds on structural price elasticities. Based on the assumption of quasilinear

utility specification, a representative agent i’s demand function in period t is obtained as

logx∗it(pt) = α− εlogpt + νit,

where pt is the price of the good x in period t and νit is the deviation from the mean log demand.

ε is the structural preference parameter that controls the price elasticity of demand.
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In particular, suppose that the agent i encounters adjustment costs of kit to be paid when the

consumption of x in period t changes. This model can be summarized by the optimization problem

which solves

max
xt

T∑
t=1

[
ait

x
1−1/ε
t

1− 1/ε
− ptxt − kit · 1(xt 6= xt−1)

]
,

where 1(·) is an indicator function. The resulting observed price elasticities in the labor demand

function then will be deviated from the structural elasticity ε in the absence of the adjustment

costs.

Similarly, individuals might experience price misperception (e.g.) because of inattention to tax

rates. Denote a representative agent i’s perceived price in period t by p̃it(pt) which is a function of

the true price pt. In this model, the agent i chooses consumption xit by solving

max
xt

T∑
t=1

[
ait

x
1−1/ε
t

1− 1/ε
− p̃it(pt)xt

]
.

Observed demand xit is different from the frictionless optimum x∗it. As a result, the observed

elasticity will differ from the structural elasticity ε.

In Chetty (2012)’s model, the structural elasticity ε is assumed to be constant and the agent’s

decision on demand xit is exogenous. In our model, the structural elasticity can be treated as the

individual unobserved heterogeneity and the agent’s decision is allowed to be endogenous.

2.2.2 Production Function

Consider firm’s production function:

Y = g(X,U)

where Y is the output, X is a vector of inputs such as labor (L) and capital (K), and U is (multi-

dimensional) unobserved heterogeneity such as productivity, managerial ability, and firm-specific

technologies (A). A special case of the model is a Cobb-Douglas production function Y = ALαKβ

where A = U . In the literature, a Cobb-Douglas production function has been widely used because

of its simplicity and convenience to analyze (e.g., Olley and Pakes (1996) and Levinsohn and Petrin

(2003)). Especially, taking log transforms the function into a simple linear parametric model. Yet,

there is no theoretical justification on the special functional form and the additive separability

between log of input and log of heterogeneity. In the literature, it is well-known that micro-level

estimation of the production function suffers from an endogeneity problem since the unobservable

productivity causes both the output and levels of inputs. A vector of input prices or intermediate-
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input prices (Z) can be used as instruments if they are random across firms:

X = h(Z, η)

where η is a scalar unobserved heterogeneity which is dependent with U . As pointed out in the

literature (e.g., Griliches and Mairesse (1998)), the capital input generally has the issue of mea-

surement errors. Since the capital enters both the structural and reduced-form equations in an

unknown nonlinear way, standard instrumental variables or control variables approaches cannot

consistently estimate the production function. Moreover, if there are severe measurement errors on

the instruments, we need to deal with mismeasured regressors and mismeasured regressands. Our

proposed framework provides a simple solution to addressing all these issues.

To fix ideas, consider the production function with only one input as follows:

Y = XαV0

where X is the input and α is the elasticity of output with respect to the input. From the firm’s

profit maximization, the first order condition (or decision equation) is

α
Y

X
= ZV1

where Z is the ratio of input and output prices. In the equations, V0 and V1 are stochastic

disturbances.7 Rewriting the system in logs (with lower case letters), we get:

y − αx = v0, y − x = z − logα+ v1.

These simultaneous equations bring simultaneity bias. This is the form of the production function

considered in Mundlak and Hoch (1965) with constant α. In the case that α is interpreted as the

individual unobserved heterogeneity, it fits in the nonseparable simultaneous equations:

y = g(x, U) = αx+ v0, x = h(z, η) =
z

α− 1
− logα+ v0 − v1

α− 1
.

Moreover, when the true capital input is unobservable and its proxies are available, we have a form

of repeated measurements (e.g., multiplicative systematic errors): X1 = Xeε1 and X2 = Xeε2 .

X1 and X2 could be book-keeping values of capital at different years. The frictions ε1 and ε2

are introduced to allow for the possibility that firms may exhibit systematic deviation from the

profit maximization with respect to satisfying the first order condition, suggested by Mundlak and

Hoch (1965). They may reflect institutional constraints, preference, or mistakes. Rewriting the

7Following Marschak and Andrews (1944), we might refer to V0 as the “technical” disturbance, and to V1 as the
“economic” disturbances.
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measurements in log gives:

x1 = x+ ε1, x2 = x+ ε2.

2.2.3 Utility

We next consider a consumer optimization problem in the context of utility maximization. The

utility function is given by

Ū(Uy, Ux, Y,X) = Y UyXUx

where Y and X are goods, and Uy and Ux are consumer’s unobservable tastes. A typical consumer

chooses goods by maximizing utility subject to the budget constraint

PyY + PxX ≤ m

where Py and Px are prices of goods, and m is income of the consumer. The Marshallian demand

functions can be derived by solving the utility maximization problem. The first-order condition is

Uy
PyY

=
Ux
PxX

and by rearranging the condition and using the budget constraint8 we get the system of structural

equations:

Y − UyPx
UxPy

X = V0, Y +
Px
Py
X =

m

Py
V1

where V0 and V1 are stochastic disturbances in econometric demand models. The triangular system

of equations is now given as9

Y = g(X,U) =
UyPx
UxPy

X + V0, X = h(Z, η) =
Ux

(Uy + Ux)Px
(m− V0 + V1).

It is apparent that the individual unobserved heterogeneity are additively nonseparable with the

observed variables in both equations. In the presence of information frictions on the consumer’s

decision process, some of characteristics of the consumer or goods may not be observable to re-

searchers. One possible source of the frictions would be cognitive limitations in behavioral opti-

mization models. This interpretation may explain the discrepancy between the decision maker’s

objectiveness and her limitations. Another example is that good X or price Px might suffer from

8Since the utility is strictly increasing in goods, the equality in the budget constraint is satisfied for the optimal
quantities of goods.

9Blundell and Matzkin (2014) study restrictions on the structure of the simultaneous equation systems where the
control function approach can be applied.
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measurement errors because of misreporting or a gap between purchases and consumption. In these

examples, the information frictions in the regressors (X) or instruments (Z) make the structural

parameters (Ux and Ux) unidentifiable under the frameworks provided by the existing literature.

3 Identification with Control Variables

In this section, we establish identification using the control variables in the models where the

heterogeneity U in equation (1) is multi-dimensional while the heterogeneity η in equation (2) is

one-dimensional.

3.1 General Identification

We show various structural effects can be identified, based on a control variable V . Let X , Z, and

V denote the support of X, Z, and V , respectively. We impose the following condition:

Assumption 3 A control variable V ∈ V satisfies X ⊥⊥ U | V .

This is the conditional exogeneity assumption which has been used in many studies, e.g., Altonji

and Matzkin (2005), Firpo (2007), Rothe (2012), Chiappori, Komunjer, and Kristensen (2015) and

the references therein. In particular, Imbens and Newey (2009) consider a control variable which

can be either observable or estimable when X is observable. Song, Schennach, and White (2015)

assumes the conditional independence when the true X is unobservable due to measurement errors,

but a control variable is assumed to be observable. The methodology we develop comprehensively

extends Imbens and Newey (2009) and Song, Schennach, and White (2015) into the model where

both X and V are unobservable.

As shown in the proof of Theorem 1 in Imbens and Newey (2009), the monotonicity of h(Z, η)

in η and the exogenous instruments condition Z ⊥⊥ (U, η) from equations (1) and (2) imply that a

control variable is the uniformly distributed V = FX|Z(X | Z) = Fη(η). This is because of the fact

that

FX|Z(x | z) = P(h(Z, η) ≤ x | Z = z) = P(η ≤ h−1(Z, x) | Z = z) = Fη(h
−1(z, x)),

à la Matzkin (2003). Thus, when X is observable, Imbens and Newey (2009) show that V can

be identified from the reduced form and therefore structural effects can be identified from the

conditional distribution of Y given X and V .

One of central object of interest is the average structural function (Blundell and Powell (2003)),

denoted by

ḡ(x) ≡ E[g(x, U)] =

∫
g(x, u)FU (du) =

∫
E[Y | X = x, V = v]FV (dv)
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where FU (u) and FV (v) are the cumulative distribution of U and V , respectively. This is identified

from the observables through the identification of E[Y | X = x, V = v] and FV (dv).

Another useful object is the quantile structural function which is defined as the τth quantile of

the function g(x, U) (Imbens and Newey (2009)), denoted by ϑτ (x).10 As shown below, the object

is also identified from the observables when FY |X,V (Y | X = x, V = v) and FV (dv) are identified.

3.2 Failure of Identification

In many economic models, the true endogenous cause X is unobservable to researchers because of

the information frictions. Therefore, structurally identified objects in the previous literature might

not be identified in this case, in that they cannot be defined solely in terms of the joint distribution

of observables. A primary contribution of this paper is to provide new identification results for

various structural effects when the true variables are observed with the frictions.

When the information frictions occur, identification using the conventional approaches is not

feasible. First, if the true X is observed with the information frictions such as X∗ = X + ε, where

ε represents the information frictions, the reduced-form equation (2) can be rewritten as

X∗ = h(Z, η) + ε.

Thus, identification of the control variables V = FX|Z(X | Z) is not feasible. Second, if the true Z

is observed with the information frictions such as Z∗ = Z + ε, where ε represents the information

frictions (e.g., technology, preference or measurement error), the reduced-form equation can be

rewritten as

X = h(Z, η) = h(Z∗ − ε, η) = h̃(Z∗, η̃)

where η̃ ≡ (ε, η)> is a vector of unobservables. This violates the condition of the one-dimensional

unobserved heterogeneity in the reduced-form equation which is essential to the control variables

approach in Imbens and Newey (2009).11 Third, in the structural equation (1), X is still unob-

servable. So identification of the control variables in the first stage is not sufficient to identify the

structural parameters in the second stage. For instance, identification of the average structural

function requires identification of E[Y | X = x, V = v]. But this is not identified due to the

unobservable true X.

10Distributional effects based on other forms of measures have been extensively studied in the literature. For
instance, Firpo, Fortin, and Lemieux (2009) analyze an unconditional quantile regression building on the recentered
influence function. Carneiro, Heckman, and Vytlacil (2010) introduce the marginal policy relevant treatment ef-
fects and connect it to the average marginal treatment effects. Rothe (2010, 2012) proposes a method for partial
distributional policy effects in a nonseparable model.

11Identification with the unobservable true Z is provided in Section 6.
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3.3 Identification of Control Variables

We now discuss how the treatments in Matzkin (2003) and Imbens and Newey (2009) can be

further extended to cover the unobservable true X in the presence of the information frictions. We

construct the identification results by imposing weak restrictions on the information frictions as

follows:

Assumption 4 The information frictions on X satisfy the following conditions:

(i) E[ε1 | X2, Z] = 0;

(ii) ε2 ⊥⊥ X | Z.

Assumption 4 (i) imposes conditional mean zero of the first information friction ε1 given X2

and Z. This is weaker than imposing E[ε1 | X, ε2, Z] = 0 which is a form of classical measurement

errors. Hausman, Newey, Ichimura, and Powell (1991), Schennach (2004) and Song, Schennach,

and White (2015) have imposed E[ε1 | X, ε2] = 0. In fact, Hausman, Newey, Ichimura, and Powell

(1991) and Schennach (2004) do not require the instrumental variables Z since they assume that

no such endogeneity exists in their nonlinear parametric models. Song, Schennach, and White

(2015) also consider the endogeneity issue in the nonseparable models, but they assume that the

control variable V is observable to researchers, which excludes many interesting models. Thus the

models in the aforementioned papers are special cases of the nonseparable simultaneous equations

we consider. Although their condition E[ε1 | X, ε2] = 0 is much weaker than the full independence

X ⊥⊥ (ε1, ε2) in Horowitz and Markatou (1996), Li and Vuong (1998), Bonhomme and Robin

(2010) and Evdokimov (2010), it still excludes the cases of E[ε1 | X] = 0 and E[ε1 | ε2] = 0. Yet,

Assumption 4 (i) embraces such a possibility. Indeed, this is an important improvement since, in

many economic data, it is the case that there is linear or nonlinear dependence among true variables

and the information frictions (Bound and Krueger (1991) and Chen, Hong, and Tamer (2005)).

Assumption 4 (ii) is a conditional independence assumption which is much weaker than the full

independence ε2 ⊥⊥ (X,Z). When the instrumental variables Z are constant, the condition is the

same as the mutual independence, ε2 ⊥⊥ X, imposed in Hausman, Newey, Ichimura, and Powell

(1991) and Schennach (2004) who assume no endogeneity issue. As a matter of fact, ε2 ⊥⊥ (X,Z)

is equivalent to imposing both ε2 ⊥⊥ Z and ε2 ⊥⊥ X | Z. The equivalence property is summarized

in the following lemma.

Lemma 3.1 We have ε2 ⊥⊥ (X,Z) if and only if ε2 ⊥⊥ Z and ε2 ⊥⊥ X | Z.

As a result, Assumption 4 (ii) requires much weaker restriction than the full independence

ε2 ⊥⊥ (X,Z) which has been imposed in Song, Schennach, and White (2015). The condition allows

for some degree of dependence among variables. In particular, it allows for the dependence between

instrumental variables (Z) and the second information friction (ε2). In addition, it does not exclude
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the nonlinear dependence between the true regressor (X) and the second information friction (ε2)

since Z could be a common factor causing both X and ε2, which is implied by the condition

ε2 ⊥⊥ X | Z.12

Thus, Assumption 4 implies that, contrast to conditions in Hausman, Newey, Ichimura, and

Powell (1991) and Schennach (2004) for nonlinear parametric models in the absence of the endo-

geneity, and Song, Schennach, and White (2015) for the nonseparable model in the absence of the

triangular simultaneous equations, we allow for the linear dependence between the true X and the

information friction ε1, the linear dependence between the information frictions, and the nonlinear

dependence between the true X and the information friction ε2 (e.g., non-classical measurement

errors).

Remark 1 It is noteworthy that allowing for the dependence among the information frictions, the

unobservable true regressor X, and the instrumental variables Z is very useful in practice. Indeed,

even in the linear parametric model with an endogenous and mismeasured regressor, a necessary

condition for instrumental variables to be valid is that the instrumental variables are not correlated

with the measurement errors and unobserved error terms. For example, consider the following

linear parametric model:

Y = Xβ + U

where X is endogenous and observed with measurement errors as X∗ = X + ε. We can rewrite the

model as

Y = (X∗ − ε)β + U = X∗β + (U − εβ).

Thus the valid instrumental variables Z are required to be uncorrelated with both U and ε. Since we

are working on the nonparametric nonseparable models, a stronger restriction than the uncorrelation

is inevitable. So we impose the independence between Z and U in Assumption 1 (ii). However,

Assumption 4 shows that the independence among the measurement errors and the instrumental

variables is not necessary, which is very useful in practice.

We now provide an identification result for the control variable. Let N ≡ {0, 1, ...}, N ≡ N∪{∞}
and ∇λα ≡ (∂λ/∂αλ) denote a partial derivative of degree λ ∈ {0, ...,Λ} for Λ ∈ N with respect to

a generic variable α. Denote T ∈ T ≡ {1, Y, 1(Y ≤ y)} be a generic function of Y hereafter.13 Let

12 It would be possible for Assumption 4 (ii) to be replaced with a weaker condition. We use E[eiζXeiζε2 |
Z] = E[eiζX | Z]E[eiζε2 | Z] in the proof of the identification results below. This is a conditional version of sub-
independence discussed in Ebrahimi, Hamedani, Soofi, and Volkmer (2010). When Z is constant, it is the same
as their sub-independence concept. The concept of conditional sub-independence is much weaker than conditional
independence. To see this, consider conditional independence of X and ε2 given Z. It means that E[ei(ζX+ξε2) | Z] =
E[eiζX | Z]E[eiξε2 | Z] for all (ζ, ξ) ∈ R2. Thus the conditional independence restricts the relation in two directional
coordinates (ζ, ξ). In contrast, our condition means that E[eiζ(X+ε2) | Z] = E[eiζX | Z]E[eiζε2 | Z] for all ζ ∈ R, which
only imposes a restriction on one directional coordinate ζ. We leave this possibility for future research.

13For notational simplicity, the argument Y of the function T is suppressed.
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ΨT (ζ, z) ≡ E[TeiζX | Z = z] and Dζa ≡ aeiζX2 , and also define

ϕa(ζ, z) ≡
E[Dζa | Z = z]

E[Dζ1 | Z = z]

for each ζ and a ∈ a ≡ {1, T,X1}.

In the presence of the unobservable true X because of the information frictions, the main

identification strategy for the control variable V = FX|Z(X | Z) is to use a useful property of the

Fourier transform. Note that Ψ1(ζ, z) can be rewritten as

Ψ1(ζ, z) ≡ E[eiζX | Z = z]

=

∫
E[eiζX | X = x, Z = z]fX|Z(x | z)dx

=

∫
fX|Z(x | z)eiζxdx

which is the Fourier transform of fX|Z(x | z). We also note that

1

2π

∫
Ψ1(ζ, z)e

−iζxdζ

is the inverse Fourier transform of Ψ1(ζ, z) for (x, z) ∈ X × Z. Then we get

fX|Z(x | z) =
1

2π

∫
Ψ1(ζ, z)e

−iζxdζ

where the integral is defined over the coordinate ζ. By the inversion theorem (e.g., Gurland (1948)

and Gil-Peraez (1951))

FX|Z(x | z) =
1

2
+

1

2π

∫ ∞
0

Ψ1(−ζ, z)eiζx −Ψ1(ζ, z)e
−iζx

iζ
dζ.

Thus FX|Z(x | z) is identified when Ψ1(ζ, z) is identified. As fully provided in the Appendix, we

identify Ψ1(ζ, z) by characterizing it in terms of observables using Assumption 4 as follows: for

each ζ,

Ψ1(ζ, z) = exp

(∫ ζ

0
iϕX1(ξ, z)dξ

)
,

where ϕX1(ξ, z) is a function of observed random variables.

The idea of identifying Ψ1(ζ, z) rests on nullifying the information frictions in the frequency

domain. Given the restrictions on the frictions in Assumption 4, Ψ1(ζ, z) can be rewritten in terms

of observed quantities without the frictions in coordinate ζ (see proofs of Lemma A.1 and Theorem

3.2 for more details). As a result, V = FX|Z(X | Z) is identified. The next theorem summarizes

the result:
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Theorem 3.2 Suppose Assumptions 2 and 4 hold. Then, from the set of observables {X1, X2, Z},
the conditional cumulative distribution FX|Z(x | z) is identified as

FX|Z(x | z) =
1

2
+

1

2π

∫ ∞
0

Ψ1(−ζ, z)eiζx −Ψ1(ζ, z)e
−iζx

iζ
dζ

with Ψ1(ζ, z) = exp
(∫ ζ

0 iϕX1(ζ, z)dξ
)

for each real ζ and (x, z) ∈ X × Z, provided that all expec-

tations exist and E[Dξ1 | Z = z] is nonvanishing for any real ξ and z ∈ Z.14

3.4 Identification of Structural Functions

We next provide identification results for the structural parameters such as the covariate-conditioned

average structural function, average structural function and quantile structural function. The fol-

lowing condition is imposed.

Assumption 5 The information frictions satisfy the following conditions:

(i) E[ε1 | X2, V ] = 0;

(ii) ε2 ⊥⊥ X | V ;

(iii) E[T | X, ε2, V ] = E[T | X,V ].

Parts (i) and (ii) in the condition are similar to Assumption 4, except having V in place of

Z inside the information set. Thus, interpretation of Assumption 4 is conveyed to Assumption 5

(i)–(ii).

Assumption 5 (iii) is new here and imposes that ε2 does not provide further information on T

than X and V do. It implies a limited information transmission of the friction ε2 to the dependent

variable Y . And the restriction could be applied to either mean (when T = Y ) or quantile of Y

(when T = 1(Y ≤ y)). For instance, when one is interested in the average effects (i.e., T = Y ), the

condition is about a mean independence assumption. In this case, the condition is similar to the

one considered by Song, Schennach, and White (2015) who primarily focus on the average effects.

When one is interested in the quantile effects (i.e., T = 1(Y ≤ y)), the condition can be rewritten

as ε2 ⊥⊥ Y | (X,V ). From a similar argument to Lemma 3.1, we can claim that ε2 ⊥⊥ (Y,X, V ) if

14 Alternatively, the cumulative distribution can be expressed as

FX|Z(x | z) =
1

2
− lim
T→∞

1

2π

∫ T

−T

Ψ1(ζ, z)e−iζx

iζ
dζ

or can be recovered from

FX|Z(x | z) =

∫ x

−∞
fX|Z(x̃ | z)dx̃

where

fX|Z(x̃ | z) =
1

2π

∫
Ψ1(ζ, z)e−iζx̃dζ.
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and only if ε2 ⊥⊥ (X,V ) and ε2 ⊥⊥ Y | (X,V ). So Assumption 5 (iii) is a weaker restriction than

the full independence ε2 ⊥⊥ (Y,X, V ). This does not exclude some degree of dependence of ε2 and

(X,V ), which is compatible with Assumption 5 (ii).

Identification of the structural parameters is obtained by generalizing the result for the control

variable in Section 3.3. Let ΨT (ζ, v) ≡ E[TeiζX | V = v], and define a quantity of the general form

AT (x, v) ≡ E[T | X = x, V = v]fX|V (x | v) (3)

for T ∈ T and (x, v) ∈ X × V. Note that ΨT (ζ, v) can be rewritten as

ΨT (ζ, v) ≡ E[TeiζX | V = v]

=

∫
E[TeiζX | X = x, V = v]fX|V (x | v)dx

=

∫
E[T | X = x, V = v]fX|V (x | v)eiζxdx

=

∫
AT (x, v)eiζxdx

which is the Fourier transform of AT (x, v). Since

1

2π

∫
ΨT (ζ, v)e−iζxdζ

is the inverse Fourier transform of ΨT (ζ, v) for (x, v) ∈ X × V, we obtain

AT (x, v) =
1

2π

∫
ΨT (ζ, v)e−iζxdζ

where the integral is defined over the coordinate ζ. Thus AT (x, v) is identified when ΨT (ζ, v) is

identified.

Similar to ϕa(ζ, z), we define

ϕa(ζ, v) ≡
E[Dζa | V = v]

E[Dζ1 | V = v]
,

where Dζa ≡ aeiζX2 , for each ζ and a ∈ a ≡ {1, T,X1}. We identify ΨT (ζ, v) by characterizing it

in terms of observables using Assumption 5 as follows:

ΨT (ζ, v) = ϕT (ζ, v) exp

(∫ ζ

0
iϕX1(ζ, v)dξ

)
where ϕT (ζ, v) and ϕX1(ζ, v) are functions of observables.

Note that, given Assumption 3, µ(x, v) ≡ E[Y | X = x, V = v] = E[g(X,U) | V = v] when
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T = Y . Here µ(x, v) is a conditional analog of the average structural function ḡ(x) (Blundell and

Powell (2003)). µ(x, v) can be identified from the following result:

Theorem 3.3 Suppose Assumptions 2 and 5 hold. Then, from the set of observables {X1, X2, Y, V },
the quantity AT (x, v) is identified as

AT (x, v) =
1

2π

∫
ΨT (ζ, v)e−iζxdζ

for T ∈ T , each real ζ and (x, v) ∈ X × V, where

ΨT (ζ, v) = ϕT (ζ, v) exp

(∫ ζ

0
iϕX1(ξ, v)dξ

)
,

provided that all expectations exist and E[Dξ1 | V = v] is nonvanishing for any real ξ and v ∈ V.

Since µ(x, v) = AY (x, v)/A1(x, v), we can identify µ(x, v), based on the identification of

AY (x, v) and A1(x, v) from Theorem 3.3. Let p(x) ≡
∫
V∩V(x)c FV (dV ) where V(x) denotes the

support of V conditional on X = x. We assume that the nonparametric rank condition, p(x) = 0,

is satisfied. The condition p(x) = 0 guarantees that the support of Z covers the support of V . This

is equivalent to the common support condition in Imbens and Newey (2009), which requires that

the instrumental variables Z vary sufficiently. It thus ensures that µ(x, v) is identified over the full

support of the marginal distribution of V . With identified µ(x, v), the average structural function

can be identified from

ḡ(x) =

∫
E[Y | X = x, V = v]FV (dv) =

∫
AY (x, v)

A1(x, v)
FV (dv)

where FV (v), the cumulative distribution of V ≡ FX|Z(x | z), is identified from Theorem 3.2. We

have shown the following result:

Lemma 3.4 In the model of equations (1) and (2) where Assumptions 1–5 hold and p(x) = 0, the

covariate-conditioned average structural function µ(x, v) and the average structural function ḡ(x)

are identified from the set of observables {X1, X2, Y, Z} for all (x, v) ∈ X × V.

Note that when T = 1(Y ≤ y), we have A1(Y≤y)(x, v) = E[1(Y ≤ y) | X = x, V = v]fX|V (x | v),

and when T = 1, we have A1(x, v) = fX|V (x | v). Thus the quantile structural function can be also

identified. Note that

FY |X,V (y | x, v) =

∫
1(g(x, u) ≤ y)FU |V (du | v)

= E[1(Y ≤ y) | X = x, V = v]

=
A1(Y≤y)(x, v)

A1(x, v)
.
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Then under p(x) = 0, integrating over the marginal distribution of V gives

G(y, x) ≡
∫

1(g(x, u) ≤ y)FU (du)

=

∫
FY |X,V (y | x, v)FV (dv)

=

∫ A1(Y≤y)(x, v)

A1(x, v)
FV (dv).

From the definition of the quantile structural function, we obtain

ϑτ (x) = G−1(τ, x).

By p(x) = 0, FY |X,V (y | x, v) is unique on X × V because V(x) is equal to V. The next lemma

summarizes the result:

Lemma 3.5 In the model of equations (1) and (2) where Assumptions 1–5 hold and p(x) = 0,

the quantile structural function ϑτ (x) is identified from the set of observables {X1, X2, Y, Z} for all

x ∈ X .

3.5 Partial Identification

For the point identification of the quantile structural function and average structural function, the

common support condition, p(x) = 0, is necessary. It guarantees that the support of V is equal to

the support of V conditional on X = x. If the condition is so strong in an empirical application that

it is dropped, one can still bound the quantile structural function and average structural function.

We give partial identification results in the following result:

Proposition 3.6 In the model of equations (1) and (2) where Assumptions 1–5 hold, bounds for

the distribution of the structural function are identified from the set of observables {X1, X2, Y, Z}
for all x ∈ X :∫

V(x)

A1(Y≤y)(x, v)

A1(x, v)
FV (dv) ≤ G(y, x) ≤

∫
V(x)

A1(Y≤y)(x, v)

A1(x, v)
FV (dv) + p(x)

and these bounds are sharp. Furthermore, suppose that Bl ≤ g(x, u) ≤ Bu for all x in the support

of X and u in the support of U . Then, bounds for the average structural function are identified:∫
V(x)

AY (x, v)

A1(x, v)
FV (dv) +Blp(x) ≤ ḡ(x) ≤

∫
V(x)

AY (x, v)

A1(x, v)
FV (dv) +Bup(x)

and these bounds are sharp.
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3.6 Marginal Effects

Researchers may be interested in marginal effects of economic policies. In the case, previous results

can be further modified to show identification. We define the covariate-conditioned average marginal

effects by β(x, v) ≡ E[∇1
xg(X = x, U)]. Recall µ(x, v) ≡ E[Y | X = x, V = v] = E[g(X,U) | V = v].

Given Assumption 3, the covariate-conditioned average marginal effects can be identified by µ(x, v)

as follows:

β(x, v) ≡ E[∇1
xg(X = x, U)]

=

∫
∇1
xg(X = x, U)FU |V (dU | v)

=

∫
∇1
xg(X = x, U)FU |X,V (dU | x, v)

= ∇1
x

∫
g(X = x, U)FU |X,V (dU | x, v)

= ∇1
xµ(x, v),

provided that the integral and derivative are interchangeable. More generally, any kind of the

covariate-conditioned marginal effects (e.g., quantile marginal effects) can be identified from E[T |
X = x, V = v].

Recall ∇λx ≡ (∂λ/∂xλ) denotes a partial derivative of degree λ ∈ {0, ...,Λ} for Λ ∈ N with

respect to x. For T ∈ T , we define a general form of the function

AT,λ(x, v) ≡ ∇λx(E[T | X = x, V = v]fX|V (x | v)).

The marginal effects can be shown to be functionals of AT,λ(x, v). To show identification of the

marginal effects, identification of AT,λ(x, v) is essential. As shown in the Appendix, identification of

AT,λ(x, v) is obtained by generalizing the results in Section 3.4 into the version of their derivatives.

The following theorem provides the identification results for AT,λ(x, v):

Theorem 3.7 Suppose Assumptions 2 and 5 hold. Then, from the set of observables {X1, X2, Y, V },
the quantity AT,λ(x, v) is identified as

AT,λ(x, v) =
1

2π

∫
(−iζ)λΨT (ζ, v)e−iζxdζ

for T ∈ T , each real ζ, λ ∈ {0, ...,Λ} and (x, v) ∈ X × V, where

ΨT (ζ, v) = ϕT (ζ, v) exp

(∫ ζ

0
iϕX1(ξ, v)dξ

)
,

provided that all expectations exist and E[Dξ1 | V = v] is nonvanishing for any real ξ and v ∈ V.
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From the first-order derivative of µ(x, v) = AY (x, v)/A1(x, v) with respect to x, we obtain the

covariate-conditioned average marginal effects of X on Y at x given V = v such as

β(x, v) =
AY,1(x, v)

A1,0(x, v)
−
AY,0(x, v)

A1,0(x, v)

A1,1(x, v)

A1,0(x, v)
.

Thus, the marginal effects can be recovered from AT,λ(x, v). We give a formal result as follows:

Lemma 3.8 In the model of equations (1) and (2) where Assumptions 1–5 hold, β(x, v) is identified

from the set of observables {X1, X2, Y, Z} for all (x, v) ∈ X × V.

3.7 Average Effects

Based on β(x, v), many interesting average marginal effects (see, e.g., Heckman and Vytlacil (2005))

can be identified. The first example is the average treatment effects by Florens, Heckman, Meghir,

and Vytlacil (2008):

γ(x) ≡
∫

E[∇1
xg(X = x, U)]fV (v)dv

=

∫
β(x, v)fV (v)dv

=

∫ (AY,1(x, v)

A1,0(x, v)
−
AY,0(x, v)

A1,0(x, v)

A1,1(x, v)

A1,0(x, v)

)
fV (v)dv.

The second example is the local average response of Altonji and Matzkin (2005) and the effect of

continuous treatment on the treated (e.g., Florens, Heckman, Meghir, and Vytlacil (2008)):

γ̃(x) ≡
∫

E[∇1
xg(X = x, U)]fV |X(v | X)dv =

∫
β(x, v)fV |X(v | X)dv.

Since fV |X(v | X) can be rewritten as

fV |X(v | X) =
fX|V (x | v)fV (v)∫
fX|V (x | v)fV (v)dv

,

we can rewrite γ̃(x) as

γ̃(x) =

∫ (AY,1(x, v)

A1,0(x, v)
−
AY,0(x, v)

A1,0(x, v)

A1,1(x, v)

A1,0(x, v)

)
A1,0(x, v)fV (v)∫
A1,0(x, v)fV (v)dv

dv

=

∫ (
AY,1(x, v)−AY,0(x, v)

A1,1(x, v)

A1,0(x, v)

)
fV (v)∫

A1,0(x, v)fV (v)dv
dv.
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The third example is the average derivative of Stoker (1986) and Powell, Stock, and Stoker (1989):

δ ≡ E[∇1
xg(X = x, U)]

=

∫
β(x, v)d(x, v)

=

∫ (AY,1(x, v)

A1,0(x, v)
−
AY,0(x, v)

A1,0(x, v)

A1,1(x, v)

A1,0(x, v)

)
d(x, v).

The fourth example is some weighted average measure of the local average response studied by

Altonji and Matzkin (2005):

δ̃ ≡ E[∇1
xg(X = x, U)fX,V (x, v)] =

∫
β(x, v)fX,V (x, v)d(x, v).

Since fX,V (x, v) can be rewritten as

fX,V (x, v) = fX|V (x | v)fV (v),

this object can be rewritten as

δ̃ =

∫ (AY,1(x, v)

A1,0(x, v)
−
AY,0(x, v)

A1,0(x, v)

A1,1(x, v)

A1,0(x, v)

)
A1,0(x, v)fV (v)d(x, v)

=

∫ (
AY,1(x, v)−AY,0(x, v)

A1,1(x, v)

A1,0(x, v)

)
fV (v)d(x, v).

The next lemma summarizes the result:

Lemma 3.9 In the model of equations (1) and (2) where Assumptions 1–5 hold, the average effects

γ(x), γ̃(x), δ, and δ̃ are identified from the set of observables {X1, X2, Y, Z} for all x ∈ X .

4 Identification with Instrumental Variables

We now discuss identification of the structural parameters, based on the instrumental variables

approach. We show that a structural restriction of the monotonicity of the reduced-form equation

(2) in the instrumental variable Z provides interesting identification powers. This identification

strategy reduces two steps in the control variables approach into one step at the expense of the

additional restriction of the monotonicity in Z.

4.1 General Identification

We first assume the following condition.
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Assumption 6 The function h(Z, η) is strictly monotone in Z ∈ Z for all η.

This assumption imposes the monotonicity of the individual decision rule h(Z, η) in the in-

strumental variables. For example, In the firm’s production function, firm-level capital is a de-

creasing function of the log ratio of input and output prices. Under this assumption, we define

W := W (x) ≡ h−1(x, η) ∈ W for given η, whereW denotes the support of W . We set W to be pos-

itive (or negative) infinity when there is no such z ∈ Z that satisfies the decision rule x = h(z, η).

By the monotonicity of h(z, η) in z, W ≤ w if and only if h(z, η) ≤ x. Thus, the cumulative

distribution of W is

FW (w) ≡ P(W ≤ w) = P(h(z, η) ≤ x) = P(X ≤ x | Z = z) = FX|Z(x | z) (4)

where the third equality follows by Z ⊥⊥ η.

Let p̃(x) ≡
∫
W∩Zc FW (dw). For any integrable function T (Y ), we obtain the following result:

Theorem 4.1 In the model of equations (1) and (2) where Assumptions 1 and 6 hold and p̃(x) = 0,

we have

E[T (g(x, U))] =

∫
E[T (Y ) | X = x, Z = z]FW (dw).

The result is similar in form to Corollary 2 in Hoderlein, Holzmann, Kasy, and Meister (2015)

when the true X is observable without the information frictions. It says that variations of x

in E[T (Y ) | X = x, Z = z] correspond to variations of x in T (g(x, U)). It thus shows that

identification of E[T (Y ) | X = x, Z = z] and FW (w) is sufficient to identify the structural effects.

The role of p̃(x) = 0 is equivalent to the one of p(x) = 0 in the control variables approach.

The condition guarantees that the support of Z covers the support of W . It thus ensures that

E[T (Y ) | X = x, Z = z] is identified over the full support of the marginal distribution of W .

However, the identification strategy is not feasible if the true X is observed with the information

frictions. In addition to Assumption 4, we assume the following condition which is associated with

the information frictions.

Assumption 7 The information frictions on X satisfy the following condition:

E[T | X, ε2, Z] = E[T | X,Z].

Assumption 7 is similar to 5 (iii) except including Z in place of V in the information set. It

imposes that ε2 does not provide further information on T than X and Z do, which implies a

limited information transmission of the friction ε2 to the dependent variable Y .

Recall ΨT (ζ, z) ≡ E[TeiζX | Z = z], Dζa ≡ aeiζX2 and

ϕa(ζ, z) ≡
E[Dζa | Z = z]

E[Dζ1 | Z = z]
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for each ζ and a ∈ a ≡ {1, T,X1}. Define a quantity of the general form

AT (x, z) ≡ E[T | X = x, Z = z]fX|Z(x | z) (5)

for T ∈ T and (x, z) ∈ X ×Z. We establish identification of the quantity AT (x, z) in the presence of

the unobservable true X, and then obtain identification of the structural parameters. As in Section

3, the main identification strategy is to use a useful property of the Fourier transform. Note that

ΨT (ζ, z) can be rewritten as

ΨT (ζ, z) ≡ E[TeiζX | Z = z] =

∫
AT (x, z)eiζxdx.

So we get

AT (x, z) =
1

2π

∫
ΨT (ζ, z)e−iζxdζ

where the integral is defined over the frequency domain ζ. Thus AT (x, z) is identified when ΨT (ζ, z)

is identified. We then identify ΨT (ζ, z) by characterizing it in terms of observables using Assump-

tions 4 and 7 as follows:

ΨT (ζ, z) = ϕT (ζ, z) exp

(∫ ζ

0
iϕX1(ζ, z)dξ

)
.

As a result, the quantity AT (x, z) in equation (5) is identified.

Note that A1(x, z) = fX|Z(x | z). Thus, given the identification of A1(x, z), FX|Z(x | z) is also

identified by the inversion theorem (e.g., Gurland (1948) and Gil-Peraez (1951)). Then by equation

(4), FW (w) = FX|Z(x | z) is also identified.

The next theorem summarizes the result:

Theorem 4.2 Suppose Assumptions 2, 4, and 7 hold. Then, from the set of observables {X1, X2, Y, Z},
the quantity AT (x, z) is identified as

AT (x, z) =
1

2π

∫
ΨT (ζ, z)e−iζxdζ

for T ∈ T , each real ζ and (x, z) ∈ X × Z, where

ΨT (ζ, z) = ϕT (ζ, z) exp

(∫ ζ

0
iϕX1(ξ, z)dξ

)
,

provided that all expectations exist and E[Dξ1 | Z = z] is nonvanishing for any real ξ and z ∈ Z.

Furthermore, the cumulative distribution of W is also identified as

FW (w) =
1

2
+

1

2π

∫ ∞
0

Ψ1(−ζ, z)eiζx −Ψ1(ζ, z)e
−iζx

iζ
dζ
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with Ψ1(ζ, z) = exp
(∫ ζ

0 iϕX1(ξ, z)dξ
)

for each real ζ and (x, z) ∈ X × Z.

Theorem 4.2 is essential in identifying many structural effects below.

4.2 Identification of Structural Functions

We now provide identification results for the structural parameters such as the average structural

function and quantile structural function, using the instrumental variables approach.

Recall that the average structural function (Blundell and Powell (2003)) is defined as

ḡ(x) ≡ E[g(x, U)] =

∫
g(x, u)FU (du).

To identify it, note that from Theorem 4.1 with T (Y ) = Y , we have

E[g(x, U)] =

∫
E[Y | X = x, Z = z]FW (dw).

As a result, the average structural function ḡ(x) can be identified from the identification of AT (x, z)

and FW (w). Since A1(x, z) = fX|Z(x | z) and AY (x, z) = E[Y | X = x, Z = z]fX|Z(x | z) from

equation (5), E[Y | X = x, Z = z] can be identified through the equality

E[Y | X = x, Z = z] =
AY (x, z)

A1(x, z)
.

We thus have the average structural function as

ḡ(x) =

∫
AY (x, z)

A1(x, z)
FW (dw).

In addition, FW (w) is also identified from Theorem 4.2. Thus the average structural function can

be identified, based on the identification of A1(x, z), AY (x, z) and FW (w) from Theorem 4.1 and

Theorem 4.2. We have therefore shown the following identification result:

Lemma 4.3 In the model of equations (1) and (2) where Assumptions 1, 2, 4, 6 and 7 hold and

p̃(x) = 0, the average structural function ḡ(x) is identified from the set of observables {X1, X2, Y, Z}
for all x ∈ X .

We now discuss how to recover the quantile structural effects when the true endogenous regres-
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sors are unobservable. Note that from Theorem 4.1 with T (Y ) = 1(Y ≤ y), we have

G(y, x) ≡ P(g(x, U) ≤ y)

= E[1(g(x, U) ≤ y)]

=

∫
E[1(Y ≤ y) | X = x, Z = z]FW (dw)

=

∫
FY |X,Z(y | x, z)FW (dw).

Since A1(x, z) = fX|Z(x | z) and A1(Y≤y)(x, z) = E[1(Y ≤ y) | X = x, Z = z]fX|Z(x | z) from

equation (5), FY |X,Z(y | x, z) can be identified from

FY |X,Z(y | x, z) ≡ E[1(Y ≤ y) | X = x, Z = z] =
A1(Y≤y)(x, z)

A1(x, z)
,

and FW (w) is also identified from Theorem 4.2. The condition p(x) = 0 ensures that FY |X,Z(y | x, z)
is unique on X × Z. We have then

G(y, x) =

∫ A1(Y≤y)(x, z)

A1(x, z)
FW (dw).

Because, by definition, the inverse of
∫
E[1(Y ≤ y) | X = x, Z = z]FW (dw) is the quantile structural

function, we get

ϑτ (x) = G−1(τ, x).

The following lemma summarizes the result:

Lemma 4.4 In the model of equations (1) and (2) where Assumptions 1, 2, 4, 6 and 7 hold

and p̃(x) = 0, the quantile structural function ϑτ (x) is identified from the set of observables

{X1, X2, Y, Z} for all x ∈ X .

4.3 Partial Identification

The condition p̃(x) = 0 requires that the support of W is the same as the support of Z. If

this assumption may only be satisfied on a small set Z, one might want to drop the assumption

p̃(x) = 0 and bound the quantile structural function. In addition, if the structural function g(x, u)

is bounded, one can also bound the average structural function. Note that AT (x, z) and FW (w)

are identified for (x, z) ∈ X × Z from Theorem 4.2.

Proposition 4.5 In the model of equations (1) and (2) where Assumptions 1, 2, 4, 6 and 7 hold,

bounds for the distribution of the structural function are identified from the set of observables
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{X1, X2, Y, Z} for all x ∈ X :∫
Z

A1(Y≤y)(x, z)

A1(x, z)
FW (dw) ≤ G(y, x) ≤

∫
Z

A1(Y≤y)(x, z)

A1(x, z)
FW (dw) + p̃(x)

and these bounds are sharp. Furthermore, suppose that Bl ≤ g(x, u) ≤ Bu for all x in the support

of X and u in the support of U . Then, bounds for the average structural function are identified:∫
Z

AY (x, z)

A1(x, z)
FW (dw) +Blp̃(x) ≤ ḡ(x) ≤

∫
Z

AY (x, z)

A1(x, z)
FW (dw) +Bup̃(x)

and these bounds are sharp.

5 Identification with One-dimensional Heterogeneity in the Struc-

tural Equation

Previous results for the quantile structural effects are comparable to those in the nonseparable

model with a scalar heterogeneity. We now discuss how the quantile structural effects can be

identified only through the information on the model of the structural equation (1) (i.e., without

modeling the relationship between X and Z through the reduced-form equation (2)). Assume

U is a scalar unobservable and g(X,U) is strictly monotone in U . We then have the quantile

structural effects ϑτ (x) = g(X = x, qτ ) where qτ is the τth quantile of the marginal distribution

of U , which have been extensively studied in the literature (see, e.g., Chernozhukov and Hansen

(2005), Chernozhukov, Imbens, and Newey (2007), Horowitz and Lee (2007), Komunjer and Santos

(2010), Gagliardini and Scaillet (2012), and Torgovitsky (2015)). By the independence of U and

Z, the conditional quantile restriction yields that for each τ with 0 < τ < 1,

E[1(Y < g(X, qτ )) | Z] = E[E[1(g(X,U) < g(X = x, qτ )) | X,Z | Z]

= E[E[1(U < qτ ) | X,Z | Z] = E[1(U < qτ ) | Z] = E[1(U < qτ )]

= τ.

Then the quantile structural effects can be recovered by the conditional moment restriction such

as

E[ρτ (Y,X, ϑτ0)) | Z] = 0

where ρτ (Y,X, ϑτ )) ≡ 1(Y < ϑτ (X)) − τ . Thus identification of the quantile structural effects

depends on the identification of the conditional distribution of the endogenous variables condition-

ing on the instruments, which is unobservable since the true X is observed with the information
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frictions. Define an integral operator G̃(y, z) by

G̃(y, z) ≡
∫
FY |X,Z(y | x, z)FX|Z(dx | z) =

∫
E[1(Y ≤ y) | X = x, Z = z]FX|Z(dx | z)

for all z ∈ Z. We thus have

G̃(y, z) =

∫ A1(Y≤y)(x, z)

A1(x, z)
FX|Z(dx | z)

where A1(x, z), A1(Y≤y)(x, z), and FX|Z(x | z) are identified by Theorem 4.2. The quantile struc-

tural effects ϑτ is then a solution of the functional equation G̃(ϑτ , z) = τ :

ϑτ (x) = G̃−1(τ, x).

We formally states necessary conditions.

Assumption 8 The structural equation (1) satisfy the following conditions:

(i) The endogenous regressors X | Z = z and instrumental variables Z are continuously distributed

in R for all z;

(ii) We have Z ⊥⊥ U ;

(iii) The function g(X,U) is strictly monotone in U for all X where U is a continuously distributed

scalar with strictly increasing FU (u) on the support of U .

We have thus shown the following result:

Lemma 5.1 In the model of equation (1) in the absence of the reduced-form equation (2) where

Assumptions 2, 4, 7 and 8 hold, the quantile structural function ϑτ (x) is identified from the set of

observables {X1, X2, Y, Z} for all x ∈ X .

Remark 2 One might want to model both the structural equation and reduced-form equation and

impose one-dimensional heterogeneity in both equations. This additional information could provide

broader identification results. For instance, Torgovitsky (2015) additionally imposes Assumption 1

(ii)-(iii) and allows for a model with binary instruments which is excluded by Assumption 8 (i) (see

also D’Haultfœuille and Février (2015)). This could be an interesting extension of our analysis in

a way to relax the full support condition of the instrumental variables.

6 Unobservable True Instrumental Variables

This section extends previous results to the model in the presence of both unobservable true regres-

sors and instrumental variables because of the information frictions such as information asymmetry
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or misperception. The extension is very important contributions to the literature in two-fold. First,

the setup provides a constructive identification strategy when variables in both sides of the equation

(2) are unobservable. The problem of unobservable variables in both sides goes back to Adcock

(1877) who studies best linear fit, and has been investigated by many papers in the linear model15

(e.g., Wald (1940), Reiersøl (1950), and Madansky (1959)) and in the linear simultaneous equa-

tions systems (e.g., Griliches (1974), Geraci (1977), and Hausman (1977)). Hausman, Abrevaya,

and Scott-Morton (1998) and Abrevaya and Hausman (1999) address problems of measurement

errors on the dependent variable (left-side variable) in the nonlinear parametric model. Schennach,

White, and Chalak (2012) study the importance of taking into account the unobservable true in-

strumental variables (right-side variable) in the nonseparable model. Lewbel (1996) proposes a

consistent estimator correcting for measurement errors of both sides in a particular nonlinear para-

metric model which focuses on demand estimation. Yet, to our knowledge, there is no published

work which accommodates both measurement errors on the true regressors X and instrumental

variables Z in the general nonseparable triangular simultaneous equations models (1)–(2).

Second, this extension renders us still use the control variables approach and instrumental

variables approach, even when the disturbances are multivariate in the reduced-form equation. To

see this, consider equation (2) when X∗ = X + ε and Z∗ = Z + ε are observed with the frictions ε

and ε. Replacing the true variables with observed counterparts delivers

X∗ = h(Z∗ − ε, η) + ε =
˜̃
h(Z∗, ˜̃η)

where ˜̃η ≡ (ε, η, ε)> is a vector of unobservables of which dimension is higher than one. The

monotonicity of h in η can still serve as a condition to recover the control variable V = FX|Z(X | Z)

since this can be recovered from the identification result described below.

Since, in this setup, the true Z in Theorem 3.2 or Theorem 4.2 is further unobservable because

of the information frictions, it is required to obtain a different identification result for ΨT (ζ, z) than

the one in Section 3 or 4. To this end, recall Dζa ≡ aeiζX2 and define a quantity of the general form

RDζa(z) ≡ E[Dζa | Z = z]fZ(z),

for each ζ and a ∈ a ≡ {1, T,X1}. Then ΨT (ζ, z) in Theorem 3.2 or Theorem 4.2 can be rewritten

in terms of RDζa(z). For example, we write

ϕT (ζ, z) ≡
E[DζT | Z = z]

E[Dζ1 | Z = z]
=
RDζT (z)

RDζ1(z)
and ϕX1(ζ, z) ≡

E[DζX1 | Z = z]

E[Dζ1 | Z = z]
=
RDζX1

(z)

RDζ1(z)
.

So the identification of ΨT (ζ, z) can be guaranteed by the identification of each elements of the

vector RDζ (z) ≡ {RDζ1(z),RDζT (z),RDζX1
(z)}. As a result, FX|Z(x | z) in Theorem 3.2 or

15For instance, Schultz (1925) addresses the issue in estimating the law of demand, specially, the relation between
consumption and price of sugar in US for the period from 1890 to 1914.

31



AT (x, z) in Theorem 4.2 can be identified although Z as well as X are unobservable because of the

information frictions. We state the following conditions for the identification result.

Assumption 9 Two repeated measurements of Z are observable such as Z1 = Z + ε1 and Z2 =

Z + ε2 with information frictions, ε1 and ε2.

Assumption 10 The information frictions on Z satisfy the following conditions:

(i) E[ε1 | Z2] = 0;

(ii) ε2 ⊥⊥ Z;

(iii) E[Dζa | Z, ε2] = E[Dζa | Z] for real ζ and a ∈ a ≡ {1, T,X1}.

Assumption 9 states two repeated measurements of the instrumental variables are required. In

the production function example, the input or output prices would be used as the instrumental

variables in the reduced-form. When the true instruments are unobserved in the presence of the

information frictions such as private signals or reporting errors, observing prices at two time periods

suffices to satisfy the requirement. Assumption 10 is parallel to Assumption 5. This implies that

(i) ε1 is mean independent of Z2, (ii) ε2 is (unconditionally) independent of the true Z, (iii) ε2 is

not informative on Dζa given the true Z.

Similar to the case of the unobservable true X, ΨT (ζ, z) is redefined in the frequency domain

via the inverse Fourier transform. Under the conditions above, the information frictions on the

instrumental variables are canceled out. ΨT (ζ, z) is finally identified by the Fourier transform.

Define ΦDζa(ω) ≡ E[Dζae
iωZ ] for a ∈ a ≡ {1, T,X1}. The identification results in Section 3 can

be extended to the case of the unobservable true X and Z. Theorem 3.2 is now modified as follows:

Theorem 6.1 Suppose Assumptions 2, 4, 9 and 10 hold. Then, for each real ζ and (x, z) ∈ X ×Z,

from the set of observables {X1, X2, Z1, Z2}, the conditional cumulative distribution FX|Z(x | z) in

Theorem 3.2 is identified with

ϕX1(ζ, z) =
RDζX1

(z)

RDζ1(z)

where

RDζa(z) =
1

2π

∫
ΦDζa(ω)e−iωzdω

for a ∈ a, each real ω and z ∈ Z, with

ΦDζa(ω) =
E[Dζae

iωZ2 ]

E[eiωZ2 ]
exp

(∫ ω

0

iE[Z1e
iχZ2 ]

E[eiχZ2 ]
dχ

)
,

provided that all expectations exist and E[eiχZ2 ] is nonvanishing for any real χ.
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The result shows that the quantity ϕX1(ζ, z) is identified through RDζa(z). For this, ΦDζa(ω)

which is the Fourier transform of RDζa(z) is shown to be identified from two measurements of Z1

and Z2. The next theorem states a new identification result for Theorem 4.2:

Theorem 6.2 Suppose Assumptions 2, 4, 7, 9 and 10 hold. Then, for each real ζ and (x, z) ∈
X × Z, from the set of observables {X1, X2, Y, Z1, Z2}, AT (x, z) and FW (w) in Theorem 4.2 are

identified with

ϕT (ζ, z) =
RDζT (z)

RDζ1(z)
and ϕX1(ζ, z) =

RDζX1
(z)

RDζ1(z)

where

RDζa(z) =
1

2π

∫
ΦDζa(ω)e−iωzdω

for a ∈ a, each real ω and z ∈ Z, with

ΦDζa(ω) =
E[Dζae

iωZ2 ]

E[eiωZ2 ]
exp

(∫ ω

0

iE[Z1e
iχZ2 ]

E[eiχZ2 ]
dχ

)
,

provided that all expectations exist and E[eiχZ2 ] is nonvanishing for any real χ.

The result shows that the quantities ϕT (ζ, z) and ϕX1(ζ, z) are identified through RDζa(z).

Remark 3 The identification of the structural functions in Section 3.4 is not involved with the

instrumental variables Z. Thus, after identifying the control variable V in the first stage in the

presence of the unobservable true instrumental variables Z, we can simply use the same identifica-

tion results described in Theorem 3.3 in the second stage.

7 An Application

This section considers an application to the estimation of the nonseparable consumer demand sys-

tems (Engel curves). The dependent variable is the budget share of a commodity and the regressor

is the log of total family expenditure. It is well-known that the total expenditure is endogenous

due to a simultaneous decision by the consumer. We use total family income as an instrument.

Another strand of the literature on the demand systems is concerned about the information fric-

tions because of measurement errors on the total expenditure. Main sources of measurement errors

are survey errors or discrepancy between purchases and consumption because of storage or waste.

Total expenditures over two different years are used as the repeated measurements to correct for

the measurement errors.

33



7.1 Data Description and Selection

We estimate the consumer demand systems using the Panel Study of Income and Dynamics (PSID).

The PSID data were collected annually until the 1996 wave and biennially starting with the 1997

wave. Since 1999, the PSID began collecting information on a larger number of commodities,

besides food. Starting with the 2005 wave, a few additional categories of commodities such as

clothing and leisure were gathered. So we primarily focus on the recent year 2009 and use total

family expenditure in year 2011 as a repeated measurement.

We drop the Latino, Immigrant, and SEO subsamples. The data are a subset of households

where the head is aged between 20 and 65 and the head or spouse is employed. We exclude

households with child. This leaves us with final sample of 1,006 observations. The PSID data does

not provide the total family expenditure. We calculate the total expenditure from the sum of food

(food at home, food away from home, and food stamps), home owner insurance, electricity, heating,

water, other utilities (phone and cable), car insurance, car repairs, gasoline, parking (and car pool),

bus fares, taxi fares, other transportation, school tuition, other school related expenses, child care,

health (health insurance and out-of-pocket health expenses), rent, clothing, and leisure (trip and

recreation expenses). The total expenditure and income are deflated by dividing them by the CPI

index and are transformed into the natural logarithm.

Table 1 reports descriptive statistics. Log total expenditure of 2009 and 2011 waves share

very similar mean and standard deviation. Except rent share, food at home share is the highest

proportion of the total expenditure. Electricity, health, and leisure are the next top high shares.

Interestingly, child care share is nonzero despite of the fact that we select data without child. In

fact, there were two households who reported nonzero child care although they did have no child.

In addition to the child care expenditure, we conjecture there would be many other commodities

that suffer from the information frictions which in turn boost measurement errors on the total

expenditure.

Figure 1 plots kernel estimates of the densities of the log total expenditure in 2009 and 2011

waves. The kernel densities are estimated using an Epanechnikov kernel with the bandwidths

selection from Silverman’s rule of thumb. Two measurements of the log expenditure are almost

identical, which shows that high number of households have little change in expenditure over two

years. This supports that we can use two repeated measurements to control for the measurement

errors on the log total expenditure. Figure 2 plots kernel estimates of the densities of the log

total income in 2009 wave and the average log total expenditure (sample average of 2009 and 2011

waves). They show a similar shape of the patterns. They also get a strong positive correlation

which is 0.6935. We thus assume that the log total income is a legitimate instrumental variable for

the endogenous log total expenditure.

In the application, we estimate the average structural function when Y is the share of expendi-

ture on a commodity. X1 and X2 are the log total expenditures of 2009 and 2011 waves, respectively.
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Z is the log total income of 2009. All variables are standardized by subtracting the mean and di-

viding by the standard deviation, which are reported in Table 1. Three estimators are considered.

Our proposed estimator uses data {Y, Z,X1, X2} (see Section C of the Supplementary Material for

details of the estimator). The control variables and instrumental variables estimators16 use data

{Y,Z, X̄} where X̄ ≡ (X1 + X2)/2. Thus these naive estimators simply take sample average of

two mismeasured log expenditures for the sake of a better measurement. They also control for

the endogeneity of the log expenditure using the log income of 2009 as the instrumental variable.

In all estimators, optimal bandwidths are selected in a way that the estimated average structural

function is not sensitive to small changes of the bandwidths.

7.2 Results

We estimate demand curves for six commodities such as food, electricity, other utilities, gasoline,

health, and leisure. Figures 3–8 plot the average structural functions from three estimators over

the range of the standardized log total expenditure from -2 to 2. Estimated average structural

functions from the information friction-corrected (IFC), instrumental variables (IV), and control

variables (CV) estimators are presented. 95% confidence bands which are constructed by the

bootstrap method are also reported.17 The estimated results for the demand curves are varying

over different estimation methods.

The estimated values for the average structural function show the measurement errors on the

log total expenditure cannot be neglected. For instance, in Figure 4, electricity demand from the

IFC estimator shows a reversed S-shape. On the other hand, the estimates from the IV and CV

estimators are very close to each other and they present linear patterns. In Figure 5, gasoline

demand from the IFC estimator shows a flat reversed U-shape over the level of the log expenditure,

but other two inconsistent estimators get steeper reversed U-shapes. Estimates of health demand

from the inconsistent IV and CV estimators in Figure 6 are decreasing at the very top of the

log expenditure, showing a reversed U-shape. However, estimated health demand from the IFC

estimator shows a S-shape. Given that all three estimators control for the endogeneity of the log

total expenditure, the discrepancy between estimators would come from the incorrect measurement

of the log total expenditure. Thus, the results show that taking into account both the endogeneity

and measurement errors in the log total expenditure is substantial in analyzing the consumer

demand systems.18

16For brevity, we do not present two estimators here. See Hoderlein, Holzmann, Kasy, and Meister (2015) and
Imbens and Newey (2009) for detailed discussions on the estimators.

17We need to derive a pointwise asymptotic distribution of the ASF for justifying the bootstrap, but it is beyond
the scope of the paper. See Blundell, Chen, and Kristensen (2007) who similarly adopt the bootstrap.

18To address the possibility that the dependent variable, commodity share, is also mismeasured because of mismea-
sured denominator of the share, we have multiplied both sides by the total expenditure and estimated the average
structural function. This resulting equation also satisfies the conditions imposed and the modification did not alter
the qualitative conclusion.
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7.3 Sensitivity Analyses

We conduct a sensitivity analysis by exchanging the roles of X1 and X2. Assumption 4 imposes

asymmetric restrictions on the information frictions in two measurements. In particular, part

(ii) requires stronger restriction than part (i). From this analysis, we can check if the asymmetry

between the assumptions on the two measurements is essential in analyzing the PSID. The estimated

results are presented in Figure 9. It shows that estimated ASFs for all six commodities from the IFC

estimator are very close to those in Figures 3–8. This implies that the asymmetry is not necessary

to obtain the same substantive conclusion in the 2009 wave of the PSID and it is indeed imposed to

derive our theoretical identification results under the weakest possible assumptions. So one could

get more efficient estimates of ASFs by constructing a weighted average of the two results.

We perform an additional sensitivity analysis by estimating ASF in different years such as 2007

and 2005 waves (presented in Section F of the Supplementary Material). The results are qualita-

tively similar to those in the 2009 wave. In both years, estimated ASFs in six commodities from

the IFC estimator are apparently different than those from the IV and CV estimators which only

control for the endogeneity. Thus, these sensitivity analyses confirm that the proposed estimator

is useful to correct for both the endogeneity and information frictions in the form of measurement

errors on the total family income.

8 Conclusion

This article studies nonparametric identification and estimation of models with the nonseparable

triangular simultaneous equations when the true endogenous variables are unobservable in the pres-

ence of the information frictions. Identification results are extended to the nonseparable models

where both the true endogenous variables and instrumental variables are unobservable. An applica-

tion to estimating the consumer demand systems using the PSID data confirms practical usefulness

of the proposed methods.

There are many promising avenues for future work. First, although we have established asymp-

totic properties of the proposed estimators based on the instrumental variables approach (provided

in Section D of the Supplementary Material), we have not studied asymptotic properties of the two-

step estimator based on the control variables approach. This would be a nontrivial extension of the

existing literature on the generated regressors in the nonparametric models, since both steps are

associated with nonparametric estimation which adopts the Fourier transform. Estimators in both

steps rely on tail behaviors of distributions involved. Thus, it would be of interest to exploit how

smoothness of densities in both steps affects asymptotic properties of the proposed estimators. We

expect that the techniques in Hahn and Ridder (2013) and Mammen, Rothe, and Schienle (2012)

could be adapted for our setting. Second, general conditions for the nonparametric identification in

systems of equations when the endogenous variables are observed are given in Matzkin (2008) and
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Matzkin (2015). Further research is required to study what kind of restrictions should be imposed

when the true endogenous variables are unobservable due to the information frictions. Third, this

paper focuses on the point identification of the structural effects. It would be a natural extension

to provide conditions for partial identification of the structural parameters in the spirit of Manski

(2007), when some of the necessary conditions for the point identification are relaxed or removed,

and develop methods for hypothesis testing within the partial identification framework (see, e.g.,

Santos (2012)). We leave it as a future research agenda.
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A Proofs

Recall ∇λα ≡ (∂λ/∂αλ) denotes a partial derivative of degree λ ∈ {0, ...,Λ} for Λ ∈ N with respect

to a generic variable α. And also recall Dζa ≡ aeiζX2 and

ϕa(ζ, v) ≡
E[Dζa | V = v]

E[Dζ1 | V = v]
,

ϕa(ζ, z) ≡
E[Dζa | Z = z]

E[Dζ1 | Z = z]

for each ζ and a ∈ a ≡ {1, T,X1}.

Proof of Lemma 3.1 To show the ‘if’ part, we note

P(ε2 ≤ e2, X ≤ x, Z ≤ z)

=P(ε2 ≤ e2 | X ≤ x, Z ≤ z)P(X ≤ x | Z ≤ z)P(Z ≤ z)

=P(ε2 ≤ e2 | Z ≤ z)P(X ≤ x | Z ≤ z)P(Z ≤ z)

=P(ε2 ≤ e2)P(X ≤ x | Z ≤ z)P(Z ≤ z)

=P(ε2 ≤ e2)P(X ≤ x, Z ≤ z),

where definition of conditional distribution are used in the first and fourth equalities, ε2 ⊥⊥ X | Z is

used in the second equality, and ε2 ⊥⊥ Z is used in the third equality. To show the ‘only if’ part, we

observe that ε2 ⊥⊥ (X,Z) straightforwardly implies ε2 ⊥⊥ Z. Moreover, we note that ε2 ⊥⊥ (X,Z)

implies ε2 ⊥⊥ (X,Z) | Z by Lemma 4.2 (ii) in Dawid (1979) and ε2 ⊥⊥ (X,Z) | Z implies ε2 ⊥⊥ X | Z
by the symmetry property of the conditional independence and Lemma 4.2 (i) in Dawid (1979).

As a result, the claim follows immediately. Q.E.D.

Lemma A.1 Under Assumption 4, for any z ∈ Z we have

E[eiζX | Z = z] = exp

(∫ ζ

0
iϕX1(ξ, z)dξ

)
,

provided that E[Dξ1 | Z = z] is nonvanishing for any real ξ and z ∈ Z.

Proof of Lemma A.1 We note that E[Dξ1 | Z = z] ≡ E[eiξX2 | Z = z] = E[eiξX | Z =

z]E[eiξε2 | Z = z] by ε2 ⊥⊥ X | Z. Thus the nonvanishing E[Dξ1 | Z = z] guarantees that both

E[eiξX | Z = z] and E[eiξε2 | Z = z] are nonvanishing. Then we have

E[eiζX | Z = z] = exp(ln(E[eiζX | Z = z]− ln 1)

= exp

(∫ ζ

0
∇1
ξ ln(E[eiξX | Z = z])dξ

)
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= exp

(∫ ζ

0

iE[XeiξX | Z = z]

E[eiξX | Z = z]
dξ

)
= exp

(∫ ζ

0

iE[XeiξX | Z = z]E[eiξε2 | Z = z]

E[eiξX | Z = z]E[eiξε2 | Z = z]
dξ

)
= exp

(∫ ζ

0

i{E[Xeiξ(X+ε2) | Z = z] + E[E(ε1 | X2, Z)eiξX2 | Z = z]}
E[eiξ(X+ε2) | Z = z]

dξ

)

= exp

(∫ ζ

0

i{E[XeiξX2 | Z = z] + E[E(ε1e
iξX2 | X2, Z) | Z = z]}

E[eiξX2 | Z = z]
dξ

)
= exp

(∫ ζ

0

i{E[XeiξX2 | Z = z] + E[ε1e
iξX2 | Z = z]}

E[eiξX2 | Z = z]
dξ

)
= exp

(∫ ζ

0

iE[X1e
iξX2 | Z = z]

E[eiξX2 | Z = z]
dξ

)
= exp

(∫ ζ

0

iE[DξX1 | Z = z]

E[Dξ1 | Z]
dξ

)
= exp

(∫ ζ

0
iϕX1(ξ, z)dξ

)
where E(ε1 | X2, Z) = 0 and ε2 ⊥⊥ X | Z are used in the fifth equality and the law of iterative

expectation is used in the seventh equality. Q.E.D.

Proof of Theorem 3.2 We note that

Ψ1(ζ, z) ≡ E[eiζX | Z = z]

=

∫
E[eiζX | X = x, Z = z]fX|Z(x | z)dx

=

∫
fX|Z(x | z)eiζxdx

which is the Fourier transform of fX|Z(x | z). We also note that

1

2π

∫
Ψ1(ζ, z)e

−iζxdζ

is the inverse Fourier transform of Ψ1(ζ, z) for (x, z) ∈ X × Z. Then we get

fX|Z(x | z) =
1

2π

∫
Ψ1(ζ, z)e

−iζxdζ.

Thus by the inversion theorem

FX|Z(x | z) =
1

2
+

1

2π

∫ ∞
0

Ψ1(−ζ, z)eiζx −Ψ1(ζ, z)e
−iζx

iζ
dζ.
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We have for each ζ

Ψ1(ζ, z) = exp

(∫ ζ

0
iϕX1(ξ, z)dξ

)
which is immediate by Lemma A.1. Q.E.D.

Lemma A.2 X ⊥⊥ ε2 | V if and only if (X,V ) ⊥⊥ ε2 | V .

Proof of Lemma A.2 We note that X ⊥⊥ ε2 | Z if and only if (X,Z) ⊥⊥ (ε2, Z) | Z from

Lemma 4.1 in Dawid (1979). We also note that (X,Z) ⊥⊥ (ε2, Z) | Z implies (X,Z) ⊥⊥ ε2 | Z
from Lemma 4.2 (ii) in Dawid (1979). Thus the ‘if’ statement follows immediately. The ‘only if’

statement can be proved since (X,Z) ⊥⊥ ε2 | Z implies Z ⊥⊥ ε2 | Z and X ⊥⊥ ε2 | Z. Q.E.D.

Lemma A.3 Under Assumption 5 (i)–(ii), for any v ∈ V we have

E[eiζX | V = v] = exp

(∫ ζ

0
iϕX1(ξ, v)dξ

)
,

provided that E[Dξ1 | V = v] is nonvanishing for any real ξ and v ∈ V.

Proof of Lemma A.3 The result is immediate from the proof of Lemma A.1 by replacing

Z with V . Q.E.D.

Proof of Theorem 3.3 We note that

ΨT (ζ, v) ≡ E[TeiζX | V = v]

=

∫
E[TeiζX | X = x, V = v]fX|V (x | v)dx

=

∫
E[T | X = x, V = v]fX|V (x | v)eiζxdx

=

∫
AT (x, v)eiζxdx

which is the Fourier transform of AT (x, v). Since

1

2π

∫
ΨT (ζ, v)e−iζxdζ

is the inverse Fourier transform of ΨT (ζ, v) for (x, v) ∈ X × V, we get

AT (x, v) =
1

2π

∫
ΨT (ζ, v)e−iζxdζ

where the integral is defined over the coordinate ζ. Thus AT (x, v) is identified when ΨT (ζ, v) is

identified.
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We now prove

ΨT (ζ, v) = ϕT (ζ, v) exp

(∫ ζ

0
iϕX1(ξ, v)dξ

)
.

By the definition of ϕa(ζ, v), for each ζ, we have

ϕT (ζ, v) exp

(∫ ζ

0
iϕX1(ξ, v)dξ

)
=

E[DζT | V = v]

E[Dζ1 | V = v]
exp

(∫ ζ

0

iE[DξX1 | V = v]

E[Dξ1 | V = v]
dξ

)
=

E[TeiζX2 | V = v]

E[eiζX2 | V = v]
E[eiζX | V = v]

=
E[TeiζX2 | V = v]

E[eiζX | V = v]E[eiζε2 | V = v]
E[eiζX | V = v]

=
E[E[TeiζX2 | X, ε2, V ] | V = v]

E[eiζε2 | V = v]

=
E[E[T | X, ε2, V ]eiζX2 | V = v]

E[eiζε2 | V = v]

=
E[E[T | X,V ]eiζXeiζε2 | V = v]

E[eiζε2 | V = v]

=
E[E[TeiζX | X,V ]eiζε2 | V = v]

E[eiζε2 | V = v]

=
E[E[TeiζX | X,V ] | V = v]E[eiζε2 | V = v]

E[eiζε2 | V = v]

= E[E[TeiζX | X,V ] | V = v]

= E[TeiζX | V = v]

≡ ΨT (ζ, v)

where Lemma A.3, ε2 ⊥⊥ X | V = v, E[T | X, ε2, V ] = E[T | X,V ], (X,V ) ⊥⊥ ε2 | V (from Lemma

A.2) and the law of iterated expectation are used in the second, third, sixth, eighth and tenth

equalities, respectively. This completes the proof. Q.E.D.

Proof of Proposition 3.6 To show the bounds, we use a similar argument to the one in

Imbens and Newey (2009). By P(g(x, U) ≤ y | V ) ≥ 0 and equation 3, we have

G(y, x) ≡ P(g(x, U) ≤ y)

=

∫
P(g(x, U) ≤ y | V = v)FV (dv)

≥
∫
V(x)

P(g(x, U) ≤ y | V = v)FV (dv)

=

∫
V(x)

P(g(x, U) ≤ y | X = x, V = v)FV (dv)
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=

∫
V(x)

E[1(Y ≤ y) | X = x, V = v]FV (dv)

=

∫
V(x)

A1(Y≤y)(x, v)

A1(x, v)
FV (dv)

where FV (v) is identified from Theorem 3.2 and A1(Y≤y)(x, v) and A1(x, v) are identified from

Theorem 3.3. By P(g(x, U) ≤ y | V ) ≤ 1 and p(x) ≡
∫
V∩V(x)c FV (dv), we have

G(y, x) =

∫
V(x)

P(g(x, U) ≤ y | V = v)FV (dv) +

∫
V∩V(x)c

P(g(x, U) ≤ y | V = v)FV (dv)

≤
∫
V(x)

E[1(Y ≤ y) | X = x, V = v]FV (dv) +

∫
V∩V(x)c

FV (dv)

=

∫
V(x)

A1(Y≤y)(x, v)

A1(x, v)
FV (dv) + p(x).

The bounds on G(y, x) are sharp since there is no restriction on E[1(Y ≤ y) | X = x, V = v]

imposed by the data.

To show the second part, recall that µ(x, v) ≡ E[Y | X = x, V = v]. We then have∫
V(x)

µ(x, v)FV (dv) =

∫
V(x)

E[Y | X = x, V = v]FV (dv)

=

∫
V(x)

∫
g(x, u)FU |X,V (du | X,V )FV (dv)

=

∫
V(x)

∫
g(x, u)FU |V (du | V )FV (dv)

by Assumption 3. Note that p(x) ≡
∫
V∩V(x)c FV (dv) and Bl ≤ g(x, u) ≤ Bu. We then have

Blp(x) ≤
∫
V∩V(x)c

∫
g(x, u)FU |V (du | V )FV (dV ) ≤ Bup(x).

Thus, by adding up two equations, we get∫
V(x)

E[Y | X = x, V = v]FV (dv) +Blp(x) ≤
∫ ∫

V
g(x, u)FU |V (du | V )FV (dV )

≤
∫
V(x)

E[Y | X = x, V = v]FV (dv) +Bup(x).

Since

ḡ(x) =

∫ ∫
V
g(x, u)FU |V (du | V )FV (dV )
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and

E[Y | X = x, V = v] =
AY (x, v)

A1(x, v)
,

the conclusion follows by the identification of FV (v) from Theorem 3.2 and the identification of

AY (x, v) and A1(x, v) from Theorem 3.3. To show sharpness of these bounds, let u = V and

gl(x, u) =

{ AY (x,V )
A1(x,V ) , V ∈ V(x)

Bl, V ∈ V(x)c

Then ḡ(x) =
∫
V(x)

AY (x,v)
A1(x,v)

FV (dv) +Blp(x). Similarly, defining

gu(x, u) =

{ AY (x,V )
A1(x,V ) , V ∈ V(x)

Bu, V ∈ V(x)c

gives ḡ(x) =
∫
V
AY (x,v)
A1(x,v)

FV (dv) +Bup(x). Q.E.D.

Proof of Theorem 3.7 We note that for each λ ∈ {0, ...,Λ}

(−iζ)λΨT (ζ, v) ≡ (−iζ)λE[TeiζX | V = v]

= (−iζ)λ
∫

E[TeiζX | X = x, V = v]fX|V (x | v)dx

= (−ζ)λ
∫

E[T | X = x, V = v]fX|V (x | v)∇λxeiζxdx

=

∫
∇λx(E[T | X = x, V = v]fX|V (x | v))eiζxdx

=

∫
AT,λ(x, v)eiζxdx

which is the Fourier transform of AT,λ(x, v), where integral by parts is used in the fourth equality.

Since
1

2π

∫
(−iζ)λΨT (ζ, v)e−iζxdζ

is the inverse Fourier transform of (−iζ)λΨT (ζ, v) for (x, v) ∈ X × V, we get

AT,λ(x, v) =
1

2π

∫
(−iζ)λΨT (ζ, v)e−iζxdζ.

By Lemma A.3 and a similar argument for the identification of ΨT (ζ, v) in the proof of Theorem

3.3, ΨT (ζ, v) is identified. This completes the proof. Q.E.D.

Proof of Theorem 4.1 Recall that W = h−1(x, η) denotes the inverse function for h(z, η)
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in the first argument. We have for any integrable function T (y)

E[T (g(x, U))] =

∫
E[T (g(x, U)) |W = w]FW (dw)

=

∫
E[T (g(x, U)) |W = w,Z = z]FW (dw)

=

∫
E[T (g(x, U)) | X = x, Z = z]FW (dw)

=

∫
E[T (Y ) | X = x, Z = z]FW (dw)

where Z ⊥⊥ (U, η) is used in the second equality. The third equality follows by the fact that W = w

and Z = z if and only if X = x and Z = z, given that η is one-dimensional, invoking Corollary 2

of Hoderlein, Holzmann, Kasy, and Meister (2015). Q.E.D.

Proof of Theorem 4.2 The proof of the first part is similar to the proof of Theorem 3.3.

Replacing V with Z yields the desired result, by Lemmas A.2 and A.3.

To prove the second part, note that since

A1(x, z) = fX|Z(x | z) =
1

2π

∫
Ψ1(ζ, z)e

−iζxdζ,

we get

FW (w) = FX|Z(x | z) =
1

2
+

1

2π

∫ ∞
0

Ψ1(−ζ, z)eiζx −Ψ1(ζ, z)e
−iζx

iζ
dζ

by equation (4) and the inversion theorem (e.g., Gil-Peraez (1951)). This completes the proof.

Q.E.D.

Proof of Proposition 4.5 To show the first part, we note that

G(y, x) ≡ P(g(x, U) ≤ y)

=

∫
P(g(x, U) ≤ y |W = w)FW (dw)

=

∫
P(Y ≤ y | X = x, Z = z]FW (dw)

≥
∫
Z
P(Y ≤ y | X = x, Z = z)FW (dw)

=

∫
Z
E[1(Y ≤ y) | X = x, Z = z]FW (dw)

by P(g(x, U) ≤ y | W ) ≥ 0. Since A1(x, z) = fX|Z(x | z) and A1(Y≤y)(x, z) = E[1(Y ≤ y) | X =
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x, Z = z]fX|Z(x | z) from equation (5), We get

E[1(Y ≤ y) | X = x, Z = z] =
A1(Y≤y)(x, z)

A1(x, z)
.

So we get

G(y, x) ≥
∫
Z

A1(Y≤y)(x, z)

A1(x, z)
FW (dw)

where A1(Y≤y)(x, z), A1(x, z), and FW (w) are identified from Theorem 4.2.

We also note by P(g(x, U) ≤ y |W ) ≤ 1 and Theorem 4.2 that

G(y, x) =

∫
Z
P(g(x, U) ≤ y |W = w)FW (dw) +

∫
W∩Zc

P(g(x, U) ≤ y |W = w)FW (dw)

≤
∫
Z
P(Y ≤ y | X = x, Z = z]FW (dw) +

∫
W∩Zc

FW (dw)

=

∫
Z
E[1(Y ≤ y) | X = x, Z = z]FW (dw) + p̃(x)

=

∫
Z

A1(Y≤y)(x, z)

A1(x, z)
FW (dw) + p̃(x).

The bounds on G(y, x) are sharp since there is no restriction on E[1(Y ≤ y) | X = x, Z = z]

imposed by the data.

To show the second part, we note that∫
Z
E[Y | X = x, Z = z]FW (dw) =

∫
Z

∫
g(x, u)FU |X,Z(du | X,Z)FW (dw)

by Assumption Z ⊥⊥ (U, η). Since p̃(x) ≡
∫
W∩Zc FW (dw) and Bl ≤ g(x, u) ≤ Bu, we get

Blp̃(x) ≤
∫
W∩Zc

∫
g(x, u)FU |X,Z(du | X,Z)FW (dW ) ≤ Bup̃(x).

Thus, by adding up two equations, it follows that∫
Z
E[Y | X = x, Z = z]FW (dw) +Blp̃(x) ≤

∫ ∫
Z
g(x, u)FU |X,Z(du | X,Z)FW (dW )

≤
∫
Z
E[Y | X = x, Z = z]FW (dw) +Bup̃(x).

Since

ḡ(x) =

∫ ∫
Z
g(x, u)FU |X,Z(du | X,Z)FW (dW )
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and

E[Y | X = x, Z = z] =
AY (x, z)

A1(x, z)
,

the conclusion follows by the identification of AY (x, z), A1(x, z), and FW (w) in Theorem 4.2. To

show sharpness of these bounds, let u = Z and

gl(x, u) =

{ AY (x,Z)
A1(x,Z)

, Z ∈ Z
Bl, Z ∈ Zc

Then ḡ(x) =
∫
Z
AY (x,z)
A1(x,z)

FW (dw) +Blp̃(x). Similarly, defining

gu(x, u) =

{ AY (x,Z)
A1(x,Z)

, Z ∈ Z
Bu, Z ∈ Zc

gives ḡ(x) =
∫
Z
AY (x,z)
A1(x,z)

FW (dw) +Bup̃(x). Q.E.D.

Lemma A.4 Under Assumption 10 (i)–(ii), we have

E[eiωZ ] = exp

(∫ ω

0

iE[Z1e
iχZ2 ]

E[eiχZ2 ]
dχ

)
,

provided that E[eiχZ2 ] is nonvanishing for any real χ.

Proof of Lemma A.4 Unconditional version of Lemma A.1 can be obtained as follows:

E[eiωZ ] = exp(ln(E[eiωZ ])− ln 1)

= exp

(∫ ω

0
∇1
χ ln(E[eiχZ ])dχ

)
= exp

(∫ ω

0

iE[ZeiχZ ]

E[eiχZ ]
dχ

)
= exp

(∫ ω

0

iE[ZeiχZ ]E[eiχε2 ]

E[eiχZ ]E[eiχε2 ]
dχ

)
= exp

(∫ ω

0

iE[Zeiχ(Z+ε2)]

E[eiχ(Z+ε2)]
dχ

)

= exp

(∫ ω

0

i{E[ZeiχZ2 ] + E[E(ε1 | Z2)e
iξZ2 ]}

E[eiχZ2 ]
dχ

)
= exp

(∫ ω

0

iE[Z1e
iχZ2 ]

E[eiχZ2 ]
dχ

)
where ε2 ⊥⊥ Z, E(ε1 | Z2) = 0 and the law of iterative expectation are used in the fifth, six and

seventh equalities, respectively. Q.E.D.
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Proof of Theorem 6.1 When both X and Z are unobservable, identification of

FX|Z(x | z) =
1

2
+

1

2π

∫ ∞
0

Ψ1(−ζ, z)eiζx −Ψ1(ζ, z)e
−iζx

iζ
dζ

with Ψ1(ζ, z) = exp
(∫ ζ

0 iϕX1(ζ, z)dξ
)

can be achieved by using the same idea as in the proof of

Theorem 3.2 except Ψ1(ζ, z). Since

ϕX1(ζ, z) ≡
E[DζX1 | Z = z]

E[Dζ1 | Z = z]
=
RDζX1

(z)

RDζ1(z)
,

the identification of Ψ1(ζ, z) rests on the identification of RDζ (z).

We now provide identification result for RDζ (z). Note that for a ∈ a ≡ {1, T,X1}

ΦDζa(ω) ≡ E[Dζae
iωZ ]

=

∫
E[Dζae

iωZ | Z = z]fZ(z)dz

=

∫
E[Dζa | Z = z]fZ(z)eiωZdz

=

∫
RDζa(z)eiωZdz

which is the Fourier transform of RDζa(z). Since

1

2π

∫
ΦDζa(ω)e−iωxdω

is the inverse Fourier transform of ΦDζa(ω), for z ∈ Z, we obtain that

RDζa(z) =
1

2π

∫
ΦDζa(ω)e−iωxdω.

We now show that

ΦDζa(ω) =
E[Dζae

iωZ2 ]

E[eiωZ2 ]
exp

(∫ ω

0

iE[Z1e
iχZ2 ]

E[eiχZ2 ]
dχ

)
.

For each ω, we have

E[Dξae
iωZ2 ]

E[eiωZ2 ]
exp

(∫ ω

0

iE[Z1e
iχZ2 ]

E[eiχZ2 ]
dχ

)
=

E[Dξae
iωZ2 ]

E[eiωZ2 ]
E[eiωZ ]

=
E[E[Dξae

iωZ2 | Z, ε2]]
E[eiωZ2 ]

E[eiωZ ]

=
E[E[Dξa | Z, ε2]eiωZeiωε2 ]

E[eiωZ2 ]
E[eiωZ ]
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=
E[E[Dξa | Z]eiωZeiωε2 ]

E[eiωZ2 ]
E[eiωZ ]

=
E[E[Dξae

iωZ | Z]eiωε2 ]

E[eiωZ2 ]
E[eiωZ ]

=
E[E[Dξae

iωZ | Z]]E[eiωε2 ]

E[eiωZ ]E[eiωε2 ]
E[eiωZ ]

=
E[Dξae

iωZ ]E[eiωε2 ]

E[eiωZ ]E[eiωε2 ]
E[eiωZ ]

= E[Dξae
iωZ ]

≡ ΦDξa(ω)

where Lemma A.4, E[Dξ | Z, ε2] = E[Dξ | Z], Z ⊥⊥ ε2 are used in the first, fourth and sixth equalities,

respectively, and where the law of iterative expectation is used in the second and seventh equalities.

This completes the identification of FX|Z(x | z). Q.E.D.

Proof of Theorem 6.2 When both X and Z are unobservable, identification of AT (x, z) and

FW (w) can be achieved using the same idea as in the proof of Theorem 4.2 except the identification

of ΨT (ζ, z) and Ψ1(ζ, z). Since

ϕT (ζ, z) ≡
E[DζT | Z = z]

E[Dζ1 | Z = z]
=
RDζT (z)

RDζ1(z)
and ϕX1(ζ, z) ≡

E[DζX1 | Z = z]

E[Dζ1 | Z = z]
=
RDζX1

(z)

RDζ1(z)
,

the identification of ΨT (ζ, z) and Ψ1(ζ, z) is completed by the identification of RDζ (z) which is

immediate from the proof of Theorem 6.1. Q.E.D.
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Table 1: Descriptive Statistics in Year 2009

Variable Mean Median Std. Dev. Min. Max.

Log expenditure (2009) 9.3226 9.3196 0.6015 6.8503 12.1691
Log expenditure (2011) 9.3244 9.3475 0.6062 7.3491 12.7196
Log income 9.9497 10.0589 0.9181 5.8502 13.1580
Food-in share 0.1333 0.1239 0.0728 0.0000 0.4972
Food-out share 0.0602 0.0495 0.0486 0.0000 0.3123
Food stamp share 0.0044 0.0000 0.0371 0.0000 0.7229
Home insurance share 0.0139 0.0110 0.0165 0.0000 0.1204
Electricity share 0.0933 0.0751 0.0910 0.0000 0.8056
Heating share 0.0226 0.0147 0.0320 0.0000 0.4864
Water share 0.0098 0.0067 0.0122 0.0000 0.0986
Other utilities share 0.0614 0.0560 0.0358 0.0000 0.2571
Car insurance share 0.0395 0.0345 0.0314 0.0000 0.2700
Car repair share 0.0326 0.0000 0.0795 0.0000 0.7833
Gasoline share 0.0500 0.0414 0.0401 0.0000 0.3049
Parking and car pool share 0.0011 0.0000 0.0051 0.0000 0.0602
Transportation share 0.0087 0.0000 0.0322 0.0000 0.3233
Tuition share 0.0351 0.0000 0.0990 0.0000 0.7072
Other school expenses share 0.0008 0.0000 0.0090 0.0000 0.2037
Childcare share 0.0002 0.0000 0.0041 0.0000 0.1036
Health share 0.0758 0.0524 0.0812 0.0000 0.7725
Clothing share 0.0352 0.0234 0.0436 0.0000 0.6241
Leisure share 0.0713 0.0521 0.0748 0.0000 0.6206
Rent share 0.3126 0.3065 0.1375 0.0051 0.8103

Number of observations 1,006

Note: The source of the data is the PSID. All commodity shares and the log income are in 2009 year wave. Two

repeated measures of the log expenditure are in 2009 and 2011 waves.
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Figure 1: Densities of log expenditure 2009 and 2011
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Note: The figure plots kernel estimates of the densities of log total expenditure in 2009 and 2011 waves. The kernel

densities are estimated using an Epanechnikov kernel with the bandwidths selection from Silverman’s rule of thumb.

Figure 2: Densities of the log income and average of the log expenditures in 2009 and 2011
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Note: The figure plots kernel estimates of the densities of log total income in 2009 and the average log total expenditure

in 2009 and 2011 waves. The kernel densities are estimated using an Epanechnikov kernel with the bandwidths

selection from Silverman’s rule of thumb.
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Figure 3: 2009 Food
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Note: The figures report the estimated average structural function (ASF) and confidence bands for the food share

in year 2009. The food share is calculated as the sum of food-in, food-out, and food stamp. All variables are

standardized by subtracting the mean and dividing by the standard deviation, which are reported in Table 1. The

ASF is estimated by the information friction-corrected (IFC), instrumental variables (IV), and control variables (CV)

estimators. Confidence bands are constructed by performing the bootstrap method.

Figure 4: 2009 Electricity
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Note: The figures report the estimated average structural function (ASF) and confidence bands for the electricity

share in year 2009. All variables are standardized by subtracting the mean and dividing by the standard deviation,

which are reported in Table 1. The ASF is estimated by the information friction-corrected (IFC), instrumental

variables (IV), and control variables (CV) estimators. Confidence bands are constructed by performing the bootstrap

method.
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Figure 5: 2009 Gasoline
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Note: The figures report the estimated average structural function (ASF) and confidence bands for the gasoline share

in year 2009. All variables are standardized by subtracting the mean and dividing by the standard deviation, which

are reported in Table 1. The ASF is estimated by the information friction-corrected (IFC), instrumental variables

(IV), and control variables (CV) estimators. Confidence bands are constructed by performing the bootstrap method.

Figure 6: 2009 Health
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Note: The figures report the estimated average structural function (ASF) and confidence bands for the health share

in year 2009. All variables are standardized by subtracting the mean and dividing by the standard deviation, which

are reported in Table 1. The ASF is estimated by the information friction-corrected (IFC), instrumental variables

(IV), and control variables (CV) estimators. Confidence bands are constructed by performing the bootstrap method.
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Figure 7: 2009 Leisure
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Note: The figures report the estimated average structural function (ASF) and confidence bands for the leisure share

in year 2009. All variables are standardized by subtracting the mean and dividing by the standard deviation, which

are reported in Table 1. The ASF is estimated by the information friction-corrected (IFC), instrumental variables

(IV), and control variables (CV) estimators. Confidence bands are constructed by performing the bootstrap method.
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Note: The figures report the estimated average structural function (ASF) and confidence bands for the other utilities

share except electricity, heating, and water in year 2009. All variables are standardized by subtracting the mean

and dividing by the standard deviation, which are reported in Table 1. The ASF is estimated by the information

friction-corrected (IFC), instrumental variables (IV), and control variables (CV) estimators. Confidence bands are

constructed by performing the bootstrap method.
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Figure 9: Sensitivity to exchanging X1 and X2
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Note: The figures report the estimated average structural function (ASF) and confidence bands for the shares of

the six commodities in year 2009 by the information friction-corrected (IFC) estimator. The estimator is obtained

by exchanging the roles of X1 and X2. All variables are standardized by subtracting the mean and dividing by the

standard deviation, which are reported in Table 1. Confidence bands are constructed by performing the bootstrap

method.
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A Identification of Information Frictions

In some economic models, additional interest may rest on densities of frictions and the proposed

method can be used to identify them. For instance, in earnings dynamics, X1 and X2 are log

earnings residuals, X is a persistent component, and ε1 and ε2 are transitory shocks. Bonhomme

and Robin (2010) consider linear multi-factor models to estimate densities of the unknown variables

X, ε1 and ε2. They use a deconvolution approach based on assuming mutual independence of the

unknown variables. Li, Perrigne, and Vuong (2000) study nonparametric models of first-price

sealed-bid auction. In their models, X1 and X2 are bidder’s private signals which are identified

from observed bids, X is unobservable common value to all bidders, ε1 and ε2 are unobservable

bidder-specific values. Their identification crucially relies on the mutual independence of X, ε1 and

ε2. In a similar model, Krasnokutskaya (2011) adopts the same approach to recover the distribution

of bidders’ private information in the presence of unobserved heterogeneity. In her setup, X1 and

X2 are observed costs, X is unobservable common cost component, and ε1 and ε2 are individual

unobservable auction heterogeneity. She also relies on the mutual independence assumption. In

contrast, we require no mutual independence of frictions to recover distributions of interest. Thus,

our approach can be applied to more general structural models.

Let ΨX2(ζ, z) ≡ E(eiζX2 | Z = z) and Ψε2(ζ, z) ≡ E(eiζε2 | Z = z) which are the conditional

characteristic functions of X2 and ε2 given Z = z, respectively. By Assumption 4 (ii), we have

E(eiζX2 | Z) = E(eiζ(X+ε2) | Z) = E(eiζX | Z)E(eiζε2 | Z),

so that

Ψε2(ζ, z) =
ΨX2(ζ, z)

Ψ1(ζ, z)
.

Since Ψ1(ζ, z) is identified from Theorem 4.1 and ΨX2(ζ, z) is identified from the data, Ψε2(ζ, z)

is also identified. Similarly, when the conditional independence of ε1 and X given Z is further

imposed, Ψε1(ζ, z) can be identified from

Ψε1(ζ, z) =
ΨX1(ζ, z)

Ψ1(ζ, z)
,

where ΨX1(ζ, z) is identified from the data.1

The result is summarized in the following lemma.

Lemma A.1 Suppose Assumptions 2 and 4 hold. Then, from the set of observables {X1, X2, Z},
the characteristic function of the friction ε2, Ψε2(ζ, z), is identified, provided that Ψ1(ζ, z) is non-

vanishing for any real ζ. Further assuming ε1 ⊥⊥ X | Z, the characteristic function of the friction

1It should be noted that the identification of frictions is obtained as by-product when identifying the structural
parameters. Thus, if one is interested only in identifying frictions, most conditions imposed for identifying the
structural parameters are not necessary.
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ε1, Ψε1(ζ, z), is also identified.

B Extension

This section extends the identification results for the approach with control variables to multi-

dimensional cases. Similar extension for the instrumental variables approach can be straightfor-

wardly achieved with minor modifications.2

B.1 Multi-dimensional Endogenous Variables

The identification results can be extended to allow for the multi-dimensional endogenous variables

where the random vector X has values in RK and Z has values in RL with L ≥ K.

Assumption B.1 Two repeated measurements of Xk are observable such as X1k = Xk + ε1k and

X2k = Xk + ε2k with information frictions, ε1k and ε2k, for k = 1, ...,K.

Identification for the control variables needs to be modified as follows.

Assumption B.2 The information frictions on X satisfy the following conditions:

(i) E[ε1k | X2, Z] = 0 for all k;

(ii) ε2k ⊥⊥ Xk′ | Z for all (k, k
′
).

Remark B.3 The condition Xk ⊥⊥ Xk′ | Z for all (k, k
′
) is not necessarily imposed in the assump-

tion above. Thus any dependence between measurement errors on different endogenous variables is

allowed. For instance, endogenous labor input and capital input might have dependent processes for

their measurement errors because a company with large measurement errors on the labor input is

highly likely that it has large measurement errors on the capital input.

DefineX = (X1, . . . , XK)> and defineX1, X2, ε1, ε2, Z and ζ similarly. For each ζ = (ζ1, ..., ζK)>,

let ΨT (ζ, z) ≡ E[Teiζ>X | Z = z] for z ∈ Z ⊂ RL, define Dζa ≡ aeiζ>X2 and

ϕa(ζ, z) ≡
E[Dζa | Z = z]

E[Dζ1 | Z = z]

for a ∈ a ≡ {1, T,X1}. From a multivariate inversion theorem (e.g., Shephard (1991)), we obtain

the following result:

2In the case of multi-dimensional X and Z, it suffices to assume that the reduced-form equations have a triangular
structure and each equation is strictly monotone in one of the components of the instrumental variables Z for the
rest of Z and η.
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Theorem B.4 Suppose Assumptions B.1 and B.2 hold. Then, from the set of observables {X1, X2, Z},
the conditional cumulative distribution FX|Z(x | z) is identified as

FX|Z(x | z) =
1

2
+

1

(2π)K

∫ ∞
0

. . .

∫ ∞
0

Ψ1(−ζ, z)eiζ>x −Ψ1(ζ, z)e−iζ>x

iζ
dζ1 . . . dζK

for each real ζ = (ζ1, ..., ζK)> ∈ RK and (x, z) ∈ X × Z, with

Ψ1(ζ, z) = exp

(∫
P (0,ζ)

iϕX1(ξ, z) · dξ

)
,

where P (0, ζ) is some continuous path connecting 0 and 1, provided that all expectations exist and

E[Dξ1 | Z = z] is nonvanishing for any real ξ = (ξ1, ..., ξK)> ∈ RK and z ∈ Z ⊂ RL.

We note that when Xk ⊥⊥ Xk′ | Z holds for all (k, k
′
), Ψ1(ζ, z) ≡ E[eiζ>X | Z = z] =∏K

k=1 E[eiζkXk | Z = z]. Then we can apply Lemma A.1 in the Appendix of the main paper

to E[eiζkXk | Z = z] for each k. Then weaker conditions than Assumption B.2 are sufficient.

Instead of Assumption B.2, assume the following weaker conditions.

Assumption B.5 The information frictions on X satisfy the following conditions:

(i) E[ε1k | X2k, Z] = 0 for all k;

(ii) ε2k ⊥⊥ Xk | Z for all k.

Then the identification of Ψ1(ζ, z) in Theorem B.4 can be achieved differently. The next corol-

lary summarizes the result:

Corollary B.6 Suppose Assumptions B.1 and B.5 hold with Xk ⊥⊥ Xk′ | Z for all (k, k
′
). Then,

from the set of observables {X1, X2, Z}, the conditional cumulative function FX|Z(x | z) in Theorem

B.4 is identified with

Ψ1(ζ, z) =
K∏
k=1

exp

(∫ ζk

0
iϕX1(ξ, z)dξk

)
,

provided that all expectations exist and E[Dξk1 | Z = z] is nonvanishing for any real ξk and z ∈
Z ⊂ RL.

When the endogenous variables are multi-dimensional, the identification for the parameters can

be achieved from minor modifications. Let V = (V1, . . . , VK)>. Similarly, define ΨT (ζ, v) and

ϕa(ζ, v) in the form of multi-dimension.

Assumption B.7 The information frictions on X satisfy the following conditions:

(i) E[ε1k | X2, V ] = 0 for all k;
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(ii) ε2k ⊥⊥ Xk′ | V for all (k, k
′
);

(iii) E[T | X, ε2, V ] = E[T | X,V ].

The identification of AT (x, v) ≡ E[T | X = x, V = v]fX|V (x | v) in Theorem 3.3 can be

extended as in the following result:

Theorem B.8 Suppose Assumptions B.1 and B.7 hold. Then, from the set of observables {X1, X2, Y, V },
the quantity AT (x, v) is identified as

AT (x, v) =
1

(2π)K

∫
. . .

∫
ΨT (ζ, v)e−iζ>xdζ1 . . . dζK

for T ∈ T , each real ζ = (ζ1, ..., ζK)> ∈ RK and (x, v) ∈ X × V, with

ΨT (ζ, v) = ϕT (ζ, v) exp

(∫
P (0,ζ)

iϕX1(ξ, v) · dξ

)
,

where P (0, ζ) is some continuous path connecting 0 and 1, provided that all expectations exist and

E[DξX1 | V = v] is nonvanishing for any real ξ = (ξ1, ..., ξK)> ∈ RK and z ∈ Z ⊂ RL.

B.2 Multi-dimensional Endogenous and Exogenous Variables

We consider the following general nonseparable triangular simultaneous equations including a vector

of exogenous variables,

Y = g(X,Z1, U),

X = h(Z1, Z2, η),

where Y is the dependent variable, X is a vector of endogenous regressors, Z1 is a vector of

exogenous regressors, U and η are unobserved heterogeneity, Z2 is a vector of excluded instru-

mental variables, and h(Z1, Z2, η) is strictly monotonic in η. The identification results in the

previous sections can be extended as follows. Let Z̃ ≡ (Z1> , Z2>)
>

. Identification of fX|Z̃(x | z̃)
can be achieved through Theorem B.4 by replacing its Z with Z̃. Let Ṽ ≡ (Z1> , V

>
)
>

. Then

AT (x, z1, v) ≡ E[T | X = x, Z1 = z1, V = v]fX|Z1V (x | z1, v) can be rewritten as AT (x, ṽ) ≡ E[T |
X = x, Ṽ = ṽ]fX|Ṽ (x | ṽ). As a result, Theorem B.8 can be applied to identify AT (x, z1, v) by

replacing its V with Ṽ .

B.3 Multiple Repeated Measurements

When there are multiple repeated measurements of X, one can obtain asymptotically more efficient

estimator of the average structural function. Suppose (X1, X2, . . . , XM )> is M × 1 vector of mis-
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measured X with M > 2. Let ̂̄g(x; %) is a consistent estimator of the average structural function

with bandwidths %. Then, one can propose L × 1 vector of consistent estimators of the average

structural function ̂̄g(x, hn) = (̂̄g1(x; %), . . . , ̂̄gL(x; %))> with L ≥ M . A weighted estimator with

asymptotic efficiency gain can be defined as(
e>Σ̂(x; %)−1e

)−1
e>Σ̂(x; %)−1̂̄g(x; %)

where e = (1, 1, . . . , 1)> is L× 1 vector of ones and Σ̂(x; %) is a consistent estimator of asymptotic

variance-covariance matrix of ̂̄g(x; %).

C Estimation

When the true X is observed, the average structural function can be estimated, based on Theorem

3.1. Hoderlein, Holzmann, Kasy, and Meister (2015) follow this approach using a reweighting

strategy which makes X exogenous. Imbens and Newey (2009) propose an approach such that the

first step estimates control variables and the second step regresses Y on X and the control variables.

In our setup, since the true X is unobservable, both methods are infeasible. We instead suggest

estimation approaches based on Theorem 3.3 or Theorems 4.1 and 4.2. The proposed estimators

have explicit functional forms which do not require optimization procedures.

Let K(·) be a real-valued kernel satisfying regularity conditions. Let κ(ζ) denote the Fourier

transform of a real-valued kernel k(·) for real ζ ∈ R and assume κ(ζ) is compactly supported and

bounded (without loss of generality). Let % ≡ (%x, %z) is a set of bandwidth parameters. For the

instrumental variable approach proposed in Section 4, motivated by Theorem 4.2, an estimator of

AT (x, z) is proposed as

ÂT (x, z; %) =
1

2π

∫
κ(%xζ)Ψ̂T (ζ, z; %z)e

−iζxdζ

where Ψ̂T (ζ, z; %z) is constructed as

Ψ̂T (ζ, z; %z) = ϕ̂T (ζ, z; %z) exp

(∫ ζ

0
iϕ̂X1(ξ, z; %z)dξ

)
,

ϕ̂a(ζ, z; %z) =

∑
j DζajK

(
Zj−z
%z

)
∑

j Dζ1jK
(
Zj−z
%z

) (1)

for T ∈ T ≡ {1, Y, 1(Y ≤ y)} and a ∈ a ≡ {1, T,X1}.

We note that the denominator of ϕa(ζ) contains E[Dξ1 | Z = z] ≡ E[eiζX2 | Z = z] which

is the conditional characteristic function of X2 given Z = z. This quantity converges to zero as

frequency goes to infinity by Riemann-Lebesgue lemma (e.g., Lukacs (1970)), which yields so-called
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ill-posed inverse problem (Fan (1991)) or irregular identification (Khan and Tamer (2010)). Similar

to trimming methods in nonparametric estimation, this issue can be rectified by incorporating

compactly-supported Fourier transform in the numerator.

Given ÂT (x, z; %), estimators of the average structural function and quantile structural effects

can be formed by plugging these quantities into the definitions. Assuming that FX|Z(x | z) is

absolutely continuous with respect to the Lebesgue measure,3 for instance, an estimator of the

average structural function is ̂̄g(x; %) =

∫
ÂY (x, z; %)dw. (2)

An estimator of the quantile structural effects4 is

ϑ̂τ (x; %) = Ĝ−1(τ, x; %)

where

Ĝ(y, x; %) =

∫
Â1(Y≤y)(x, z; %)dw.

Estimators of the objects of interest using the control variables approach in Section 3 can be

proposed from Theorems 3.2 and 3.3 by replacing expectations with sample averages and incorpo-

rating the Fourier transform κ(ζ). In particular, the first step is to estimate the control variable

observations Vi by

V̂i = F̂X|Z(x | Zi) =
1

2
+

1

2π

∫ ∞
0

κ(−%xζ)Ψ̂1(−ζ, Zi; %z)eiζx − κ(%xζ)Ψ̂1(ζ, Zi; %z)e
−iζx

iζ
dζ

where

Ψ̂1(ζ, Zi; %z) = exp

(∫ ζ

0
iϕ̂X1(ξ, z; %z)dξ

)
= exp

∫ ζ

0

i
∑

j DξX1jK
(
Zj−Zi
%z

)
∑

j Dξ1jK
(
Zj−Zi
%z

) dξ

 . (3)

The second step is the estimation of AT (x, v) by

ÂT (x, v; %) =
1

2π

∫
κ(%xζ)Ψ̂T (ζ, v; %v)e

−iζxdζ

3We note that ∂
∂w
FW (w) = fX|Z(x | z) = A1(x, z).

4Estimator of the quantile structural effects studied in Section 5 is similar in form to this, so we omit it for brevity.
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where a set of bandwidth parameters is now % ≡ (%x, %v) and where Ψ̂T (ζ, v; %v) is given by

Ψ̂T (ζ, v; %v) = ϕ̂T (ζ, v; %v) exp

(∫ ζ

0
iϕ̂X1(ξ, v; %v)dξ

)
,

ϕ̂a(ζ, v; %v) =

∑
j DζajK

(
Vj−v
%v

)
∑

j Dζ1jK
(
Vj−v
%v

)
for T ∈ T ≡ {1, Y, 1(Y ≤ y)} and a ∈ a ≡ {1, T,X1}.

For the triangular simultaneous equations models, we can form estimators of the average struc-

tural function, quantile structural effects, marginal effects and average effects. For example, the

average structural function is given by

̂̄g(x; %) =

∫
ÂY (x, v; %)

Â1(x, v; %)
F̂V (dv)

where F̂V (v), an estimator of FV (v), can be replaced by the uniform distribution in the triangular

simultaneous equations systems.

Finally, when the true instrumental variable, Z, is unobservable, but instead repeated measure-

ments, Z1 and Z2, are observable, the proposed estimators above require minor modifications. In

eqs. (1) and (3) above, we replace ϕ̂a(ζ, z; %z) with the empirical counterparts of the quantities

which are identified in Theorems 6.1 and 6.2:

ϕ̂T (ζ, z; %z) =
R̂DζT (z; %z)

R̂Dζ1(z; %z)
and ϕ̂X1(ζ, z; %z) =

R̂DζX1
(z; %z)

R̂Dζ1(z; %z)

where

R̂Dζa(z; %z) =
1

2π

∫
κ(%zω)Φ̂Dζa(ω)e−iωzdω,

Φ̂Dζa(ω) =

∑
j Dζaje

iωZ2j∑
j e

iωZ2j
exp

(∫ ω

0

i
∑

j Z1je
iχZ2j∑

j e
iχZ2j

dχ

)

for T ∈ T ≡ {1, Y, 1(Y ≤ y)} and a ∈ a ≡ {1, T,X1}.

D Asymptotic Theory

We have presented various estimators based on the control variables and instrumental variables

approaches. We consider asymptotic theory for the estimator of the average structural function in
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equation (2).5

Let X̄ and Z̄ be compact sets contained in X and Z, respectively. We impose the following

regularity conditions for the rates of uniform convergence.

Assumption D.1 (i) We have E[|a|2] <∞ and E[|a||X2|] <∞ for a ∈ a ≡ {1, Y,X1};

(ii) Real valued kernel functions k : R → R and K : R → R are measurable and symmetric,∫
k(x)dx = 1 and

∫
K(x)dx = 1, and the Fourier transform of k, ζ → κ(ζ), is compactly supported

on [−1, 1], and there exists ζ̄ such that κ(ζ) = 1 for |ζ| < ζ̄;

(iii) There exist constants Cψ > 0, αψ ≤ 0, νψ ≥ 0, and γψ ∈ R such that νψγψ ≥ 0 and∣∣∣∣∫ ΨT (ζ, z)dw

∣∣∣∣ ≤ Cψ(1 + |ζ|)γψ exp(αψ|ζ|νψ),

for T ∈ T ≡ {1, Y };

(iv) There exist constants C$ > 0, α$ ≤ 0, ν$ ≥ νψ ≥ 0, and γ$ ∈ R such that ν$γ$ ≥ 0 and

inf
z∈Z̄
|$(ζ, z)| ≥ C$(1 + |ζ|)γ$ exp(α$|ζ|ν$),

with $(ζ, z) ≡ E[Dζ1fZ(z)];

(v) There exist constants C1 > 0 and γ1 ≥ 0 such that

sup
z∈Z̄

∣∣∇1
ζ ln Ψ1(ζ, z)

∣∣ ≤ C1(1 + |ζ|)γ1 .

Assumption D.1 (i) imposes bounds on the moments of the random variables. Assumption D.1

(ii) specifies the kernel functions k and K for X and Z, respectively. In particular, the kernel k is

especially advantageous because the order of the kernel does not affect the rate of the estimation

bias. The compact support of the Fourier transform is commonly used in the deconvolution liter-

ature to ease the ill-posed inverse problem (e.g. Fan and Truong (1993)). Conditions D.1 (iii)-(v)

are concerned about tail behaviors of the distributions and functions involved, since the rates of

uniform convergence of the proposed estimator depend on their smoothness such as super smooth-

ness and ordinary smoothness (Fan (1991)).6 For the sake of notational ease, we simultaneously

impose both smoothness conditions.

We obtain the uniform convergence rates for the estimator ̂̄g(x; %).

Theorem D.2 Suppose conditions for Lemma 4.3 and Assumption D.1 hold. For % > 0 satisfying

%−1
x = O((lnn)1/ν$) and %z = O(nδ) with δ < 1/2 +α$ if ν$ 6= 0, and %−1

x = O(n1/(2(1+γ1−γ$))−η)

5Establishing asymptotic properties of all estimators is beyond the scope of the paper and we leave it as future
research.

6Examples of supersmooth distributions are Normal, Cauchy, and their mixtures. Uniform, Laplace, gamma, and
their mixtures are examples of ordinary smooth distributions.

9



and %z = O(nδ) with δ < η for some positive η if ν$ = 0, we have

sup
x∈X̄

∣∣̂̄g(x; %)− ḡ(x)
∣∣ =O

((
%−1
x

)1+γψ exp
(
αψ
(
%−1
x

)νψ))
+Op

(
n−1/2(%−1

x )2+γψ+γ1−γ$ exp
(
αψ(%−1

x )νψ − α$(%−1
x )ν$

))
.

As shown in the theorem above, the uniform convergence rates of the estimator vary, depending

on the smoothness of the distributions and functions. For instance, if the characteristic functions

ΨT (ζ, z) ≡ E[TeiζX | Z = z] and $(ζ, z) ≡ E[Dζ1fZ(z)] = E[eiζX2 | Z = z]fZ(z) are supersmooth

and ν$ > νψ 6= 0, the bandwidth choice is %−1
x = O((lnn)1/ν$). Then the rate of convergence

becomes Op

(
exp

(
αψ (lnn)νψ/ν$

)
+ exp (−α$(lnn))

)
.

E Monte Carlo Simulations

In this section, we study finite-sample behaviors of the proposed estimators. We are based on the

model discussed by Card (2001) and introduce the information frictions to the true causes X:

Y = U1 + U2X − 0.05X2, X = η + 0.5Z,

X1 = X + ε1, X2 = X + ε2

where variables are randomly drawn from the following distributions

η ∼ Uni[−0.5, 0.5],

Z ∼ N(1.5, 1),

U1 | η, Z ∼ η + Uni[−0.5, 0.5], U2 | η, Z, U1 ∼ −η + Uni[0, 1],

ε1 ∼ N(0, σ2
ε), ε2 ∼ N(0, σ2

ε).

This data generating process satisfies all assumptions imposed in the nonseparable model we

consider. We conduct simulations with 250 replications where each replication has 500 number

of observations. We consider two different levels of standard deviation of the frictions such as

σε = {0.5, 1} to see how the frictions affect finite-sample behaviors of the estimators. The support

of W is [2x − 1, 2x + 1]. The parameter of interest is the average structural function ̂̄g(x), given

by 0.5x− 0.05x2. It is estimated and evaluated at x = 0.75. All estimators use Epanechnikov ker-

nels except one for X in the proposed estimator which uses an infinite-order kernel whose Fourier
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transform is given by

κ(ξ) =W(ξ)κ̃(ξ),

W(ξ) =


1 if |ξ| ≤ ξ̄
(1 + exp((1− ξ̄)((1− |ξ|)−1 − (|ξ| − ξ̄)−1)))−1 if ξ̄ < |ξ| ≤ 1.

0 if 1 < |ξ|

where the threshold ξ̄ = 0.5. The windowing function W(ξ) ensures that the modified kernel κ(ξ)

has the compact support in frequency domain ξ for any given original kernel κ̃(ξ).

The average structural functions are estimated by the proposed estimator, instrumental vari-

ables estimator in Hoderlein, Holzmann, Kasy, and Meister (2015), and control variables estimator

in Imbens and Newey (2009). The proposed information friction-corrected (IFC) estimator uses

data (Y,X1, X1, Z). The instrumental variables (IV) and control variables (CV) estimators use

data (Y,X1, Z). For comparison, we also estimate the average structural functions by the infeasible

instrumental variables estimator (infeasible IV) and by the infeasible control variables estimator

(infeasible CV) without the frictions, i.e., using data (Y,X,Z). We evaluate finite-sample perfor-

mances by reporting the squared bias (SB), variance (V), and root mean squared error (RMSE).

Each estimators are constructed over a range of bandwidths, but outcomes from only a subset of

the bandwidths are reported for brevity. Optimal bandwidths are selected in terms of minimum

RMSE.

Tables 1–5 show the estimation results for all estimators when the standard deviation of the

frictions σε equals to 0.5. The proposed estimator performs well as much as the infeasible IV

estimator and the infeasible CV estimator. Minimum RMSEs of the IFC, infeasible IV and infeasible

CV estimators are 0.02953, 0.02662 and 0.02598, respectively. At a fixed bandwidth, the bias

of the IFC estimator is very close to the bias of the infeasible IV and CV estimators. In fact,

biases of three estimators also approach to zero as bandwidths decrease accordingly. On the other

hand, the inconsistent IV estimator and inconsistent CV estimator which do not take into account

the information frictions generate almost twice larger RMSEs than these consistent estimators.

Minimum RMSEs of the inconsistent IV and CV estimators are 0.05654 and 0.05618, respectively.

And the two inconsistent estimators are not able to achieve bias reduction.

When the information frictions on X become larger, the performances of the error-contaminated

estimators become worse. Tables 6–10 present the estimation results when the standard deviation

of the frictions σε equals to 1. The IFC estimator still gets smaller RMSE than the inconsistent IV

and CV estimators. Minimum RMSE of the IFC estimator is 0.05879. The SB of the IFC estimator

is close to zero when %x is 1.9 and %z is 1.1. However, the RMSEs of the inconsistent IV and CV

estimators are 0.08278 and 0.08245, respectively. In addition, their SBs are bounded away from

zero over all ranges of bandwidths. Thus it is evident that failure of correcting for the frictions

leads to inconsistent estimates of the average structural functions.
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In Table 11, we consider performances of the proposed estimator given different sample sizes

(N = {500, 1000, 2, 000, 4, 000, 8, 000}) and standard deviation of the information frictions (σε =

{0.5, 1}). It reports SB, V, and RMSE at optimal bandwidths in terms of minimum RMSE. The

Monte Carlo simulation results show that the IFC estimator gets larger RMSE when the frictions

on X become larger, but magnitudes of RMSEs are all acceptable. And it is shown that RMSE

becomes much smaller as the sample size gets larger, which is consistent with the asymptotic theory.

F More Results on the Empirical Application

We use two different years of the Panel Study of Income and Dynamics (PSID) to perform an extra

sensitivity analysis. The same data cleaning process as in the main paper is applied to the 2005

and 2007 waves of the data. Tables 12-13 report descriptive statistics for each waves. Total family

income and expenditure have slightly increased over the years. Some commodities such as electricity

and gasoline have different shares than the 2009 wave which is reported in the main paper. But

contributions of the commodities to the total expenditure in both years are qualitatively similar to

the 2009 wave.

As in the main paper, we estimate demand curves for food, electricity, other utilities, gasoline,

health, and leisure share. The average structural functions (ASF) from three estimators, the infor-

mation friction-corrected (IFC), instrumental variables (IV), and control variables (CV) estimators

are estimated. All variables are standardized by subtracting the mean and dividing by the standard

deviation, which are reported in Table 12 for year 2007 and Table 13 for year 2005, respectively.

Log income of 2007 is used as the instrumental variable to control for the endogeneity of the log

family expenditure for all estimators in year 2007. Similarly, Log income of 2005 is used as the

instrumental variable to control for the endogeneity of the log family expenditure for all estimators

in year 2005. But the IFC is the only estimator which addresses the information frictions on the

log family expenditure in both years.

Figures 1-6 report the estimated ASF in year 2007. Figures 7-12 show the estimated ASF in

year 2005. Similar to the estimation results for year 2009, it is evident that the information frictions

in the form of measurement errors on the log family expenditure are substantial. Shapes of the

ASF for all commodities from the IFC estimator are very different from the inconsistent IV and

CV estimators for both years.
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G Proofs

Recall ∇λa ≡ (∂λ/∂aλ) denotes a partial derivative of degree λ ∈ {0, ...,Λ} for Λ ∈ N with respect

to a generic variable a. Recall that in the multi-dimensional variables case, Dζa ≡ aeiζ>X2 for each

ζ = (ζ1, . . . , ζK)>.

Lemma G.1 Under Assumption B.2, for any z ∈ Z we have

∇1
ξ ln(E[eiξ>X | Z = z]) =

iE[DξX1 | Z = z]

E[Dξ1 | Z = z]
,

provided that E[Dξ1 | Z = z] is nonvanishing for any real ξ and z ∈ Z.

Proof of Lemma G.1 We note that

∇1
ξ ln(E[eiξ>X | Z])

=
iE[Xeiξ>X | Z]

E[eiξ>X | Z]

=
iE[Xeiξ>X | Z]E[eiξ>ε2 | Z]

E[eiξ>X | Z]E[eiξ>ε2 | Z]

=
iE[Xei(ξ1X1+...+ξKXK) | Z]E[ei(ξ1ε21+...+ξKε2K) | Z] + E[E(ε1 | X2, Z)ei(ξ1ε21+...+ξKε2K) | Z]}

E[ei(ξ1X1+...+ξKXK) | Z]E[ei(ξ1ε21+...+ξKε2K) | Z]

=
iE[Xei(ξ1(X1+ε21)+...+ξK(XK+ε2K)) | Z] + E[E(ε1e

i(ξ1ε21+...+ξKε2K) | X2, Z) | Z]}
E[ei(ξ1(X1+ε21)+...+ξK(XK+ε2K)) | Z]

=
i{E[Xeiξ>X2 | Z] + E[E(ε1e

iξ>X2 | X2, Z) | Z]}
E[eiξ>X2 | Z]

=
i{E[Xeiξ>X2 | Z] + E[ε1e

iξ>X2 | Z]}
E[eiξ>X2 | Z]

=
iE[X1e

iξ>X2 | Z]

E[eiξ>X2 | Z]

=
iE[DξX1 | Z]

E[Dξ1 | Z]

where E(ε1k | X2, Z) = 0 for all k and ε2k ⊥⊥ Xk′ | Z for all (k, k
′
) are used in the third and fourth

equalities, respectively and where the law of iterative expectation and the definitions of DξX1 and

Dξ1 are used in the sixth and eighth equalities, respectively. Q.E.D.

Proof of Theorem B.4 By the definition of the multi-dimensional expectation and the

Fourier transform of the multivariate density, we get

Ψ1(ζ, z) ≡ E[eiζ>X | Z = z] =

∫
. . .

∫
fX|Z(x | z)eiζ>xdx1 . . . dxK
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and

fX|Z(x | z) =
1

(2π)K

∫
. . .

∫
Ψ1(ζ, z)e−iζ>xdζ1 . . . dζK .

Thus, from the multivariate inversion theorem in Shephard (1991), we get

FX|Z(x | z) =
1

2
+

1

(2π)K

∫ ∞
0

. . .

∫ ∞
0

Ψ1(−ζ, z)eiζ>x −Ψ1(ζ, z)e−iζ>x

iζ
dζ1 . . . dζK .

We now show the second part of the theorem. Note that we have from Assumption B.2

∇1
ξ ln(E[eiξ>X | Z]) =

iE[DξX1 | Z]

E[Dξ1 | Z]

by Lemma G.1. Then we get that for each ζ,

exp

(∫ ζ1

0
. . .

∫ ζK

0

iE[DξX1 | Z]

E[Dξ1 | Z]
dξ1 . . . dξK

)
= exp

(∫ ζ1

0
. . .

∫ ζK

0
∇1
ξ ln(E[eiξ>X | Z])dξ1 . . . dξK

)
=E[eiζ>X | Z]

≡Ψ1(ζ, Z).

Q.E.D.

Lemma G.2 Under Assumption B.7 (i)–(ii), for any v ∈ V we have

∇1
ξ ln(E[eiξ>X | V = v]) =

iE[DξX1 | V = v]

E[Dξ1 | V = v]
,

provided that E[Dξ1 | V = v] is nonvanishing for any real ξ and v ∈ V.

Proof of Lemma G.2 The result is immediate from the proof of Lemma G.1 by replacing

Assumption B.2 with Assumption B.7 (i)–(ii). Q.E.D.

Proof of Theorem B.8 We note that

ΨT (ζ, v) ≡ E[Teiζ>X | V = v]

=

∫
. . .

∫
E[Teiζ>X | X = x, V = v]fX|V (x | v)dx1 . . . dxK

=

∫
. . .

∫
E[T | X = x, V = v]fX|V (x | v)eiζ>xdx1 . . . dxK

=

∫
. . .

∫
AT (x, v)eiζ>xdx1 . . . dxK
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which is the Fourier transform of AT (x, v). Since

1

(2π)K

∫
. . .

∫
ΨT (ζ, v)e−iζ>xdx1 . . . dxK

is the inverse Fourier transform of ΨT (ζ, v), for (x, v) ∈ X × V we get

AT (x, v) =
1

(2π)K

∫
. . .

∫
ΨT (ζ, v)e−iζ>xdζ1 . . . dζK .

By a similar argument to the proof of Theorem 4.2, the second part

ΨT (ζ, v) = ϕT (ζ, v) exp

(∫ ζ1

0
. . .

∫ ζK

0
iϕX1(ζ, v)dξ1 . . . dξK

)
can be proved from Assumption B.7 and Lemma G.2. Q.E.D.

We now prove the rate of the uniform convergence of the average structural function estimator.

Define Υ+(%x) ≡
∑

a∈{1,Y,X1}Υ+
a (%x) with

Υ+
Y (ζ, %x) ≡ sup

x∈X̄

∣∣∣∣ ∫ 1

2π

Ψ1(ζ, z)

E[Dξ1fZ(z)]
exp(−iζx)κ(%xζ)dw

∣∣∣∣
Υ+
X1

(ζ, %x) ≡ sup
x∈X̄

∣∣∣∣ ∫ 1

2π

i

E[Dζ1fZ(z)]

∫ ±∞
ζ

exp(−iξx)κ(%xξ)ΨY (ξ, z)dw

∣∣∣∣
Υ+

1 (ζ, %x) ≡ sup
x∈X̄

∣∣∣∣ ∫ −1

2π

iE[DζX1fZ(z)]

(E[Dζ1fZ(z)])2

∫ ±∞
ζ

exp(−iξx)κ(%xξ)ΨY (ξ, z)dξ

− 1

2π

ΨY (ζ, z)

E[Dξ1fZ(z)]
exp(−iζx)κ(%xζ)dw

∣∣∣∣
where

∫ ∫ ±∞
ζ m(ξ, ζ)dξdζ ≡

∫∞
−∞

∫ ξ
0 m(ξ, ζ)dζdξ for any absolutely integrable function m(·, ·).

We first provide a useful result for proving the uniform rate.

Lemma G.3 Let Υ+(%x) ≡
∑

a∈{1,Y,X1}
∫

Υ+
a (ζ, %x)dζ. Suppose the conditions for Lemma 4.3 and

Assumption D.1 hold. For %x > 0

Υ+(%x) = O
(
(%−1
x )2+γψ+γ1−γ$ exp

(
αψ(%−1

x )νψ − α$(%−1
x )ν$

))
.

Proof of Lemma G.3 Consider the rate for each term of Υ+(%x).∫
Υ+
Y (ζ, %x)dζ =

∫
sup
x∈X̄

∣∣∣∣ ∫ 1

2π

Ψ1(ζ, z)

E[Dζ1fZ(z)]
exp(−iζx)κ(%xζ)dw

∣∣∣∣dζ
�
∫ ∣∣∫ Ψ1(ζ, z)dw

∣∣
infz∈Z̄ |$(ζ, z)|

|exp(−iζx)| |κ(%xζ)| dζ
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�
∫ %−1

x

0

∣∣∫ Ψ1(ζ, z)dw
∣∣

infz∈Z̄ |$(ζ, z)|
dζ

�%−1
x (1 + %−1

x )γψ exp
(
αψ(%−1

x )νψ
)

(1 + %−1
x )−γ$ exp

(
−α$(%−1

x )ν$
)

�(%−1
x )1+γψ−γ$ exp

(
αψ(%−1

x )νψ − α$(%−1
x )ν$

)
;

∫
Υ+
X1

(ζ, %x)dζ =

∫
sup
x∈X̄

∣∣∣∣ ∫ 1

2π

i

E[Dζ1fZ(z)]

∫ ±∞
ζ

exp(−iξx)κ(%xξ)ΨY (ξ, z)dw

∣∣∣∣dζ
�
∫

sup
x∈X̄

1

infz∈Z̄ |$(ζ, z)|

∫ ±∞
ζ

|exp(−iζx)| |κ(%xζ)|
∣∣∣∣∫ ΨY (ξ, z)dw

∣∣∣∣dζ
�
∫ %−1

x

0

1

infz∈Z̄ |$(ζ, z)|

∫ %−1
x

ζ

∣∣∣∣∫ ΨY (ξ, z)dw

∣∣∣∣dζ
�%−1

x (1 + %−1
x )γψ+1 exp

(
αψ(%−1

x )νψ
)

(1 + %−1
x )−γ$ exp

(
−α$(%−1

x )ν$
)

�(%−1
x )2+γψ−γ$ exp

(
αψ(%−1

x )νψ − α$(%−1
x )ν$

)
;

We note that
|E[DζX1

fZ(z)]|
|E[Dζ1fZ(z)]| =

∣∣∣∇1
ζ ln Ψ1(ζ, z)

∣∣∣ by the proof of Lemma A.1. Then,

∫
Υ+

1 (ζ, %x)dζ

=

∫
sup
x∈X̄

∣∣∣∣ ∫ −1

2π

iE[DζX1fZ(z)]

(E[Dζ1fZ(z)])2

∫ ±∞
ζ

exp(−iξx)κ(%xξ)ΨY (ξ, z)dξ

− 1

2π

ΨY (ζ, z)

E[Dξ1fZ(z)]
exp(−iζx)κ(%xζ)dw

∣∣∣∣dζ
�
∫

sup
x∈X̄

sup
z∈Z̄
|∇ζΨ1(ζ, z)| 1

infz∈Z̄ |$(ζ, z)|

∫ ±∞
ζ

|exp(−iξx)| |κ(%xξ)|
∣∣∣∣∫ ΨY (ξ, z)dw

∣∣∣∣ dξ
+

∣∣∣∣∫ ΨY (ζ, z)dw

∣∣∣∣ 1

infz∈Z̄ |$(ζ, z)|
|exp(−iζx)| |κ(%xζ)| dζ

�
∫ %−1

x

0

(
sup
z∈Z̄
|∇ζΨ1(ζ, z)|

∫ %−1
x

ζ

∣∣∣∣∫ ΨY (ξ, z)dw

∣∣∣∣dξ +

∣∣∣∣∫ ΨY (ζ, z)dw

∣∣∣∣
)

1

infz∈Z̄ |$(ζ, z)|
dζ

�
∫ %−1

x

0

(
(1 + |ζ|)γ1

∫ %−1
x

0
(1 + |ξ|)γψ exp (αψ|ξ|νψ) dξ + (1 + |ζ|)γψ exp (αψ|ζ|νψ)

)
× (1 + |ζ|)−γ$ exp (−α$|ζ|ν$)

�
(
(1 + %−1

x )γ1(1 + %−1
x )1+γψ exp

(
αψ(%−1

x )νψ
)

+ (1 + %−1
x )γψ exp

(
αψ(%−1

x )νψ
))

× (1 + %−1
x )1−γ$ exp

(
−α$(%−1

x )ν$
)

�(%−1
x )2+γψ+γ1−γ$ exp

(
αψ(%−1

x )νψ − α$(%−1
x )ν$

)
.

Collecting these rates for each term of Υ+(%) gives the desired result. Q.E.D.
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Proof of Theorem D.2 Let

AY (x, z; %x) ≡
∫

1

%x
K

(
x̃− x
%x

)
AY (x̃, z)dx̃.

By the convolution theorem, we get

AY (x, z; %x) =
1

2π

∫
κ(%xζ)ΨY (ζ, z)e−iζxdζ

where lim%x→0AY (x, z; %x) = AY (x, z).

Let ḡ(x; %x) ≡
∫
AY (x, z; %x)dw. We consider the decomposition of the estimation error as

follows:

̂̄g(x; %)− ḡ(x) = (ḡ(x; %x)− ḡ(x)) + (˜̄g(x; %)− ḡ(x; %x)) + (̂̄g(x; %)− ˜̄g(x; %))

=: ∆I + ∆II + ∆III

where ˜̄g(x; %) is a term associated with a linearization of ̂̄g(x; %).

First term ∆I

For the first term, we get from Parseval’s identity that

sup
x∈X̄

∣∣∆I
∣∣

= sup
x∈X̄

∣∣∣∣ ∫ ( 1

2π

∫
κ(%xζ)ΨY (ζ, z)e−iζxdζ − 1

2π

∫
ΨY (ζ, z)e−iζxdζ

)
dw

∣∣∣∣
≤ 1

2π

∫ ∞
ξ̄/%x

|(κ(%xζ)− 1)|
∣∣∣∣∫ ΨY (ζ, z)dw

∣∣∣∣dζ
�
∫ ∞
ξ̄/%x

(1 + |ζ|)γψ exp(αψ|ζ|νψ)dζ

= O
((
ξ̄/%x

)γψ+1
exp

(
αψ
(
ξ̄/%x

)νψ))
= O

((
%−1
x

)1+γψ exp
(
αψ
(
%−1
x

)νψ)) ,
since |e−iζx| = 1 and Assumption D.1 guarantees κ(ζ) = 1 for |ζ| ≤ ξ̄ and supζ |κ(%xζ)| <∞.

Second term ∆II

For the second term, let Ê[·] denote a sample average and K%z(Z − z) ≡ K((Z − z)/%z)/%z.
Note that for a ∈ a ≡ {1, Y,X1}

Ê[DζaK((Z − z)/%z)]
Ê[Dζ1K((Z − z)/%z)]

≡
Ê[DζaK%z(Z − z)]
Ê[Dζ1K%z(Z − z)]

=
E[DζafZ(z)]

E[Dζ1fZ(z)]
+ δϕ̂a(ζ, z) (4)
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where

δϕ̂a(ζ, z) ≡δ1ϕ̂a(ζ, z)

(
1 +

Ê[Dζ1K%z(Z − z)]− E[Dζ1fZ(z)]

E[Dζ1fZ(z)]

)−1

or δϕ̂a(ζ, z) = δ1ϕ̂a(ζ, z) + δ2ϕ̂a(ζ, z) with

δ1ϕ̂a(ζ, z) ≡
Ê[DζaK%z(Z − z)]− E[DζafZ(z)]

E[Dζ1fZ(z)]

−
E[DζafZ(z)](Ê[Dζ1K%z(Z − z)]− E[Dζ1fZ(z)])

(E[Dζ1fZ(z)])2

δ2ϕ̂a(ζ, z) ≡
E[DζafZ(z)]

E[Dζ1fZ(z)]

(
Ê[Dζ1K%z(Z − z)]− E[Dζ1fZ(z)]

E[Dζ1fZ(z)]

)2

×

(
1 +

Ê[Dζ1K%z(Z − z)]− E[Dζ1fZ(z)]

E[Dζ1fZ(z)]

)−1

−
Ê[DζaK%z(Z − z)]− E[DζafZ(z)]

E[Dζ1fZ(z)]

Ê[Dζ1K%z(Z − z)]− E[Dζ1fZ(z)]

E[Dζ1fZ(z)]

×

(
1 +

Ê[Dζ1K%z(Z − z)]− E[Dζ1fZ(z)]

E[Dζ1fZ(z)]

)−1

.

Let Qϕ(ζ, z) ≡
∫ ζ

0 iϕX1(ξ, z)dξ and δQ̂ϕ(ζ, z) ≡
∫ ζ

0 iϕ̂X1(ξ, z)dξ −Qϕ(ζ, z). Then there exists some

random function δQ̄ϕ(ζ, z) such that for all ζ ∈ R and z ∈ Z, |δQ̄ϕ(ζ, z)| ≤ |δQ̂ϕ(ζ, z)| and

exp
(
Qϕ(ζ, z) + δQ̂ϕ(ζ, z)

)
= exp (Qϕ(ζ, z))

(
1 + δQ̂ϕ(ζ, z) +

1

2

[
exp

(
δQ̄ϕ(ζ, z)

)] (
δQ̂ϕ(ζ, z)

)2
)
. (5)

Substituting eqs. (4)-(5) into

̂̄g(x; %)− ḡ(x; %x) =

∫
ÂY (x, z; %)dw −

∫
AY (x, z; %x)dw (6)

=

∫ ∫
1

2π
κ(%xζ)e−iζx

(
Ê[DζYK((Z − z)/%z)]
Ê[Dζ1K((Z − z)/%z)]

exp

(∫ ζ

0
i
Ê[DζX1K((Z − z)/%z)]
Ê[Dζ1K((Z − z)/%z)]

dξ

)

−
E[DζY fZ(z)]

E[Dζ1fZ(z)]
exp

(∫ ζ

0
i
E[DζX1fZ(z)]

E[Dζ1fZ(z)]
dξ

))
dζdw

and keeping terms linear in Ê[DζaK%z(Z − z)] − E[DζafZ(z)] for a ∈ a ≡ {1, Y,X1} provides the

second term ∆II . Therefore we get
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sup
x∈X̄

∣∣∆II
∣∣

= sup
x∈X̄

∣∣∣∣ ∫ { 1

2π

∫
κ(%xζ) exp(−iζx)ΨY (ζ, z)

∫ ζ

0

(
iÊ[DξX1K%z(Z − z)]− E[DξX1fZ(z)]

E[Dξ1fZ(z)]

−
iE[DξX1fZ(z)](Ê[Dξ1K%z(Z − z)]− E[Dξ1fZ(z)])

(E[Dξ1fZ(z)])2

)
dξdζ

+
1

2π

∫
κ(%xζ) exp(−iζx)

(
Ê[DζYK%z(Z − z)]− E[DζY fZ(z)]

E[Dζ1fZ(z)]
Ψ1(ζ, z)

−
Ê[Dζ1K%z(Z − z)]− E[Dζ1fZ(z)]

E[Dζ1fZ(z)]
ΨY (ζ, z)

)
dζ

}
dw

∣∣∣∣
= sup
x∈X̄

∣∣∣∣ ∫ { 1

2π

∫ ∫ ±∞
ξ

κ(%xζ) exp(−iζx)ΨY (ζ, z)dζ

(
iÊ[DξX1K%z(Z − z)]− E[DξX1fZ(z)]

E[Dξ1fZ(z)]

−
iE[DξX1fZ(z)](Ê[Dξ1K%z(Z − z)]− E[Dξ1fZ(z)])

(E[Dξ1fZ(z)])2

)
dξ

+
1

2π

∫
κ(%xζ) exp(−iζx)

(
Ê[DζYK%z(Z − z)]− E[DζY fZ(z)]

E[Dζ1fZ(z)]
Ψ1(ζ, z)

−
Ê[Dζ1K%z(Z − z)]− E[Dζ1fZ(z)]

E[Dζ1fZ(z)]
ΨY (ζ, z)

)
dζ

}
dw

∣∣∣∣
= sup
x∈X̄

∣∣∣∣ ∫ {∫ [ 1

2π

Ψ1(ζ, z)

E[Dζ1fZ(z)]
exp(−iζx)κ(%xζ)

]
×
(
Ê[DζYK%z(Z − z)]− E[DζY fZ(z)]

)
dζ

+

∫ [
1

2π

i

E[Dζ1fZ(z)]

∫ ±∞
ζ

exp(−iξx)κ(%xξ)ΨY (ξ, z)dξ

]
×
(
Ê[DζX1K%z(Z − z)]− E[DζX1fZ(z)]

)
dζ

+

∫ [
− 1

2π

iE[DζX1fZ(z)]

(E[Dζ1fZ(z)])2

∫ ±∞
ζ

exp(−iξx)κ(%xξ)ΨY (ξ, z)dξ

− 1

2π

ΨY (ζ, z)

E[Dζ1fZ(z)]
exp(−iζx)κ(%xζ)

](
Ê[Dζ1K%z(Z − z)]− E[Dζ1fZ(z)]

)
dζ

}
dw

∣∣∣∣
≤
∫ {

Υ+
Y (ζ, %x)

(
sup
z∈Z̄

∣∣∣Ê[DζYK%z(Z − z)]− E[DζY fZ(z)]
∣∣∣)

+ Υ+
X1

(ζ, %x)

(
sup
z∈Z̄

∣∣∣Ê[DζX1K%z(Z − z)]− E[DζX1fZ(z)]
∣∣∣)

+ Υ+
1 (ζ, %x)

(
sup
z∈Z̄

∣∣∣Ê[Dζ1K%z(Z − z)]− E[Dζ1fZ(z)]
∣∣∣)}dζ,

where the integrals are finite since supz∈Z̄

∣∣∣Ê[DζaK%z(Z − z)]− E[DζafZ(z)]
∣∣∣ � 1, for a ∈ a ≡
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{1, Y,X1}, and Υ+(%x) <∞. Then we have

E

[
sup
x∈X̄

∣∣∆II
∣∣]

≤
∫ {

Υ+
Y (ζ, %x)

(
E

(
sup
z∈Z̄

∣∣∣Ê[DζYK%z(Z − z)]− E[DζY fZ(z)]
∣∣∣2))1/2

+ Υ+
X1

(ζ, %x)

(
E

(
sup
z∈Z̄

∣∣∣Ê[DζX1K%z(Z − z)]− E[DζX1fZ(z)]
∣∣∣2))1/2

+ Υ+
1 (ζ, %x)

(
E

(
sup
z∈Z̄

∣∣∣Ê[Dζ1K%z(Z − z)]− E[Dζ1fZ(z)]
∣∣∣2))1/2}

dζ

=n−1/2
∑

a∈{1,Y,X1}

∫
Υ+
a (ζ, %x)

(
E

(
sup
z∈Z̄
|DζaK%z(Z − z)− E[DζafZ(z)]|2

))1/2

dζ

�n−1/2Υ+(%x)

where Υ+(%x) ≡
∑

a∈{1,Y,X1}
∫

Υ+
a (ζ, %x)dζ = O

(
(%−1
x )2+γψ+γ1−γ$ exp

(
αψ(%−1

x )νψ − α$(%−1
x )ν$

))
from Lemma G.3. By Markov’s inequality, we get

sup
x∈X̄

∣∣∆II
∣∣ = Op

(
n−1/2(%−1

x )2+γψ+γ1−γ$ exp
(
αψ(%−1

x )νψ − α$(%−1
x )ν$

))
.

Third term ∆III

Finally, from eq. 6, removing terms linear in Ê[DζaK%z(Z − z)] − E[DζafZ(z)] for a ∈ a ≡
{1, Y,X1} gives the third term such that |∆III | �

∑7
i=1 |∆III

i |, where

∆III
1 =

∫ ∫
exp(−iζx)κ(%xζ)ΨY (ζ, z)Ψ1(ζ, z) exp

(
iδQ̄ϕ(ζ, z)

)(∫ ζ

0
iδϕ̂X1(ξ, z)dξ

)2

dζdw

∆III
2 =

∫ ∫
exp(−iζx)κ(%xζ)δϕ̂Y (ζ, z)Ψ1(ζ, z) exp

(
iδQ̄ϕ(ζ, z)

)(∫ ζ

0
iδϕ̂X1(ξ, z)dξ

)2

dζdw

∆III
3 =

∫ ∫
exp(−iζx)κ(%xζ)δϕ̂Y (ζ, z)Ψ1(ζ, z)

(∫ ζ

0
iδ2ϕ̂X1(ξ, z)dξ

)
dζdw

∆III
4 =

∫ ∫
exp(−iζx)κ(%xζ)δ1ϕ̂Y (ζ, z)Ψ1(ζ, z)

(∫ ζ

0
iδ1ϕ̂X1(ξ, z)dξ

)
dζdw

∆III
5 =

∫ ∫
exp(−iζx)κ(%xζ)ΨY (ζ, z)Ψ1(ζ, z)

(∫ ζ

0
iδ2ϕ̂X1(ξ, z)dξ

)
dζdw

∆III
6 =

∫ ∫
exp(−iζx)κ(%xζ)δ2ϕ̂Y (ζ, z)Ψ1(ζ, z)dζdw

∆III
7 =

∫ ∫
exp(−iζx)κ(%xζ)δ2ϕ̂Y (ζ, z)Ψ1(ζ, z)

(∫ ζ

0
iδ1ϕ̂X1(ξ, z)dξ

)
dζdw.
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Since upper bounds for |∆III
1 | dominates rest of the terms, we focus on the bound for brevity:

sup
x∈X̄

∣∣∆III
1

∣∣
= sup
x∈X̄

∣∣∣∣ ∫ ∫ exp(−iζx)κ(%xζ)ΨY (ζ, z)Ψ1(ζ, z) exp
(
iδQ̄ϕ(ζ, z)

)(∫ ζ

0
iδϕ̂X1(ξ, z)dξ

)2

dζdw

∣∣∣∣
≤
∫ ∫

|κ(%xζ)|
∣∣∣∣∫ ΨY (ζ, z)dw

∣∣∣∣ exp

(∫ ζ

0

(
sup
z∈Z̄
|δϕ̂X1(ξ, z)|

)
dξ

)

×

(∫ ζ

0

(
sup
z∈Z̄
|δϕ̂X1(ξ, z)|

)
dξ

)(∫ ζ

0

(
sup
z∈Z̄
|δϕ̂X1(ξ, z)|

)
dξ

)
dζ

� exp(op(1)) |1 + op(1)|−1
∫ ∞

0

∫ ∞
ξ
|κ(%xζ)|

∣∣∣∣∫ ΨY (ζ, z)dw

∣∣∣∣dζ
×

(
sup
z∈Z̄

1

|E[Dξ1fZ(z)]|
+ sup
z∈Z̄

|E[DξX1fZ(z)]|
|E[Dξ1fZ(z)]|2

)
dξ

× (1 + %−1
x )

(
sup
z∈Z̄

sup
ζ∈[−%−1

x ,%−1
x ]

|E[DζX1fZ(z)]|
|E[Dζ1fZ(z)]|2

)

×

(
max

a∈{1,X1,Y }
sup
z∈Z̄

sup
ζ∈[−%−1

x ,%−1
x ]

∣∣∣Ê[DζaK%z(Z − z)]− E[Dζ1fZ(z)]
∣∣∣)2

=Op(1)Υ+(%x)Ξn

�
(
n−1/2Υ+(%x)

)
n1/2Ξn

where

Ξn ≡(1 + %−1
x )

(
sup
z∈Z̄

sup
ζ∈[−%−1

x ,%−1
x ]

|E[DζX1fZ(z)]|
|E[Dζ1fZ(z)]|2

)

×

(
max

a∈{1,X1,Y }
sup
z∈Z̄

sup
ζ∈[−%−1

x ,%−1
x ]

∣∣∣Ê[DζaK%z(Z − z)]− E[DζafZ(z)]
∣∣∣)2

.

We now show that n1/2Ξn = op(1). We note that, given E[|a|2] <∞ and E[|a||X2|] <∞ ensured

by Assumption D.1 (i),

max
a∈{1,X1,Y }

sup
z∈Z̄

sup
ζ∈[−%−1

x ,%−1
x ]

∣∣∣Ê[DζaK%z(Z − z)]− E[DζafZ(z)]
∣∣∣ = Op

((
lnn

n%z

)1/2
)

by obtaining the rate of uniform convergence over a discrete set and applying Bernstein’s inequal-

ity (see Lemma 2 in Hansen (2008) for a similar argument). We also note that
|E[DζX1

fZ(z)]|
|E[Dζ1fZ(z)]| =∣∣∣∇1

ζ ln Ψ1(ζ, z)
∣∣∣.
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When ν$ 6= 0, since %−1
x = O((lnn)1/ν$) and %z = O(nδ) with δ < 1/2 + α$, we have

n1/2Ξn =n1/2(1 + %−1
x )

(
sup
z∈Z̄

sup
ζ∈[−%−1

x ,%−1
x ]

∣∣∇1
ζ ln Ψ1(ζ, z)

∣∣ 1

|$(ζ, z)|

)
Op

(
lnn

n%z

)
=Op

(
n−1/2(lnn)%−1

z (1 + %−1
x )1+γ1−γ$ exp

(
−α$

(
%−1
x

)ν$))
=Op

(
n−1/2(lnn)nδ(lnn)(1+γ1−γ$)/ν$ exp (−α$(lnn))

)
=Op (exp ((−1/2) lnn+ ln(lnn)δ lnn+ ((1 + γ1 − γ$)/ν$) ln(lnn)− α$(lnn)))

=Op (exp ((−1/2− α$ + δ) lnn+ ln(lnn) + ((1 + γ1 − γ$)/ν$) ln(lnn)))

=op(1)

since −1/2− α$ + δ < 0.

When ν$ = 0, since %−1
x = O(n1/(2(1+γ1−γ$))−η) and %z = O(nδ) with δ < η for some positive

η, we have

n1/2Ξn =Op

(
n−1/2(lnn)%−1

z (1 + %−1
x )1+γ1−γ$

)
=Op

(
n−1/2(lnn)nδn1/2−η

)
=Op

(
nδ−η(lnn)

)
=op(1).

As a result, |∆III | is bounded and collecting all terms completes the proof. Q.E.D.
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Table 1: IFC (σε = 0.5)

%x \ %z 0.6 0.7 0.8 0.9 1.0 1.1 1.2
SB 0.00190 0.00148 0.00125 0.00108 0.00132 0.00088 0.00104

1.8 V 0.00145 0.00141 0.00140 0.00136 0.00145 0.00135 0.00146
RMSE 0.05788 0.05377 0.05149 0.04940 0.05266 0.04722 0.05006

SB 0.00058 0.00035 0.00066 0.00054 0.00032 0.00030 0.00021
1.9 V 0.00139 0.00119 0.00104 0.00104 0.00116 0.00122 0.00119

RMSE 0.04445 0.03913 0.04129 0.03985 0.03845 0.03898 0.03746

SB 0.00001 0.00003 0.00006 0.00003 0.00000 0.00005 0.00000
2.0 V 0.00093 0.00092 0.00122 0.00085 0.00114 0.00107 0.00099

RMSE 0.03059 0.03070 0.03571 0.02976 0.03381 0.03347 0.03155

SB 0.00013 0.00006 0.00009 0.00012 0.00010 0.00006 0.00015
2.1 V 0.00099 0.00110 0.00104 0.00075 0.00105 0.00087 0.00097

RMSE 0.03337 0.03403 0.03357 0.02953 0.03392 0.03059 0.03347

SB 0.00046 0.00064 0.00049 0.00039 0.00055 0.00065 0.00057
2.2 V 0.00072 0.00094 0.00085 0.00075 0.00082 0.00086 0.00083

RMSE 0.03430 0.03977 0.03670 0.03381 0.03698 0.03879 0.03745

SB 0.00123 0.00110 0.00115 0.00115 0.00120 0.00139 0.00144
2.3 V 0.00079 0.00077 0.00077 0.00079 0.00080 0.00081 0.00076

RMSE 0.04495 0.04317 0.04382 0.04413 0.04473 0.04685 0.04695

SB 0.00209 0.00239 0.00223 0.00195 0.00197 0.00246 0.00214
2.4 V 0.00071 0.00077 0.00062 0.00071 0.00067 0.00071 0.00074

RMSE 0.05284 0.05627 0.05338 0.05161 0.05140 0.05626 0.05363

optimal %x %z SB V RMSE
2.1 0.9 0.00012 0.00075 0.02953

Note: Performances of the information friction-corrected (IFC) estimator when the standard deviation of frictions σε

equals 0.5 are presented. The table reports the squared bias (SB), variance (V) and root mean squared error (RMSE)

over ranges of bandwidths %x and %z. Optimal bandwidths in terms of RMSE are shown at the bottom of the panel.
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Table 2: Infeasible IV (σε = 0.5)

%x \ %z 0.8 0.9 1.0 1.1 1.2 1.3 1.4
SB 0.00000 0.00005 0.00001 0.00000 0.00002 0.00002 0.00001

0.2 V 0.00121 0.00119 0.00131 0.00121 0.00131 0.00126 0.00114
RMSE 0.03472 0.03519 0.03622 0.03474 0.03638 0.03590 0.03378

SB 0.00009 0.00002 0.00005 0.00004 0.00007 0.00001 0.00007
0.3 V 0.00097 0.00073 0.00080 0.00068 0.00084 0.00079 0.00072

RMSE 0.03247 0.02735 0.02925 0.02687 0.03018 0.02832 0.02822

SB 0.00017 0.00013 0.00012 0.00013 0.00010 0.00010 0.00013
0.4 V 0.00062 0.00075 0.00076 0.00066 0.00064 0.00065 0.00060

RMSE 0.02799 0.02967 0.02971 0.02814 0.02717 0.02737 0.02692

SB 0.00027 0.00031 0.00021 0.00022 0.00023 0.00026 0.00027
0.5 V 0.00055 0.00057 0.00051 0.00049 0.00055 0.00054 0.00056

RMSE 0.02872 0.02966 0.02674 0.02662 0.02799 0.02824 0.02869

SB 0.00066 0.00050 0.00047 0.00053 0.00055 0.00056 0.00061
0.6 V 0.00050 0.00051 0.00052 0.00050 0.00053 0.00049 0.00051

RMSE 0.03400 0.03171 0.03147 0.03212 0.03290 0.03244 0.03353

SB 0.00108 0.00117 0.00103 0.00094 0.00086 0.00101 0.00088
0.7 V 0.00049 0.00042 0.00040 0.00043 0.00046 0.00052 0.00048

RMSE 0.03954 0.03986 0.03773 0.03703 0.03635 0.03911 0.03675

SB 0.00162 0.00145 0.00171 0.00139 0.00146 0.00145 0.00157
0.8 V 0.00049 0.00050 0.00048 0.00041 0.00046 0.00045 0.00048

RMSE 0.04596 0.04423 0.04680 0.04247 0.04383 0.04362 0.04531

optimal %x %z SB V RMSE
0.5 1.1 0.00022 0.00049 0.02662

Note: Performances of the infeasible instrumental variable (IV) estimator when the standard deviation of frictions σε

equals 0.5 are presented. The table reports the squared bias (SB), variance (V) and root mean squared error (RMSE)

over ranges of bandwidths %x and %z. Optimal bandwidths in terms of RMSE are shown at the bottom of the panel.
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Table 3: Inconsistent IV (σε = 0.5)

%x \ %z 1.0 1.1 1.2 1.3 1.4 1.5 1.6
SB 0.00198 0.00240 0.00233 0.00227 0.00300 0.00389 0.00215

0.1 V 0.00423 0.00490 0.00422 0.00478 0.00481 0.00473 0.00460
RMSE 0.07886 0.08547 0.08095 0.08399 0.08837 0.09288 0.08220

SB 0.00208 0.00224 0.00172 0.00183 0.00174 0.00221 0.00270
0.2 V 0.00240 0.00224 0.00194 0.00221 0.00214 0.00219 0.00219

RMSE 0.06691 0.06695 0.06048 0.06357 0.06230 0.06637 0.06992

SB 0.00231 0.00187 0.00247 0.00215 0.00217 0.00217 0.00265
0.3 V 0.00160 0.00133 0.00130 0.00145 0.00152 0.00160 0.00163

RMSE 0.06258 0.05654 0.06139 0.05998 0.06068 0.06138 0.06543

SB 0.00242 0.00210 0.00262 0.00252 0.00258 0.00256 0.00240
0.4 V 0.00099 0.00113 0.00103 0.00121 0.00119 0.00122 0.00119

RMSE 0.05832 0.05689 0.06042 0.06108 0.06139 0.06141 0.05989

SB 0.00258 0.00246 0.00265 0.00270 0.00284 0.00255 0.00238
0.5 V 0.00090 0.00096 0.00108 0.00090 0.00085 0.00099 0.00090

RMSE 0.05898 0.05851 0.06112 0.06007 0.06068 0.05949 0.05720

SB 0.00280 0.00313 0.00281 0.00291 0.00243 0.00279 0.00280
0.6 V 0.00082 0.00091 0.00087 0.00074 0.00077 0.00083 0.00080

RMSE 0.06020 0.06352 0.06065 0.06042 0.05657 0.06012 0.05994

SB 0.00278 0.00270 0.00326 0.00336 0.00329 0.00299 0.00328
0.7 V 0.00069 0.00067 0.00073 0.00067 0.00073 0.00069 0.00078

RMSE 0.05891 0.05806 0.06319 0.06352 0.06342 0.06067 0.06368

optimal %x %z SB V RMSE
0.3 1.1 0.00187 0.00133 0.05654

Note: Performances of the inconsistent instrumental variable (IV) estimator when the standard deviation of frictions

σε equals 0.5 are presented. The table reports the squared bias (SB), variance (V) and root mean squared error

(RMSE) over ranges of bandwidths %x and %z. Optimal bandwidths in terms of RMSE are shown at the bottom of

the panel.
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Table 4: Infeasible CV (σε = 0.5)

%x \ %z 0.3 0.4 0.5 0.6 0.7 0.8 0.9
SB 0.00002 0.00000 0.00006 0.00001 0.00000 0.00002 0.00002

0.2 V 0.00123 0.00123 0.00130 0.00124 0.00133 0.00126 0.00113
RMSE 0.03509 0.03592 0.03610 0.03526 0.03668 0.03589 0.03367

SB 0.00001 0.00009 0.00002 0.00005 0.00004 0.00006 0.00001
0.3 V 0.00105 0.00074 0.00084 0.00068 0.00087 0.00082 0.00073

RMSE 0.03374 0.02755 0.02980 0.02681 0.03054 0.02870 0.02829

SB 0.00006 0.00015 0.00012 0.00009 0.00010 0.00007 0.00007
0.4 V 0.00066 0.00076 0.00079 0.00071 0.00068 0.00070 0.00061

RMSE 0.02846 0.02964 0.02962 0.02837 0.02742 0.02761 0.02671

SB 0.00023 0.00021 0.00023 0.00014 0.00015 0.00016 0.00019
0.5 V 0.00058 0.00061 0.00054 0.00052 0.00057 0.00058 0.00058

RMSE 0.02795 0.02887 0.02610 0.02598 0.02695 0.02770 0.02757

SB 0.00051 0.00049 0.00034 0.00030 0.00033 0.00037 0.00038
0.6 V 0.00051 0.00053 0.00054 0.00053 0.00056 0.00053 0.00053

RMSE 0.03169 0.02958 0.02896 0.02941 0.03049 0.03009 0.03077

SB 0.00061 0.00072 0.00077 0.00065 0.00060 0.00050 0.00065
0.7 V 0.00051 0.00045 0.00044 0.00046 0.00046 0.00058 0.00052

RMSE 0.03512 0.03493 0.03299 0.03264 0.03093 0.03500 0.03240

SB 0.00111 0.00091 0.00081 0.00101 0.00077 0.00077 0.00084
0.8 V 0.00049 0.00052 0.00048 0.00044 0.00048 0.00050 0.00050

RMSE 0.03744 0.03644 0.03860 0.03482 0.03528 0.03659 0.03694

optimal %x %z SB V RMSE
0.5 0.6 0.00014 0.00052 0.02598

Note: Performances of the infeasible control variable (CV) estimator when the standard deviation of frictions σε

equals 0.5 are presented. The table reports the squared bias (SB), variance (V) and root mean squared error (RMSE)

over ranges of bandwidths %x and %z. Optimal bandwidths in terms of RMSE are shown at the bottom of the panel.
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Table 5: Inconsistent CV (σε = 0.5)

%x \ %z 1.4 1.5 1.6 1.7 1.8 1.9 2.0
SB 0.00243 0.00246 0.00215 0.00255 0.00266 0.00317 0.00213

0.2 V 0.00261 0.00218 0.00239 0.00234 0.00216 0.00244 0.00259
RMSE 0.07100 0.06810 0.06741 0.06988 0.06943 0.07486 0.06867

SB 0.00231 0.00247 0.00192 0.00208 0.00186 0.00235 0.00284
0.3 V 0.00161 0.00149 0.00143 0.00158 0.00143 0.00145 0.00146

RMSE 0.06258 0.06298 0.05790 0.06048 0.05732 0.06166 0.06553

SB 0.00253 0.00209 0.00286 0.00233 0.00244 0.00245 0.00276
0.4 V 0.00118 0.00106 0.00100 0.00107 0.00123 0.00111 0.00125

RMSE 0.06091 0.05618 0.06206 0.05838 0.06057 0.05966 0.06335

SB 0.00273 0.00245 0.00297 0.00279 0.00282 0.00284 0.00264
0.5 V 0.00083 0.00092 0.00090 0.00103 0.00100 0.00098 0.00099

RMSE 0.05963 0.05800 0.06225 0.06176 0.06181 0.06177 0.06021

SB 0.00292 0.00280 0.00293 0.00299 0.00309 0.00274 0.00271
0.6 V 0.00077 0.00087 0.00094 0.00078 0.00074 0.00087 0.00078

RMSE 0.06074 0.06059 0.06228 0.06141 0.06188 0.06014 0.05915

SB 0.00315 0.00350 0.00316 0.00324 0.00271 0.00303 0.00307
0.7 V 0.00075 0.00082 0.00077 0.00068 0.00070 0.00074 0.00073

RMSE 0.06249 0.06571 0.06268 0.06258 0.05841 0.06139 0.06164

SB 0.06485 0.06629 0.06578 0.06287 0.06593 0.06296 0.06363
0.8 V 0.00067 0.00062 0.00069 0.00063 0.00069 0.00066 0.00074

RMSE 0.06144 0.06047 0.06534 0.06543 0.06504 0.06261 0.06496

optimal %x %z SB V RMSE
0.4 1.5 0.00209 0.00106 0.05618

Note: Performances of the inconsistent control variable (CV) estimator when the standard deviation of frictions σε

equals 0.5 are presented. The table reports the squared bias (SB), variance (V) and root mean squared error (RMSE)

over ranges of bandwidths %x and %z. Optimal bandwidths in terms of RMSE are shown at the bottom of the panel.
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Table 6: IFC (σε = 1)

%x \ %z 1.1 1.2 1.3 1.4 1.5 1.6 1.7
SB 0.00000 0.00003 0.00003 0.00016 0.00010 0.00009 0.00016

1.9 V 0.00749 0.00699 0.00857 0.00797 0.01030 0.00765 0.00833
RMSE 0.08655 0.08380 0.09278 0.09015 0.10201 0.08799 0.09213

SB 0.00008 0.00000 0.00013 0.00006 0.00012 0.00010 0.00006
2.0 V 0.00569 0.00622 0.00542 0.00645 0.00604 0.00520 0.00653

RMSE 0.07599 0.07888 0.07453 0.08072 0.07849 0.07284 0.08117

SB 0.00009 0.00008 0.00017 0.00010 0.00019 0.00015 0.00015
2.1 V 0.00476 0.00406 0.00490 0.00491 0.00496 0.00455 0.00518

RMSE 0.06966 0.06438 0.07114 0.07073 0.07172 0.06861 0.07300

SB 0.00130 0.00063 0.00061 0.00107 0.00065 0.00096 0.00078
2.2 V 0.00355 0.00338 0.00284 0.00375 0.00400 0.00306 0.00350

RMSE 0.06965 0.06338 0.05879 0.06941 0.06820 0.06333 0.06542

SB 0.00144 0.00123 0.00152 0.00135 0.00163 0.00128 0.00109
2.3 V 0.00272 0.00243 0.00252 0.00242 0.00228 0.00278 0.00266

RMSE 0.06446 0.06050 0.06361 0.06141 0.06261 0.06376 0.06124

SB 0.00218 0.00281 0.00240 0.00232 0.00265 0.00247 0.00253
2.4 V 0.00210 0.00204 0.00216 0.00209 0.00193 0.00171 0.00197

RMSE 0.06544 0.06965 0.06746 0.06638 0.06764 0.06463 0.06709

SB 0.00316 0.00362 0.00358 0.00383 0.00349 0.00353 0.00339
2.5 V 0.00169 0.00175 0.00176 0.00151 0.00150 0.00168 0.00181

RMSE 0.06964 0.07327 0.07308 0.07304 0.07060 0.07217 0.07211

optimal %x %z SB V RMSE
2.2 1.3 0.00061 0.00284 0.05879

Note: Performances of the information friction-corrected (IFC) estimator when the standard deviation of frictions σε

equals 1 are presented. The table reports the squared bias (SB), variance (V) and root mean squared error (RMSE)

over ranges of bandwidths %x and %z. Optimal bandwidths in terms of RMSE are shown at the bottom of the panel.
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Table 7: Infeasible IV (σε = 1)

%x \ %z 0.6 0.7 0.8 0.9 1.0 1.1 1.2
SB 0.00000 0.00007 0.00002 0.00000 0.00000 0.00000 0.00000

0.1 V 0.00220 0.00246 0.00210 0.00299 0.00236 0.00257 0.00251
RMSE 0.04693 0.05030 0.04607 0.05467 0.04857 0.05066 0.05015

SB 0.00005 0.00000 0.00000 0.00000 0.00001 0.00001 0.00000
0.2 V 0.00134 0.00130 0.00115 0.00115 0.00138 0.00129 0.00132

RMSE 0.03730 0.03610 0.03403 0.03394 0.03735 0.03602 0.03640

SB 0.00001 0.00001 0.00001 0.00004 0.00011 0.00004 0.00002
0.3 V 0.00074 0.00101 0.00089 0.00084 0.00085 0.00083 0.00073

RMSE 0.02752 0.03190 0.02996 0.02971 0.03100 0.02936 0.02730

SB 0.00012 0.00008 0.00013 0.00010 0.00020 0.00012 0.00010
0.4 V 0.00068 0.00072 0.00065 0.00059 0.00068 0.00078 0.00069

RMSE 0.02828 0.02831 0.02787 0.02629 0.02967 0.02996 0.02808

SB 0.00044 0.00031 0.00029 0.00023 0.00042 0.00030 0.00024
0.5 V 0.00054 0.00051 0.00057 0.00051 0.00058 0.00053 0.00054

RMSE 0.03133 0.02878 0.02921 0.02723 0.03159 0.02882 0.02792

SB 0.00055 0.00055 0.00057 0.00047 0.00055 0.00056 0.00058
0.6 V 0.00048 0.00046 0.00051 0.00049 0.00062 0.00050 0.00053

RMSE 0.03207 0.03187 0.03275 0.03102 0.03411 0.03253 0.03329

SB 0.00100 0.00128 0.00098 0.00097 0.00110 0.00090 0.00093
0.7 V 0.00041 0.00050 0.00044 0.00045 0.00052 0.00049 0.00042

RMSE 0.03760 0.04220 0.03762 0.03775 0.04021 0.03722 0.03671

optimal %x %z SB V RMSE
0.4 0.9 0.00010 0.00059 0.02629

Note: Performances of the infeasible instrumental variable (IV) estimator when the standard deviation of frictions σε

equals 1 are presented. The table reports the squared bias (SB), variance (V) and root mean squared error (RMSE)

over ranges of bandwidths %x and %z. Optimal bandwidths in terms of RMSE are shown at the bottom of the panel.
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Table 8: Inconsistent IV (σε = 1)

%x \ %z 0.8 0.9 1.0 1.1 1.2 1.3 1.4
SB 0.00574 0.00615 0.00613 0.00603 0.00619 0.00614 0.00640

0.4 V 0.00205 0.00214 0.00239 0.00222 0.00207 0.00249 0.00221
RMSE 0.08825 0.09103 0.09226 0.09082 0.09090 0.09290 0.09280

SB 0.00540 0.00634 0.00675 0.00636 0.00649 0.00683 0.00638
0.5 V 0.00158 0.00149 0.00165 0.00194 0.00162 0.00191 0.00143

RMSE 0.08353 0.08850 0.09165 0.09110 0.09009 0.09354 0.08839

SB 0.00613 0.00619 0.00655 0.00596 0.00635 0.00623 0.00673
0.6 V 0.00148 0.00138 0.00151 0.00152 0.00161 0.00167 0.00159

RMSE 0.08728 0.08699 0.08978 0.08647 0.08926 0.08888 0.09123

SB 0.00644 0.00577 0.00668 0.00560 0.00619 0.00672 0.00606
0.7 V 0.00122 0.00116 0.00141 0.00125 0.00108 0.00131 0.00116

RMSE 0.08752 0.08321 0.08993 0.08278 0.08525 0.08962 0.08497

SB 0.00642 0.00661 0.00634 0.00635 0.00643 0.00622 0.00589
0.8 V 0.00099 0.00119 0.00129 0.00107 0.00111 0.00101 0.00117

RMSE 0.08611 0.08833 0.08736 0.08614 0.08681 0.08502 0.08402

SB 0.00682 0.00659 0.00651 0.00629 0.00657 0.00611 0.00687
0.9 V 0.00101 0.00077 0.00104 0.00099 0.00100 0.00106 0.00112

RMSE 0.08848 0.08582 0.08692 0.08532 0.08703 0.08466 0.08940

SB 0.00706 0.00652 0.00649 0.00645 0.00670 0.00629 0.00597
1.0 V 0.00095 0.00103 0.00070 0.00088 0.00094 0.00117 0.00101

RMSE 0.08947 0.08688 0.08479 0.08562 0.08742 0.08638 0.08356

optimal %x %z SB V RMSE
0.7 1.1 0.00560 0.00125 0.08278

Note: Performances of the inconsistent instrumental variable (IV) estimator when the standard deviation of frictions

σε equals 1 are presented. The table reports the squared bias (SB), variance (V) and root mean squared error (RMSE)

over ranges of bandwidths %x and %z. Optimal bandwidths in terms of RMSE are shown at the bottom of the panel.
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Table 9: Infeasible CV (σε = 1)

%x \ %z 1 1.1 1.2 1.3 1.4 1.5 1.6
SB 0.00000 0.00007 0.00002 0.00000 0.00000 0.00000 0.00000

0.1 V 0.00219 0.00243 0.00208 0.00294 0.00231 0.00252 0.00248
RMSE 0.04679 0.04999 0.04585 0.05425 0.04810 0.05019 0.04977

SB 0.00005 0.00000 0.00000 0.00000 0.00001 0.00000 0.00000
0.2 V 0.00134 0.00128 0.00115 0.00116 0.00141 0.00131 0.00134

RMSE 0.03729 0.03573 0.03394 0.03406 0.03769 0.03624 0.03668

SB 0.00001 0.00000 0.00001 0.00003 0.00010 0.00003 0.00001
0.3 V 0.00074 0.00102 0.00089 0.00087 0.00083 0.00087 0.00073

RMSE 0.02737 0.03195 0.02997 0.02999 0.03054 0.03008 0.02720

SB 0.00009 0.00006 0.00008 0.00006 0.00016 0.00010 0.00007
0.4 V 0.00070 0.00074 0.00066 0.00061 0.00071 0.00079 0.00071

RMSE 0.02802 0.02825 0.02732 0.02595 0.02937 0.02981 0.02797

SB 0.00031 0.00022 0.00019 0.00015 0.00032 0.00021 0.00017
0.5 V 0.00057 0.00054 0.00059 0.00056 0.00059 0.00057 0.00060

RMSE 0.02969 0.02763 0.02793 0.02657 0.03022 0.02780 0.02770

SB 0.00032 0.00033 0.00036 0.00030 0.00036 0.00034 0.00037
0.6 V 0.00052 0.00048 0.00053 0.00051 0.00064 0.00054 0.00055

RMSE 0.02896 0.02841 0.02981 0.02837 0.03168 0.02958 0.03037

SB 0.03832 0.03673 0.03800 0.03633 0.03668 0.03646 0.03673
0.7 V 0.00044 0.00053 0.00047 0.00049 0.00055 0.00050 0.00045

RMSE 0.03130 0.03594 0.03211 0.03273 0.03447 0.03214 0.03164

optimal %x %z SB V RMSE
0.4 1.3 0.00006 0.00061 0.02595

Note: Performances of the infeasible control variable (CV) estimator when the standard deviation of frictions σε

equals 1 are presented. The table reports the squared bias (SB), variance (V) and root mean squared error (RMSE)

over ranges of bandwidths %x and %z. Optimal bandwidths in terms of RMSE are shown at the bottom of the panel.
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Table 10: Inconsistent CV (σε = 1)

%x \ %z 1.2 1.3 1.4 1.5 1.6 1.7 1.8
SB 0.00572 0.00595 0.00606 0.00602 0.00632 0.00595 0.00631

0.5 V 0.00164 0.00175 0.00189 0.00172 0.00160 0.00200 0.00177
RMSE 0.08578 0.08775 0.08915 0.08802 0.08896 0.08917 0.08990

SB 0.00549 0.00644 0.00676 0.00638 0.00642 0.00673 0.00631
0.6 V 0.00134 0.00126 0.00139 0.00164 0.00138 0.00160 0.00120

RMSE 0.08263 0.08777 0.09027 0.08957 0.08832 0.09130 0.08661

SB 0.00623 0.00619 0.00663 0.00600 0.00641 0.00632 0.00673
0.7 V 0.00130 0.00114 0.00127 0.00124 0.00138 0.00142 0.00138

RMSE 0.08681 0.08564 0.08889 0.08508 0.08823 0.08802 0.09003

SB 0.00648 0.00578 0.00675 0.00573 0.00620 0.00668 0.00619
0.8 V 0.00108 0.00102 0.00124 0.00106 0.00095 0.00116 0.00102

RMSE 0.08697 0.08248 0.08937 0.08245 0.08452 0.08855 0.08492

SB 0.00648 0.00654 0.00641 0.00636 0.00653 0.00634 0.00600
0.9 V 0.00088 0.00109 0.00113 0.00096 0.00096 0.00092 0.00109

RMSE 0.08581 0.08734 0.08686 0.08556 0.08656 0.08521 0.08419

SB 0.00686 0.00664 0.00655 0.00645 0.00667 0.00619 0.00694
1.0 V 0.00092 0.00072 0.00093 0.00089 0.00093 0.00096 0.00101

RMSE 0.08824 0.08579 0.08650 0.08565 0.08719 0.08456 0.08914

SB 0.00711 0.00667 0.00659 0.00653 0.00680 0.00649 0.00614
1.1 V 0.00085 0.00095 0.00065 0.00082 0.00086 0.00108 0.00093

RMSE 0.08925 0.08729 0.08511 0.08570 0.08756 0.08700 0.08411

optimal %x %z SB V RMSE
0.8 1.5 0.00573 0.00106 0.08245

Note: Performances of the inconsistent control variable (CV) estimator when the standard deviation of frictions σε

equals 1 are presented. The table reports the squared bias (SB), variance (V) and root mean squared error (RMSE)

over ranges of bandwidths %x and %z. Optimal bandwidths in terms of RMSE are shown at the bottom of the panel.
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Table 11: IFC with Different Sample Sizes and σε

σε\N 500 1,000 2,000 4,000 8,000

%x 2.1 2.1 2.0 2.0 2.0
%z 0.9 0.7 0.8 1.0 0.9

0.5 SB 0.00012 0.00008 0.00003 0.00002 0.00002
V 0.00075 0.00044 0.00047 0.00014 0.00006

RMSE 0.02953 0.02261 0.02227 0.01231 0.00887

%x 2.2 2.2 2.1 2.1 2.1
%z 1.3 1.4 1.3 1.3 1.3

1.0 SB 0.00061 0.00062 0.00018 0.00018 0.00013
V 0.00284 0.00161 0.00103 0.00057 0.00027

RMSE 0.05879 0.04721 0.03486 0.02736 0.01999

Note: Performances of the information friction-corrected (IFC) estimator are presented for different sample sizes (N)

and standard deviation of the frictions (σε). The table reports the squared bias (SB), variance (V) and root mean

squared error (RMSE) at optimal selection of bandwidths %x and %z.
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Table 12: Descriptive Statistics in Year 2007

Variable Mean Median Std. Dev. Min. Max.

Log expenditure (2007) 9.3643 9.3827 0.6494 6.1565 12.4940
Log expenditure (2009) 9.2985 9.3232 0.5832 7.0663 12.1691
Log income 9.9416 10.0374 0.9345 3.9893 13.5520
Food-in share 0.1298 0.1153 0.0802 0.0000 0.8153
Food-out share 0.0670 0.0548 0.0579 0.0000 0.5231
Food stamp share 0.0045 0.0000 0.0384 0.0000 0.8754
Home insurance share 0.0134 0.0103 0.0159 0.0000 0.1360
Electricity share 0.0800 0.0654 0.0766 0.0000 0.5528
Heating share 0.0206 0.0134 0.0272 0.0000 0.2510
Water share 0.0086 0.0058 0.0112 0.0000 0.1160
Other utilities share 0.0574 0.0517 0.0369 0.0000 0.3664
Car insurance share 0.0418 0.0356 0.0346 0.0000 0.4391
Car repair share 0.0326 0.0000 0.0768 0.0000 0.6830
Gasoline share 0.0672 0.0560 0.0552 0.0000 0.3763
Parking and car pool share 0.0008 0.0000 0.0044 0.0000 0.0585
Transportation share 0.0064 0.0000 0.0267 0.0000 0.4042
Tuition share 0.0336 0.0000 0.0928 0.0000 0.7701
Other school expenses share 0.0007 0.0000 0.0106 0.0000 0.2805
Childcare share 0.0004 0.0000 0.0099 0.0000 0.2648
Health share 0.0703 0.0502 0.0738 0.0000 0.5873
Clothing share 0.0385 0.0242 0.0451 0.0000 0.4810
Leisure share 0.0719 0.0557 0.0725 0.0000 0.8320
Rent share 0.3056 0.3002 0.1479 0.0000 0.7884

Number of observations 967

Note: The source of the data is the PSID. All commodity shares and the log income are in 2007 year wave. Two

repeated measures of the log expenditure are in 2007 and 2009 waves.
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Table 13: Descriptive Statistics in Year 2005

Variable Mean Median Std. Dev. Min. Max.

Log expenditure (2005) 9.3142 9.3470 0.6964 5.6504 12.7411
Log expenditure (2007) 9.9192 9.4036 0.9730 3.9893 12.8477
Log income 9.9063 10.0335 1.0221 2.4449 14.5640
Food-in share 0.1322 0.1150 0.0863 0.0000 0.6599
Food-out share 0.0707 0.0563 0.0674 0.0000 0.6520
Food stamp share 0.0056 0.0000 0.0519 0.0000 0.8750
Home insurance share 0.0123 0.0101 0.0139 0.0000 0.0904
Electricity share 0.0760 0.0592 0.0762 0.0000 0.7536
Heating share 0.0210 0.0140 0.0276 0.0000 0.3033
Water share 0.0088 0.0060 0.0147 0.0000 0.3035
Other utilities share 0.0551 0.0494 0.0374 0.0000 0.3243
Car insurance share 0.0449 0.0380 0.0408 0.0000 0.3956
Car repair share 0.0308 0.0000 0.0693 0.0000 0.5065
Gasoline share 0.0624 0.0488 0.0577 0.0000 0.5196
Parking and car pool share 0.0012 0.0000 0.0059 0.0000 0.0801
Transportation share 0.0080 0.0000 0.0292 0.0000 0.3072
Tuition share 0.0346 0.0000 0.0908 0.0000 0.7206
Other school expenses share 0.0007 0.0000 0.0094 0.0000 0.2553
Childcare share 0.0004 0.0000 0.0108 0.0000 0.3196
Health share 0.0735 0.0480 0.0852 0.0000 1.0000
Clothing share 0.0414 0.0249 0.0489 0.0000 0.4961
Leisure share 0.0791 0.0562 0.0822 0.0000 0.9783
Rent share 0.2881 0.2751 0.1550 0.0000 0.8775

Number of observations 898

Note: The source of the data is the PSID. All commodity shares and the log income are in 2005 year wave. Two

repeated measures of the log expenditure are in 2005 and 2007 waves.
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Figure 1: 2007 Food
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Note: The figures reports the estimated average structural function (ASF) and confidence bands for the food share

in year 2007. The food share is calculated as the sum of food-in, food-out, and food stamp. All variables are

standardized by subtracting the mean and dividing by the standard deviation, which are reported in Table 12. The

ASF is estimated by the information friction-corrected (IFC), instrumental variables (IV), and control variables (CV)

estimators. Confidence bands are constructed by performing the bootstrap method.

Figure 2: 2007 Electricity
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Note: The figures reports the estimated average structural function (ASF) and confidence bands for the electricity

share in year 2007. All variables are standardized by subtracting the mean and dividing by the standard deviation,

which are reported in Table 12. The ASF is estimated by the information friction-corrected (IFC), instrumental

variables (IV), and control variables (CV) estimators. Confidence bands are constructed by performing the bootstrap

method.
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Figure 3: 2007 Gasoline
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Note: The figures reports the estimated average structural function (ASF) and confidence bands for the gasoline

share in year 2007. All variables are standardized by subtracting the mean and dividing by the standard deviation,

which are reported in Table 12. The ASF is estimated by the information friction-corrected (IFC), instrumental

variables (IV), and control variables (CV) estimators. Confidence bands are constructed by performing the bootstrap

method.

Figure 4: 2007 Health
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Note: The figures reports the estimated average structural function (ASF) and confidence bands for the health share

in year 2007. All variables are standardized by subtracting the mean and dividing by the standard deviation, which

are reported in Table 12. The ASF is estimated by the information friction-corrected (IFC), instrumental variables

(IV), and control variables (CV) estimators. Confidence bands are constructed by performing the bootstrap method.
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Figure 5: 2007 Leisure
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Note: The figures reports the estimated average structural function (ASF) and confidence bands for the leisure share

in year 2007. All variables are standardized by subtracting the mean and dividing by the standard deviation, which

are reported in Table 12. The ASF is estimated by the information friction-corrected (IFC), instrumental variables

(IV), and control variables (CV) estimators. Confidence bands are constructed by performing the bootstrap method.

Figure 6: 2007 Utilities
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Note: The figures reports the estimated average structural function (ASF) and confidence bands for the other utilities

share except electricity, heating, and water in year 2007. All variables are standardized by subtracting the mean

and dividing by the standard deviation, which are reported in Table 12. The ASF is estimated by the information

friction-corrected (IFC), instrumental variables (IV), and control variables (CV) estimators. Confidence bands are

constructed by performing the bootstrap method.
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Figure 7: 2005 Food
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Note: The figures reports the estimated average structural function (ASF) and confidence bands for the food share

in year 2005. The food share is calculated as the sum of food-in, food-out, and food stamp. All variables are

standardized by subtracting the mean and dividing by the standard deviation, which are reported in Table 13. The

ASF is estimated by the information friction-corrected (IFC), instrumental variables (IV), and control variables (CV)

estimators. Confidence bands are constructed by performing the bootstrap method.

Figure 8: 2005 Electricity
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Note: The figures reports the estimated average structural function (ASF) and confidence bands for the electricity

share in year 2005. All variables are standardized by subtracting the mean and dividing by the standard deviation,

which are reported in Table 13. The ASF is estimated by the information friction-corrected (IFC), instrumental

variables (IV), and control variables (CV) estimators. Confidence bands are constructed by performing the bootstrap

method.
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Figure 9: 2005 Gasoline
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Note: The figures reports the estimated average structural function (ASF) and confidence bands for the gasoline

share in year 2007. All variables are standardized by subtracting the mean and dividing by the standard deviation,

which are reported in Table 13. The ASF is estimated by the information friction-corrected (IFC), instrumental

variables (IV), and control variables (CV) estimators. Confidence bands are constructed by performing the bootstrap

method.

Figure 10: 2005 Health
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Note: The figures reports the estimated average structural function (ASF) and confidence bands for the health share

in year 2005. All variables are standardized by subtracting the mean and dividing by the standard deviation, which

are reported in Table 13. The ASF is estimated by the information friction-corrected (IFC), instrumental variables

(IV), and control variables (CV) estimators. Confidence bands are constructed by performing the bootstrap method.
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Figure 11: 2005 Leisure
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Note: The figures reports the estimated average structural function (ASF) and confidence bands for the leisure share

in year 2005. All variables are standardized by subtracting the mean and dividing by the standard deviation, which

are reported in Table 13. The ASF is estimated by the information friction-corrected (IFC), instrumental variables

(IV), and control variables (CV) estimators. Confidence bands are constructed by performing the bootstrap method.

Figure 12: 2005 Utilities
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Note: The figures reports the estimated average structural function (ASF) and confidence bands for the other utilities

share except electricity, heating, and water in year 2005. All variables are standardized by subtracting the mean

and dividing by the standard deviation, which are reported in Table 13. The ASF is estimated by the information

friction-corrected (IFC), instrumental variables (IV), and control variables (CV) estimators. Confidence bands are

constructed by performing the bootstrap method.
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