
A New Differential Equation M&hod for 
Finding the Pemm Root of a Positive Matrix* 

A bask problem in linear algebra is the determination of the hqe~ eigenvalue 
(Pemon root) of a positive matrix. In the present paper a new diffexmti equation 
method for finding the Perron mot is givers The method utilizes the initial value 
differential system developed in a companim paper for individually tracking the 
e@mvahm and correspo~g right eigenve of a parametrized matrix. 

1. INTRODUCTION 

A basic prubiem in liuear algebra [l-4] is the determiuation of the largest 
eigenwhe of au n X n matrix Q. When the entries of Q are nonnegative, the 
largcist eigenvalue is referred to as the Perron or Perron-Frobeuius root. 
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In IWO companion papers [S, $1 it is slown how the eigenvalues and the 
right and left eigenvectors of a parametrk:ed matrix M{a) can be tracked as 
functions of a scalar parameter a by integrating a system of ordinary 
*tial equations from initial conditions.’ In the present paper it is 
shown how the initial value differential system developed in Ref. [6] can be 
modified to tbtain an initial value differeutial system for tracking the Perron 
root and a cownding unit normalized right eigenvector for a positive 
matrix Q, i.e., a matrix Q with all positive e&men& 

For completeness, the initial value system developed *h Ref. [6J is outlined 
in Sec. 2. The modified initial value system for tracking the Perron root is 
developed in Sec. 3. A numerical example is givei; in th fina! $5~. 4. 

2. INDIVIDUAL TRACKING OF AN EIGENVALUE AND 
EIGENVECTOR 

Let M( be au Nan complex matrix-valued continuously differentiable 
function of h parameter (r varying over a simply connected region of the 
complex plane In a eompauion paper [6] it is shown that an initial value 
system can be developed for traclchg a single eigenvalue X(a) and corrc~ 
spondiug unit nonnalhd right eipenvector x((r) of M(a) if, at the initial 
point t~‘-!~ a certain Jacobian iat&;!aO) is nonsingular. 

Specifically, the differential system takes the form 

[;;+x;]=*[ M(ar(a) ], 

&+_ A (a )Tra= (AWB(~) )--A (a )B (QL )A (a ) 

6 (” ) 
, 

d(a)=Trace(A (a )B (a )), 

with initial conditions 

x(a")=xo, 

A(+=P, 

A(a”)=Adj(J(a’)), 

6(f.x")=Det(J(ao):), ’ 
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I!+>= 
[ 

h(a)l-M(a) 44 
XbS 1 0 ’ .: 

B(a)-'j(a)= 
A(a)Ai(a) i(a) 

2(a)T I 0 ’ (li) 

and a dot denotes differentiation with respect to a. 
The initial conditions (Id)-( lg) are obtained by s&ing 

(24 

(2b) 

for x0 and X0, and then determining the xljoint A( a0 j and determinant 8(a” j 
of the Jacobian matrix 

J(a)=_ ~“I-M(ao) x0 
. 
[ xOT 0 i 

for the system (2). 

3. VARIATIONAL EQUATIQNS FOR THE PERRON ROOT 

The presently proposed procedure for determining the Perron root h, of 
an arbitrary n X n positive matrix Q is as follows. Define 

M(a)+l-a]C+aQ, OGa<l, (4 

where 

The Perron root 2\(O) af M(0) = C is easily determined to be X(0) = n, and the 
unit I :ngth normcllized right eigenvector corresponding to h(0) imy be taken 

to bc xfOjT= (l/ J/k , . . . , l,/ G j. Clearly the Perron root X( 1) of M(1) is the 
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de&xl Perron root h, of Q. Thus, in i&&ple, the Perron root A, of Q may 
be found by i&grating system (1) from a’=O.O to zw=l.O using ti; initial 
condiicions 

*(0)T=(l/IG ,...,l/Vq 09 

A(0) =n, (7) 

A(O)=Adj(J(O)), \ (8) 

S(0) -Det(J(O)), (9) 

where 

Due to the nonlinearity of the differential equ&ion system (l), the 
integration may be stopped prior to rezhing a= 1.0. However, as the 
fotlowing theorem demonstrates, the Jacobian mat J 
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PROOF. It is weu known that the dominant (Perron) root A of a positive 
rrXn matrix M is positive and simple, and that the elements o P the right and 
I& eigenvectors xF, and u+ corresponding to A, can lx taken to be positive. 

hfine N=X,I-M. Suppose (12) is false, i.e., suppose there exists a 
nowzero vector (y, s)’ satisfying 

Then 

Ny+xps=O, (144 

x;y=o. Pb) 

Multiplying through (14a) by w$ one obtains w~Ng+$‘xps =0, w&k in 
turn implies s = 0, since w$V= 0 and wizp > 0. It follows from (14) that 
Ny = 0 and $y -0. However, since A, is simple, the right eigenvector xp is 
unique up to positive linear transformation. Thus y = 0, a contradiction. 

It follows from this proof by contradiction that the condition (12) must be 
true. II 

4. AN ILLUSTFWIWE NUMERICAL EXAMPLE 

Consider the 2 x 2 positive matrix Q defined by 

Q+ ;]- (15) 

It is easily verified that, to six decimal places, the Perron root of Q is 

h,=6.484102, 06) 

with corresponding positive unit normal&xl right eigenvector given by 
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3’0 fmd the Perron root of Q by means of the differential equation method 
developed in Sec. 3, we first define 

M(a)=(l-a)[ ; ;]+aQ, 06~~6 1. 

The appropriate initial value syskem (I) for the problem at hand then 
reduces to 

k(a) r 

II i 
44 

6(a) = A (a ) Su(a) +40(a) 
1 

6 (a ) 
, 

w 0 I 

Ata)_ A la IT== (A(a)Bf:a) 1-A (a )B (a )A (a ) , 
6 (a ) 

(1Qb) 

6(a)=Trace(A (a )B (a )), (W 

u(o)=1;ai, 

u(O)=l/la l 

X(0) ‘CL, 

A(O)=Adj(J(o)), 

6(0)=T>elt(I(Q)), 

where 

r 
1 -1 l/v3 

r(o)= 1 -1 1 l/v-s I WI 

l/v% l/v3 0 

[ 

k(a) -1 C(a) 

B(cL) -j(a) = 

c(a) 
1 

-3 L(n)-4 tj(a) ’ 098 

G(a) 0 J 
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TABLE 1 
PEWtON EICEMVALUEh(a)ANDCORRESF3NDING 

rw3HTEIG~ Rr(a)T=(u(a)o(a))c~FM(a), 

ANDDETESMINANT6(a) OFJ(a)’ 

a 

Egenve&or 

u(a) v(a) 

Eigemmh3 

W 
0.0 0.707107 0.707107 2.0 
0.1 0.614441 0.788963 2.41244 
0.2 0.545806 0.637912 2.84222 
0.3 0.494948 OR38923 3.28228 
0.4 0.456485 0.889731 3.72873 

0.5 0.426679 0.904403 4.17945 

0.6 0.4&3041 0.915182 4.63311 
0.7 0.363904 0.923373 5.08887 
0.8 0368131 0.929774 5.54618 
0.9 0.354927 0.934894 6.00468 
1.0 0.343724 0.939071 6.4&410 

-2.0 
-2.42467 
-2.88&4 
- 3.36452 

- 3.85746 
-4.35890 
- 4.86621 

- 5.37773 
- 5.89z37 

- 0.40&37 
-6.92826 

“The Perroa not of Q is given by h(a) at a- 1. 

A fourth-order Runge-Kutta method was used to integrate the system (19) 
from a=0 to 01= 1, with grid intervals equal to 0.01. As indicated in Table 1, 
the Perron root A( 1) obtained for M( 1) = Q agrees to at least six digits with 
the an&Wally derived Perron root h, of Q given by (16). 
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