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Abstract Models with coefficients which change with time can be deve-
loped by using Kalman filter techniques and these have been applied to
model river flow, rainfall and other hydrological time series. However,
application of Kalman filter techniques requires assumptions about the
statistics of processes and state variables which may depend on unknown
factors, and these assumptions may not be valid. A new approach to this
problem is the flexible least squares (FLS) method. In this approach, the
parameters are assumed to evolve slowly over time. The parameters of
the model are estimated by minimizing the sums of squared measurement
and dynamic errors conditional on the given observations. The method
is based on a cost efficient frontier and is called the generalized flexible
least squares method. The objective of this study is to apply the FLS
method to hydrological time series. Data from the Green River basin in
Kentucky in the USA are used in the study. The method is found to
perform well.

INTRODUCTION

Models whose coefficients change with time can be developed by using Kalman filter
techniques (Kalman, 1960). Amirthanathan (1989) and Wood er al. (1979) applied the
filtering techniques to analyse river flow and rainfall. Sallas & Harville (1981)
developed a best linear recursive estimation method for mixed linear models by using
the Kalman filter to obtain recursive estimators for the model. In this method, a state-
space model is defined and it consists of observation and state equations. Based on these
equations, a recursive algorithm is developed. However, application of Kalman filter
techniques requires assumptions about the statistics of processes and state variables
which may be unknown or which may not be valid.

A new approach to least squares method is developed by Kalaba & Tesfatsion
(1989). In this approach, instead of assuming that the models have constant parameters,
the parameters are assumed to evolve slowly over time. This method is called the FLS
method. The parameters of the model are estimated by minimizing the sums of squared
measurement and dynamic errors conditional on the given observations. The FLS
method has been tested extensively by using linear, quadratic, sinusoidal and regime
shift data with noisy observations and has been found to work satisfactorily. The objec-
tive of the research reported here is to investigate the feasibility of application of the
FLS method to hydrological data.
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DATA USED IN THIS STUDY

The data used in this study consist of daily river flows, precipitation and temperature
from the Green River basin in the USA (Fig. 1). The Green River basin is located in
west central Kentucky and has a gently rolling terrain. The Green River is a tributary
of the Ohio River and has a drainage area of 9230 miles?. The Green River basin is
affected by frequent temperature changes. High flows in these rivers are mainly due to
thunderstorms. The average annual precipitation in the Green River basin is 47 in. The
daily streamflow data are collected at Greensburg, Gresham, Munfordville, Falls of
Rough and Dundee in Kentucky. The precipitation data are collected at a station between
Greensburg and Munfordville and another station between Falls of Rough and Dundee.
Daily data measured during water years 1970-1972 are used in the present study.

MODEL SELECTION

Theory

Letx, t=1,2,...bethe (n X 1) state vector available at time ¢. Then the process can
be modelled by the state transition equation asx,,, = F(©) + a(®)r = 1, 2, ... where
F(r)isaknown (n X n) square matrix and a(f) is a known n-dimensional column vector.
Lety, r=1, 2, ... bethe (m X 1) vector of observations at time ¢. Then the observation
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Fig. 1 Green River basin, Kentucky, USA.
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equation for the approximately linear model is given by y, = H(f)x, + b(t) where H(r)
is a known (m X n) rectangular matrix and b(¢) is a known m-dimensional column
vector.

Each possible estimate £; £, is associated with two distinct types of model
specification errors. The first type of error is related to the discrepancies between the
actual (observed) and estimated value of y, at each time period ¢ and is the measurement
error. The second type of error is the dynamic error which is related to discrepancies
due to the mis-specification of the state transition equations.

There is a cost related to each of these model specification errors. For any given
state sequence estimate Xy = (£}, £,, ..., £p) the dynamic cost is given by Cp(X, T):

T-1
Co&pD) = L Wy~ FOL +a) DOR,., - FOL, va@)) (D

and the measurement cost by Cy (X7, 7):

" T
Cu®pD = T b~ EHOL O MO, - HOL, b)) @

where D(r) and M(¢) are scaling matrices of orders n and m, respectively.

If the conditions in equations (1) and (2) are exactly satisfied, then both Cp, and C,
would be equal to zero. But in practical cases, it is not known whether equations (1) and
(2) are exactly satisfied so that each state sequence estimate £, is associated with both
measurement and dynamic costs.

The sets of state sequence estimates that minimize both Cp, and C,, are called the
FLS estimates. Each of these estimates shows the time evolution of the state vector in
a manner minimally incompatible with the specifications in equations (1) and (2).

The assumptions underlying this method are:

(a) thesystem consists of approximately linear dynamic and measurement relationships;
and

(b) the state vector evolves with time in such a way that it is minimally incompatible
with prior dynamic and measurement specifications.

The cost efficiency frontier is obtained by a minimization procedure in which Cy,
is minimized subject to a constant Cp,. Each state sequence estimate, X,can be assigned
an incompatibility cost:

C&pp, 1) = puCpXp, D+ C (X1, T) )

where p is the Lagrange multiplier which takes a value between O and +oo. The
parameter p determines the trade-off between the dynamic and measurement costs along
the cost efficiency frontier.

The recursive equation for the cost estimation is written as:

oCxr, s, 1) = XTTHQy(#)xTn “2P7(#)Txr+x + (1) “)

where Q7{(u), p(n) and r{u) are given in equations (5), (6) and (7). These equations are
derived in Tirtotjondro & Rao (1992).
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uD(DF(DGH) - 2uD(DFDG{w) +uD(T)
pD(DII - (DG (w)]

QA )

i) = G THDMDr-b(D]+pr (1)} + Q) a(T) ©)
rw) = e, () + - bMITM(Dy - b(D)] +p a(M) DD a(T)
=5 TV T s 1w

The recursive equations (8) and (9) are used to find the FLS estimates of the state vector
attime T = 1. By defining:

Up) = HOTM(DH(T) + Qr_, (1) ®

Q)

and
2y = HOTMD)lyr-b(D]+pry (W) ©
the FLS estimate is given by equation (10).

L FLS _
277 = [UAW] ' 2p)
Further details of the procedure are found in Kalaba & Tesfatsion (1989) and
Tirtotjondro & Rao (1992).

DISCUSSION OF RESULTS

The data are normalized by subtracting the mean and dividing by the standard deviation.
The data are analysed by using the observations from a year as a unit. The model used
in the study has flows y, from two stations and rainfall r, as the input variables. The
measurement equation for this model is given by equation mentioned under "Theory"
with the measurement equation matrix given by equation (11).

L1y 0 0 0
H(Y) _ yl,t—l yl,r 2 "r-1 (11)
0 0 0 yyry Yoo Ty

The vector of state variables is given by equation (14).

x,T = [X) ;X0 45 Xg ] (12

The cost efficiency frontier CF(N) is generated by varying the weight parameter p
in the cost function (3). In this study, the penalty weights are varied from small values
close to 0 to 10 000. Once the cost efficiency frontier is established, a weight u is chosen
such that the point corresponding to it has the minimal distance to the origin. The u
values are given in Table 1.

The u values in Table 1 and Fig. 2 are not small. Consequently, it appears that the
variations in the system equations cannot be ignored. The u values generally varied
between 1 and 10. Figure 2 shows the cost efficiency frontier for the model. Figure 3
is an example of the variation of the first element of the state vector with time. It can be
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Table 1 Optimal values of u.

Flow 1 Flow 2 Rainfall I

d70 f70 p870 3

dil fl p871 3

di2 f12 p872 3

m70 g70 p270 5

mTl g7l p271 3
100 —

Cu 50

Cp
Fig. 2 Cost efficiency frontier for model II for the year 1970.
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Fig. 3 Variation of state variable x; with time for the year 1970.

seen that the state vector varies significantly with time. In Figs 4 and 5 the observed and
forecast normalized flows for Dundee and Falls of Rough, respectively, are shown. The
forecast performance of the model is good. In general, the forecasts adapt very well to
the fluctuations in the observed flows.
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VALIDATION TESTS
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The residuals of the models are tested for independence using the Portmanteau Lack of
Fit test (Box & Jenkins, 1976) and the Box & Ljung (1978) test. In the Portmanteau
Lack of Fit test, the statistic Q is computed using equation (13) and compared with the

chi-squared value x,2 (L — p — q) corresponding to a 95% significance level.

QI

02

fl

L 2
NY 1o
k=1

L
N Y (N-0)7r(e)
k=1

(13)

(14)

r2(€) is the square of the correlation coefficients of the residuals and L is the maximum
lag considered. p and ¢ are the number of autoregressive and moving average para-
meters used in the model. The residuals are independent when @ < x> (L — p — ¢).
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Fig. 4 Observed and forecast normalized flows at Dundee (1970).
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Fig. 5 Observed and forecast normalized flows at Falls of Rough (1970).
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The results are given in Table 2. The Box & Ljung (1978) test statistic Q2 is given by
equation (14). The results show that in all cases, the residuals can be considered to be
uncorrelated. Therefore it can be concluded that the models are valid.

FORECASTING

As an example, the multiple days-ahead forecast is computed for the Model with Green
River flows at Dundee and Falls of Rough in 1970 as flow inputs and reach 8 precipita-
tion in 1970 as rainfall data. The resuits of forecasting are shown in Table 3 where MSE
is the mean square error between the observed and forecasted values, e is the mean of
the errors and o, is the standard deviation of the errors. These results show that the 1
and 2 days ahead forecast is quite good with very small mean square errors. Figures 6
and 7 show the comparison of the observed and the multiple days-ahead forecast for the
example. These figures show that the 1 and 2 days-ahead forecasts are quite accurate.
The forecast accuracy decreases in performance with the increase in the number of
steps.

CONCLUSIONS

The FLS method is a very good method for screening multivariate models. With
different choices for u, the best u value can be easily determined from the Cost
Efficiency Frontier C(xy; 1, T) by choosing the u value which corresponds to the point
with the smallest distance to the origin. The p parameter obtained in this study are not
small. Hence, the variation in the state variables cannot be ignored. The models are
found to perform very well in forecasting.

Table 2 Results of residual tests.

o1 Q2 Xos% Remarks

7.979 15.864 22.4 independent
7.472 5.086 22.4 independent
19.024 12.068 22.4 independent
16.331 12.723 22.4 independent
7.452 12.327 22.4 independent

Table 3 Multiple steps-ahead: mean and mean square error statistics.

Flow Step MSE e a,

di0 1 - 0.057 0.011 0.239
2 0.187 0.026 0.432
3 0.510 0.039 0.714

f10 1 0.057 ~0.062 0.264
2 0.187 —0.067 0.440
3 0.510 -0.062 0.619
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Fig. 6 Observed and months-ahead forecasts of normalized flows at Dundee (1970).
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Fig. 7 Observed and months-ahead forecasts of normalized flows at Falls of Rough
(1970).
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