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Abstract

The core is reformulated to incorporate the externality typical in strategic form

games, where a player’s payoff may depend on the profile of actions across all players.

Any coalition of players may reach an agreement on who takes what action within the

coalition. The outsiders of the coalition may coordinate a response to preempt the

coalition’s commitment to its agreement. If a coalition succeeds in committing to its

action profile, the outsiders’ reactions constitute a core solution among themselves. In

an externality problem where pollution is the dominant action, the core is nonempty

and consists of exactly the Pareto optima.
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1 Introduction

Presented in this paper is a new concept of the core that incorporates the strategic inter-

actions between any coalitions. Applied to an n-player externality problem where pollution

is the dominant action, the new core is nonempty and consists of exactly the Pareto op-

tima. This result may be interpreted as a justification for the “Coase Theorem” [6] without

assuming property rights or complete markets.

In his original paper, Coase was reluctant to stick to a particular kind of institutional

backgrounds. Researchers have proposed a few institutional backgrounds in which the Coase

Theorem might be true such as property rights, complete markets, and the core. Among

them, the core has the merit of not relying on any institution that requires external enforce-

ment. Even if property rights have been well-defined, it remains as an issue whether they

can be enforced. And the main justification for the solution concept for complete markets,

competitive equilibrium, is still based on the core (e.g., Debreu and Scarf [8]).

The approach to the Coase Theorem through the core has been unsettling, however.

Aivazian and Callen [1] have presented a three-player externality problem where the core

is empty. Far worse than the possibility of empty core, the problem is What does the core

mean at the presence of externality? Aivazian and Callen’s notion of the core is based on a

characteristic function that assigns a value to each coalition. Such a traditional notion of the

core is based on an assumption that the payoff for a coalition is independent of the actions

of its outsiders. This assumption is inadequate for externality problems.

Let us consider for example a typical pollution problem. There are three players and

each may play Pollute or Clean. Playing Clean costs only the player b dollars. Playing Pollute

costs the player itself, as well as everyone else, c dollars. Assume that c < b, so that Clean is

strictly dominated by Pollute. Also assume that b < 2c, so that the unique Pareto optimum is

for everyone to play Clean. Now that pollution is the unique Nash equilibrium, the coalition-

proof equilibrium refinements in noncooperative game theory (Aumann [2], Bernheim, Peleg

and Whinston [5], and Moreno and Wooders [12], etc.) cannot support the Pareto optimum

as an equilibrium. To apply the coalitional method, however, we immediately run into a

problem. Now that the payoffs for any non-grand coalition depend on the actions of its

outsiders, how would the complementary coalition respond to a deviating coalition?

In the example, as pollution is the unique Nash equilibrium, it does not help to assume
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that the outsiders of a deviating coalition stick to the status quo. A typical treatment in the

traditional coalitional theory is to assume the worst-case scenario for a blocking coalition.1

In our example, that means everyone outside the coalition plays Pollute. The problem is

that this threat is not credible. To see that, suppose that player 1 has somehow committed

to Pollute. Then, with b < 2c, the only Pareto optimum for players 2 and 3 is both playing

Clean. Furthermore, neither of them would deviate by somehow committing to Pollute.

If player 2 commits to Pollute, then the actions of both players 1 and 2 have been given;

consequently, player 3’s best response is uniquely Pollute. Thus, in deviating to Pollute,

player 2 bears a c-dollar cost due to its own pollution action and another c-dollar cost due to

player 3’s pollution as player 3’s best response. Since 2c > b, player 2 would rather bear the

cost b dollars by playing Clean. Same reasoning goes for player 3. Thus, it is not credible

for players 2 and 3 to both play Pollute in response to player 1’s deviation.

The above calculation suggests an idea. If a coalition has committed to a deviation,

the reaction from the outsiders should be a solution in the core within the outsiders. Given

player 1’s commitment to Pollute, the prediction that players 2 and 3 both play Clean is

robust against any unilateral and coalitional deviations among players 2 and 3.

This idea of applying the core condition recursively has been hinted at by Ray and

Vohra [16] and formalized by Huang and Sjöström [10] into a notion called r-core. One may

call it the recursive principle. Based on some notion that a coalitional deviation involves

commitment, the principle postulates that, once a coalition commits, the complementary

coalition reacts with an action that belongs to the core within the complementary coalition.

A question stands in the way, however: Who gets to commit first? To see why this

question is unavoidable, recall our pollution example. There we have shown that if a player

manages to commit to Pollute before the other two can make any commitment, then the

other two would stick to Clean. Thus, the player who commits first gets a payoff −c while the

other two each get −b− c. Consequently, every player in our example has a strict incentive

to grab the commitment opportunity from the other players.

In the existing literature, the answer for this question is to assume that there is an a

priori sequential protocol according to which players take turn to decide on their commit-

1 That is assumed in the origin of our example, Shapley and Shubik [17]. Aumann’s [3] β-effect, which

requires that a blocking plan should benefit the coalition no matter what the complementary coalition does,

also implies the worst-case assumption.
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ment. The problem is that the prediction is sensitive to the particular sequential protocol.

For instance, in the protocol of Ray and Vohra, an early mover has an advantage over a late

mover, and their equilibria are usually not Pareto optimal. By contrast, in a reversed pro-

tocol proposed by Hafalir [9], a late mover proposes a realignment of the coalitons formed

by early movers and pockets the surplus if its proposed realignment is accepted, and the

inefficiency prediction is overturned. Even if the sequential protocol were assumed to be

randomly drawn by nature at the outset, a question remains whether the protocol may itself

be susceptible to coalitional deviations. In the case of Ray and Vohra, late movers may want

to skip to the front. In the case of Hafalir, early movers may want to hide until the end.

The answer proposed in this paper is that the commitment opportunity for a coalition

is uncertain. When a coalition has reached an agreement within itself to commit to an ac-

tion profile, the other players can challenge the coalition. For instance, the complementary

coalition may try to make a commitment before the former coalition does thereby grabbing

the first-mover advantage. Or it may ask the court to nullify the contract of the former

coalition on the ground of its negative externality. If the coalition is challenged, the winner

is chosen randomly between the contending parties. The probability of winning the commit-

ment opportunity is an exogenous function of the configuration of the contending parties. It

may be determined purely by the sizes of the contending parties, or it may depend on other

resources such as political clout and the means of violence.

Introducing this competitive setup for commitment opportunities, this paper proposes

an answer to the crucial question how the complementary coalition responds to a deviating

coalition. Any set of players may deviate from a status quo coalitionally. In deviating, the

coalition expects that, if it gets to commit to an action, the reactions from the outsiders

constitute an element in the core within the outsiders. The coalition also expects that, when

it tries to commit, the outsiders may coordinate a preemptive response to either challenge

the coalition or stay put. To block the status quo, a coalition needs to profit from an

alternative action profile across its members based on these expectations. A profile of actions

belongs to the core if no coalition can block it in such a manner. Since the grand coalition

has no outsider, it can always block Pareto inferior action profiles, so any element in this

reformulated core is Pareto optimal.

This notion of the core incorporates whatever externalities that a strategic form game

can capture. Spelled out in §2, the primitives in my model are a payoff matrix as in any
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strategic form game and a competitive protocol for coalitional commitment. The new concept

of the core is defined in §3 and contrasted with some benchmark solution concepts in §4.

The traditional theory of the core corresponds to a special case in our model where coalitions

can avoid externalities by forming self-suffiicent clubs. Proposition 1 asserts that our notion

of the core coincides with the traditional core in such externality-avoidable environments.

Illustrated in §4.2 is a three-player coordination game where strong Nash equilibrium does

not exist while our core is nonempty. The main result, Theorem 1, is in §5. It asserts that

the Pareto optimum is the unique solution in our core in an n-player generalization of the

above problem of pollution externality.

The externalities considered by the existing coalitional literature so far have been the

possibility that the payoffs for a coalition depend on the coalition configuration among the

outsiders. For such environments, a main approach in the literature is to analyze a non-

cooperative game where the players’ actions are their votes on the coalition configurations,

proposed according to a protocol. A recent contribution is Hyndman and Ray [11]. There

is also an axiomatic approach of de Clippel and Serrano [7] that extends the Shapley value

to such externality environments. More related to this paper is the third approach, which

is to formulate new concepts of the core, as in Huang and Sjöström [10] and Hafalir [9].

The closest one is Huang and Sjöström. They have developed a recursive principle, which is

similar to condition 2c. in my notion of the core. The literature has not addressed the issue

Who gets to commit first. The novelty of this paper is in its treatment for this issue.

Assuming full commitment abilities for any deviating coalition, this paper has not con-

sidered the possibility that a deviating coalition may be susceptible to the betrayal of some

of its members who collude with some outsiders. This possibility would be my interpreta-

tion of the vast literature on objections and counterobjections, initiated by Aumann and

Maschler [4], with Piccione and Razin [15] a recent development. The implicit institutional

interpretation of those notions has been a centraliied conference where coalitions debate

various proposals until the grand coalition reaches an agreement (e.g., Myerson [13]). By

contrast, the institutional interpretation of my notion is a somewhat decentralized setting

where coalitions may reach agreements on their own and commit to their agreements if they

are not challenged or if they win a challenge.
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2 The Primitives

2.1 Players, Actions, and Payoffs

The set of players is I. The set of feasible actions for i ∈ I is Ai. If ∅ 6= S ⊆ I, denote

aS := (ai)i∈S ∈ Πi∈SAi =: AS

and likewise for a¬S and A¬S, with ¬S := I \S. Hence aS is a profile of actions of the players

in S, which we simply call an action of coalition S.

Every player i ∈ I has a von Neumann Morgenstern utility function

ui : AI → R, (1)

meaning that ui(aI) is the payoff for player i if the profile of actions across all players is aI .

Externality is incorporated, as ui(aI) may vary with the component a¬S in aI .

For example, in the pollution example illustrated in the Introduction, the action set

for each player i is Ai = {Clean, Pollute}. With |T | denoting the size of any set T ,

ui(aI) = −b1ai=Clean − c |{j ∈ I : aj = Pollute}| . (2)

This model includes the traditional characteristic-function-based model as a special

case and allows for utility transfers across players. That will be established in §4.1.

2.2 The Competition for Coalitional Commitment

The players choose their actions through a multistage commitment process.

1. Any set of uncommitted players may reach a mutual agreement on what actions they

shall take. If a set S ⊆ I of players has done so, its agreement is in the form of a mixed

action αS ∈ ∆AS, with ∆K the set of lotteries on the set K. Any player i ∈ S is said

to be a member of coalition S.

2. A player cannot be a member of two distinct coalitions.

3. If a coalition S has reached an agreement within itself, the players outside S who have

not committed choose whether to challenge S or not.
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a. If they choose to challenge S, they suspend their agreements and try to commit,

before S does, to a profile of actions, which need not be the same as the profile

of actions that they have agreed upon.

b. If the set of players challenging S is J , then with probability π[S, J ] the coalition S

wins and otherwise the coalition J wins, with probability 1− π[S, J ].

c. The winning coalition commits to its agreed upon action profile, and the losing

coalition cannot commit to any action until the winner has committed (so the

losing coalition may change its plan afterwards).

4. If a coalition S has reached an agreement within itself, if it is not challenged by anyone,

and if none of its members challenge other coalitions, then S has the option to either

commit to its agreed upon action profile or cancel its plan.

5. The committed players and their committed actions become common knowledge.

6. If all players have committed, the process ends; otherwise another iteration begins.

In the above protocol, the procedure of a challenge may be interpreted as a race for

commitment such that the winner gets to commit before the loser and the loser, seeing

the winner’s commitment, may adjust its previously agreed upon action profile. A second

interpretation is that there is a court and the challenging coalition asks the court to nullify

the challenged coalition’s agreed upon action profile on the ground of its externality. In a

system with defined property rights, a challenge could be a challenging coalition’s attempt

to invade or pillage the challenged coalition’s properties. Sometimes a challenge may have

vacuous effect. For instance, in a pure exchange private ownership economy where no one

is allowed to intervene the trading actions among others, a coalition J may “challenge” a

disjoint coalition S by being the first to commit to a trade agreement within J , but that

cannot prevent S from committing to its own trading agreement in the next iteration.

The probability π[S, J ] in the above protocol signifies the relative power between coali-

tions S and J in the event that J challenges S. For instance, π[S, J ] may be equal to

|S|/(|S|+ |J |). In general, however, π may take various forms.
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3 Defining the Core

3.1 Coalitional Responses

This is a coalitional counterpart for the notion of strategies. Suppose that T ( I is the set

of players who have committed and aT ∈ AT the committed action profile. For the rest of

the economy, a coalitional response is a pair of two functions:

PT,aT
: (S, αS) 7−→ PT,aT

(S, αS)

maps any coalition S ( ¬T and any αS ∈ ∆AS to an element of ∆
(∏

i∈(¬T )\S(Ai ∪ {nil})
)
,

and

RT,aT
: (S, aS) 7−→ RT,aT

(S, aS)

maps any coalition S ( ¬T and any action profile aS ∈ AS to an element of ∆A(¬T )\S.

To interpret the above construct, suppose that there is an action profile to which the

set ¬T of all the players who have not committed is expected to agree to commit. A coalition

S ( ¬T may want to deviate from that expectation and reach an agreement within S to

commit to an alternative action profile through a lottery αS of action profiles. Seeing this

agreement, the other players, constituting the set (¬T )\S, coordinate a preemptive response

PT,aT
(S, αS), which is a lottery, say α(¬T )\S, that selects a profile a(¬T )\S ∈

∏
i∈(¬T )\S(Ai ∪

{nil}). If ai = nil according to this profile, player i does not participate in the coalition to

challenge the deviating coalition S; if ai 6= nil, then player i participates in the challenging

coalition and, in the event that the challenging coalition defeats S, player i commits to the

action ai.

Thus, if a(¬T )\S is a realization of the preemptive response, the challenging coalition is

N
(
a(¬T )\S

)
:= {j ∈ ¬(T ∪ S) : aj 6= nil}. (3)

According to the protocol modeled in §2.2, with probability π[S, N(a¬(T∪S))] the deviating

coalition S wins and commits to an action profile selected by the lottery αS, otherwise the

challenging coalition wins and commits to aN(a¬(T∪S)). Whichever event happens, the outcome

is that some coalition S ′ (either S or N(a¬(T∪S))) commits to some action profile aS′ ∈ AS′ .

Taking that as given, the other uncommitted players, constituting the set ((¬T ) \ S) \ S ′,

will commit to an action profile according to a lottery RT,aT
(S ′, aS′) ∈ ∆A¬S′ . This lottery

we call reactive response. It may be implemented in one shot or in multiple stages where

different coalitions in ((¬T ) \ S) \ S ′ make commitments at different stages.
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3.2 Expected Payoffs given a Coalitional Response

Suppose that T ( I is the set of players who have committed and aT ∈ AT the committed

action profile. Also suppose that a coalition S ( ¬T has agreed within itself to commit via

lottery α′
S ∈ ∆AS and the complementary coalition (¬T ) \ S has coordinated a preemptive

response α′
(¬T )\S. Given any realization a(¬T )\S of α′

(¬T )\S, the challenging coalition is the

N(a(¬T )\S) in (3), and the expected payoff for any player i ∈ I is

ui

(
aT , α′

S, a(¬T )\S | RT,aT

)
= π

[
S, N(a(¬T )\S)

] ∑
aS∈AS

α′
S(aS)ui (aT , aS, RT,aT

(S, aS)) (4)

+
(
1− π

[
S, N(a(¬T )\S)

])
ui

(
aT , aN(a(¬T )\S), RT,aT

({j}, aN(a(¬T )\S))
)

,

where π
[
S, N(a(¬T )\S)

]
is the winning probability for coalition S defined in §2.2. Through

the RT,aT
(S, aS) and RT,aT

({j}, aN(a(¬T )\S))) on the right-hand side, Eq. (4) takes into account

the reactive response R to either outcome of the commitment competition.

Integrating the above payoff across all possible realizations a(¬T )\S of the preemptive

response α′
(¬T )\S, we know that the expected payoff for any player i ∈ I is

ui(aT , α′
S, α′

(¬T )\S | RT,aT
) (5)

=
∑

a(¬T )\S∈
Q

j∈(¬T )\S(Aj∪{nil})

α′
(¬T )\S

(
a(¬T )\S

)
ui

(
aT , α′

S, a(¬T )\S | RT,aT

)
.

3.3 The Definition of Blocking

If T ( I is the set of players who have committed and aT ∈ AT the committed action profile,

a mixed action α¬T ∈ ∆A¬T of ¬T is blocked by a coalition S ⊆ ¬T with respect to a

coalitional response (PT,aT
, RT,aT

) iff there exists a mixed action α′
S ∈ ∆AS such that

ui (aT , α′
S, PT,aT

(S, α′
S) | RT,aT

) >
∑

a¬T∈A¬T

α¬T (a¬T )ui (aT , a¬T ) , (6)

where the left hand-side is defined by (5). I.e., every member i of coalition S gets a higher

expected payoff from the deviation of agreeing to commit via lottery α′
S rather than abiding

by the mixed action α¬T , knowing the coalitional response (PT,aT
, RT,aT

).

When ¬T = {i} for some player i, the above notion that a mixed action αi for player i

is blocked becomes equivalent to the notion that αi is not a best response to a¬{i} for player i.

That is because if ∅ 6= S ⊆ ¬T then (¬T ) \ S = ∅.
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3.4 The Definition of the Core

Suppose T ( I is the set of players who have committed and aT ∈ AT the committed action

profile. The core K (T, aT ) for the set ¬T of the players who have not committed is defined

recursively as follows.

1. If ¬T = {i} for some i ∈ I, then K (T, aT ) is the set of best responses for player i to

the action profile aT of T .

2. If |¬T | > 1, an α¬T ∈ ∆A¬T for ¬T belongs to the core K (T, aT ) iff there exists a

coalitional response (PT,aT
, RT,aT

) with the following properties:

a. α¬T is not blocked with respect to (PT,aT
, RT,aT

);

b. if any S ( ¬T deviates to some α′
S ∈ ∆AS, then the preemptive response

PT,aT
(S, α′

S) is not (¬T )\S-Pareto dominated by any preemptive response, given

the fact that S will commit to α′
S unless it is defeated by a challenging coalition,

c. if any nonempty set S ( ¬T has committed to any aS ∈ AS, then RT,aT
(S, aS) is

in the core K (T ∪ S, (aT , aS)), which is well-defined by recursion.

Why do we define the core in this way? Let us focus on the nontrivial case |¬T | > 1,

where there are still multiple players who have not committed. Condition 2a. needs no

justification. Condition 2c., which we may call the recursive principle, has been applied in

some other models by Huang and Sjöström [10] and Piccione and Razin [15]. It is the natural

extension of subgame perfection to our coalitional setting. Condition 2b. is new. It is based

on the idea that, as a blocking attempt α′
S is a coordinated action of the members of the

blocking coalition S, the preemptive response to the blocking attempt is also coordinated

among the players in the complementary coalition (¬T ) \ S. From the perspective that

the preemptive response is based on the unanimous cooperation among the members of the

(¬T )\S, it is natural to require the (¬T )\S-Pareto optimality condition, i.e, condition 2b..

Why not impose stronger conditions on a preemptive response such as robustness to

unilateral or coalitional deviations within the coalition (¬T ) \ S? Adding such conditions

would skew the balance between a blocking coalition S and its complement (¬T ) \ S by

making it harder to preempt a blocking attempt. To restore the balance with the additional

conditions, we would need to impose similar incentive compatibility and core-like conditions

upon a blocking attempt. But then our solution concept may become too complicated.
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4 Comparison with Some Benchmarks

To explain the new notion of the core, let us illustrate its relationship with the traditional

notion of the core and contrast it with the coalition-proof equilibrium concepts.

4.1 The Traditional Core as a Special Case

The traditional coalitional model does not have explicit actions for the players. Rather,

assumed as primitive is a characteristic function that maps any coalition to either a set

of payoff allocations feasible for the coalition or simply a total payoff for the coalition to

distribute among its members. There the implicit assumption is that the players of a coalition

can somehow form a self-sufficient club if they desire so unanimously. We shall demonstrate

that our model includes this traditional setup as a special case and in this special case the

reformulated core coincides with the traditional core.

4.1.1 Independent Actions and Externality-Free Environments

If ∅ 6= S ⊆ I, aS ∈ AS is an independent action profile for S iff

∀a¬S ∈ A¬S ∀a′¬S ∈ A¬S ∀i ∈ S : ui(aS, a¬S) = ui(aS, a′¬S). (7)

An interpretation is that an independent action profile for coalition S implies that the players

in S form a self-sufficient club. For example, any action ai of any player i has a component

an
i ⊆ I such that i ∈ an

i , meaning that i proposes to form a network with and only with the

set an
i \ {i} of players; for any nonempty S ⊆ I, an action aS ∈ AS is independent for S

if an
i = S for all i ∈ S, i.e., everyone in S agrees to form a network containing exactly the

members of S.

Whenever (7) holds, denote for each i ∈ S

vi(S, aS) := ui(aS, a¬S) (8)

with a¬S any element of A¬S. By (7), (aS, aS′) is an independent action for S ∪ S ′ if aS is

an independent action for S and aS′ an independent action for S ′. I.e., the union of any two

self-sufficient clubs can be regarded as a self-sufficient club.

For any nonempty S ⊆ I, let Aind
S be the subset of AS that contains all the independent

actions for S. To specialize to the traditional model we make three assumptions within this
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section. The first is that Aind
S 6= ∅ for every nonempty S ⊆ I, i.e., every coalition can avoid

externalities from its outsiders by turning itself into a self-sufficient club. Secondly,[
S ∩ T = ∅ and aS ∈ Aind

S and aT 6∈ Aind
T

]
=⇒ (aS, aT ) 6∈ Aind

S∪T . (9)

I.e., the union of a self-sufficient club S and another set T of players who want to be included

does not constitute a self-sufficient club, as S does not need, nor offers help to, outsiders.

The third assumption is

∃c ∈ R ∀i ∈ I :
[
∃S ⊆ I : i ∈ S and aS ∈ Aind

S

]
⇐⇒ ui(aS, a¬S) > c. (10)

In other words, player i’s payoff is above the constant c if and only if it belongs to a self-

sufficient club. Coupled with the first assumption, which implies that Aind
{i} 6= ∅ for any

player i, (10) implies that any player i can secure a payoff above c.2

In summary, the traditional coalitional model, which we call externality-free environ-

ment, is an environment where Aind
S 6= ∅ for every nonempty S ⊆ I and (9)–(10) hold.

4.1.2 The Traditional Core

Derived from the above primitives, the characteristic function is the mapping from S to the

set of payoff vectors (vi(S, aS))i∈S, with aS ranging through Aind
S . The traditional model

would take this function as the primitive and assume away the set AS \Aind
S of actions that

do not secure independence for coalition S.

As the traditional core is defined based on the characteristic function, it is formalized

as follows. For any T ( I and any aT ∈ Aind
T , a mixed action α¬T ∈ ∆Aind

¬T belongs to the

traditional core Kold(T, aT ) for ¬T iff there does not exist a nonempty S ⊆ ¬T such that,

for some a′S ∈ Aind
S , vi(S, a′S) >

∑
a¬T∈Aind

¬T
α¬T (a¬T )vi(¬T, a¬T ) for all i ∈ S.

4.1.3 Commitment without Interference

To establish the equivalence between the traditional core and our reformulated core, we make

two additional assumptions within this section. The first is transferable utilities. Utilities

are perfectly transferable iff for any nonempty S ⊆ I and any aS ∈ Aind
S , if (zi)i∈S ∈ (z,∞)S

2 Note that (10) does not imply that for any i ∈ S, if aS 6∈ Aind
S then ui(aS , a¬S) ≤ c. Consider for

example an S being the disjoint union of S1 and S2, with action aS = (aS1 , aS2) such that aS1 ∈ Aind
S1

and

aS2 6∈ Aind
S2

. Then aS 6∈ Aind
S by (9). For any i ∈ S1, ui(aS , a¬S) > c for all a¬S , because aS1 ∈ Aind

S1
.
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and
∑

i∈S zi =
∑

i∈S vi(S, aS), then there exists a′S ∈ Aind
S such that vi(S, a′S) = zi for each

i ∈ S. I.e., if a total payoff for a coalition is attainable, then any allocation (zi)i∈S of the

total payoff among the coalition members is attainable.3

The second assumption is

∀T ( I ∀aT ∈ AT : ∅ 6= K (T, aT ) ⊆ ∆Aind
¬T . (11)

I.e., if any coalition T has committed to an action profile, any reaction from the outsiders

according to our reformulated core is to form a self-sufficient club. Combined with (9) and

the “⇐” direction of (10), this assumption implies that, for any coalition T that wants to

commit by itself, some member in T would get hurt by a payoff below c unless the action to

which T commits is to form a self-sufficient club. That rationalizes a coalition’s pessimistic

expectation typically implicitly assumed in the traditional coalitional literature.

Proposition 1 In any externality-free environment that satisfies Eq. (11) and perfect trans-

ferability of utilities, for any T ( I and any aT ∈ Aind
T ,

a. Kold(T, aT ) = K (T, aT ), and

b. if α¬T ∈ Kold(T, aT ) then α¬T is supported as an element of K (T, aT ) by a coalitional

response such that any deviating coalition gets to commit without being challenged.

Claim (b) of the proposition suggests the proof for the “⊆” direction of claim (a).

Specifically, if α¬T is a solution in the traditional core Kold(T, aT ), it is supported as a

solution in the reformulated core K (T, aT ) by the coalitional response: for all S ( ¬T ,

α′
S ∈ ∆AS, aS ∈ AS and i ∈ (¬T ) \ S, let

PT,aT
(S, α′

S) := 1ai=nil ∀i∈(¬T )\S (12)

RT,aT
(S, aS) := an arbitrary element of K (T ∪ S, aT , aS), (13)

where Eq. (13) is meaningful due to the assumption (11). According to this coalitional

response, when a coalition S deviates by agreeing to make a commitment by itself, the

3 Transferability of utilities requires that the action sets are sufficiently rich. For example, any action ai

of any player i contains two components, an
i and ad

i . The component an
i is the self-sufficient club to which

i wants to belong and ad
i is the payoff demanded by i conditional on the formation of the club. An action

aS ∈ AS is independent for coalition S if and only if an
i = S and ad

i = vi(S, aS) for all i ∈ S.
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outsiders of S do not challenge S. They simply let S make its commitment and then commit

to a core solution among themselves.

To guarantee that no coalition has a profitable deviation with respect to this coalition,

we use the “pessimistic assumptions” (9)–(11). Together, they implied that any deviating

coalition would consider only independent actions and that its complementary would react

with only independent actions. Then one can show that blocking a traditional core solution

in our reformulated sense would mean blocking the solution in the traditional sense.

For the converse, the “⊇” direction of claim (a), the proof is to show that if a solution

is blocked in the traditional sense then it is blocked in our reformulated sense. To block

in the reformulated sense, a coalition faces the uncertainty that it need not win when it is

challenged by the outsiders. (A deviating coalition may be challenged by outsiders, as the

aforementioned “commitment without interference” result applies only to the “⊆” direction.)

It is at this step that the assumption of transferable utilities is used. It allows a coalition to

spread the risk among the coalition members by utility transfers in the event that they win

despite being challenged.

4.2 Difference from Coalition-Proof Equilibria

To contrast the core with the coalition-proof equilibrium concepts, let us consider the O’Neil

Game (cited from Myerson [14]), which may be called battle of three sexes:

A2 and A3

x3 y3

A1 x2 y2 x2 y2

x1 0, 0, 0 6, 5, 4 4, 6, 5 0, 0, 0

y1 5, 4, 6 0, 0, 0 0, 0, 0 0, 0, 0

Assume that in the event of a challenge the winner is chosen via the majority vote, i.e.,

π[S, J ] =
|S|

|S|+ |J |

for any disjoint subsets S and J of the set {1, 2, 3} of players.

The game admits no strong Nash equilibrium. For any Nash equilibrium, say (x1, y2, x3),

which gives the payoff vector (6, 5, 4), there is a 2-player coalition that “blocks”—in the tra-

ditional sense—the equilibrium, assuming the other player abiding by the equilibrium. In
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the case of (x1, y2, x3), the blocking coalition consists of players 2 and 3 taking the alternative

action (x2, y3).
4

By contrast, the core according to our reformulation is nonempty. A core solution is

2

3
(x1, y2, x3) +

1

3
(x1, x2, y3), (14)

yielding a profile of expected payoffs across players 1, 2, and 3:

2

3
(6, 5, 4) +

1

3
(4, 6, 5) =

(
16

3
,
16

3
,
13

3

)
.

To construct the supporting coalitional response, denote + for the addition operation

modulo 3, so 3+1 = 1. Note that any two of the three players can be denoted as i and i+1

for some i ∈ {1, 2, 3}.
The reactive response R can be defined trivially. For instance, if only player i has

committed and his action is xi, then the other two players commit to the action profile

(xi+1, yi+2); if only players i and i + 1 have committed, then player i + 3 plays whatever

action such that the resulting payoff vector is not (0, 0, 0). Such an R satisfies the recursive

core condition 2c. in the definition of the core.

Next is the preemptive response P. If the deviating coalition is {i, i + 1}, then the

other player, i + 2, picks a preemptive response to maximize his expected payoff given the

deviation. For instance, if {i, i+1} wants to commit to (xi, yi+1), then player i+2 challenges

it and commits to yi+2 upon winning; whereas, if {i, i + 1} wants to commit to (yi, xi+1),

player i does not challenge it and plays xi+2 after the coalition has committed. That ensures

that the preemptive response is not {i + 2}-Pareto dominated by any other preemptive

response. Suppose the deviating coalition is a singleton {i}. If i wants to commit to xi

then the other two players do not challenge him and, after he has committed, they play

(xi+1, yi+2) to penalize i. If i wants to commit to yi, then the other two challenge i with

P({i}, yi) := 1(ai+1,ai+2)=(xi+1,yi+1). (15)

One can check that this preemptive response is not {i + 1, i + 2}-Pareto dominated by any

other preemptive response.

Let us check that the coalitional response sketched above deters any coalitional devi-

ation from (14). First, the coalition {1, 2} cannot profit from deviation. To gain the most

4 In fact, the outcome resulting from the coalitional deviation, (x1, x2, y3), is itself a Nash equilibrium,

as Myerson [14] points out.
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from deviation, the coalition can only try to commit to (x1, y2). That gives the coalition the

same expected payoff vector as in (14), due to player 3’s preemptive response 1a3=y3 and the

assumption that the coalition wins with probability 2/3 in the event of being challenged.

Second, {2, 3} cannot block (14). To make player 3 better-off than in (14), the coalition

needs to commit to (x2, y3) in the event that it wins. Then player 1 challenges the coalition

with action y1, according to the preemptive response sketched above. Hence player 2’s

expected payoff from the deviation is equal to

2

3
6 +

1

3
4 =

16

3
,

which is not higher than what he gets from (14). Similar reasoning holds for coalition {1, 3}.
Third, a singleton coalition, say {i}, cannot block (14). If player i tries to commit to xi,

then the other two players do not challenge it and will react with (xi+1, yi+2) to give player i

the lowest positive payoff, 4. If player i tries to commit to yi, then given the preemptive

response (15), i’s expected payoff is

1

3
5 +

2

3
4 =

13

3
,

which is not higher than the payoff for anyone in (14). Thus, (14) is in the core.

Clearly, the core solution (14) can be viewed as a correlated equilibrium. However,

not all correlated equilibria belong to the core. For example, 1
3
(y1, x2, x3) + 1

3
(x1, y2, x3) +

1
3
(x1, x2, y3) is blocked by {i, i + 1} for any i ∈ {1, 2, 3}. If {1, 2} deviates by trying to

commit to (x1, y2), the only {3}-Pareto undominated preemptive response for player 3 is to

challenge {1, 2} with action y3 to avoid the lowest payoff 4. Then the expected payoff vector

for the deviating coalition is

2

3
(6, 5) +

1

3
(4, 6) =

(
16

3
,
16

3

)
> (5, 5).

5 A Coase Theorem in a Pollution Problem

To show the power of the new notion of the core, let us apply it to the n-player generalization

of the pollution problem discussed in the Introduction. There are n ≥ 2 players. Each

player’s action is {Pollute, Clean}. Let k denote the number of players who play Pollute. If

a player plays Clean, its payoff is equal to −b− kc; else the payoff is −kc. Assume that

c < b. (16)

16



Thus, Pollute strictly dominates Clean if we consider the situation as a strategic form game.

Despite the fact that pollution is the dominant action for each player, Theorem 1 asserts

that the core is nonempty. The main reason why the positive result holds is that a coalition

is torn between two countervailing forces. On one hand, to ensure a high probability of

committing to Pollute, a coalition may want to include more members. On the other hand,

having more members might make it suboptimal for the coalition to play Pollute. To see

that, simply note that the total payoff for a coalition S to all play Pollute is equal to −c|S|2

and the total payoff for S to all play Clean is equal to −b|S|, ceteris paribus. Thus, if a

coalition is left alone, the Pareto optimum for the coalition is for all its members to play

Pollute if its size is smaller than b/c and for all its members to play Clean if its size is

larger than b/c. Therefore, there is an upper bound for the size of a coalition that wishes to

pollute. With coalition size affecting the winning probabilities, such a coalition’s expected

payoff from playing Pollute is outweighed by the payoff from not playing Pollute.

Theorem 1 In the pollution problem with n players, assume:

∀S, J ⊆ I :

[
S ∩ J = ∅, |S| < b

c
≤ |J |

]
⇒ π[S, J ] ≤ c

b
. (17)

Then the core is nonempty and consists of all the Pareto optima.

Let us sketch the proof of Theorem 1. Consider only the case where no one has

committed yet, i.e., T = ∅ so I = ¬T . If |I| < b/c, then −c|I|2 < −b|I|, so the Pareto

optimum is uniquely that everyone plays Pollute. This is also in the core because for any

deviating coalition S of I, |S| ≤ |I| < b/c and so S cannot profit from playing Clean at all.

Now consider the nontrivial case where |I| > b/c. Now the Pareto optimum is uniquely

that everyone plays Clean. Thus, the core is nonempty if and only if “everyone plays Clean”

belongs to the core. We construct a coalitional response to support this solution.

First, we construct the reactive response. By induction and the previous calculation on

how the Pareto optimum depends on the coalition size, the only candidate for the reactive

response is (where 1x denotes the singular probability measure concentrated at the point x)

R(S, aS) :=

 1ai=Clean∀i∈¬S if |¬S| ≥ b/c

1ai=Pollute∀i∈¬S if |¬S| < b/c.
(18)

Second, let us construct the preemptive response. Without loss of generality, we may

assume that |S| < b/c, otherwise the coalition S cannot profit from deviation from “everyone

plays Clean.”
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If |¬S| < b/c, then ¬S does not need to challenge the deviating coalition S at all,

because once S has committed, everyone in ¬S will react with Pollute according to the lower

branch of (18), and so each member of the deviating coalition S gets −c(|S|+ |¬S|) = −c|I|
from the deviation, while he could have got the higher payoff −b without deviation.

Thus, consider only the subcase where |¬S| ≥ b/c. Let us temporarily assume that

the complementary coalition ¬S is better-off challenging S than not challenging it at all. To

deter coalitional deviations, the preemptive response needs to penalize a deviating coalition

by trying to commit to Pollute with sufficiently large probability. However, the probability of

committing to Pollute should be large only enough to deter coalitional deviations, otherwise

the preemptive response would be Pareto inferior for the complementary coalition. Thus,

the preemptive response may take the following form:

P(S, aS) :=


∑

i∈¬S
1

|¬S| (σS1ai=Pollute + (1− σS)1ai=Clean) if |¬S| ≥ b/c

1ai=nil∀i∈¬S if |¬S| < b/c,
(19)

where σS ∈ (0, 1] is the probability to be determined. This preemptive response says: if

S deviates and if the complementary coalition ¬S is so small that the ¬S-Pareto optimum

is to all play Pollute, then ¬S does not challenge S at all; if the size of ¬S is bigger

than the threshold, then each member of ¬S joins the challenging coalition and has an equal

probability of being the designated polluter; if ¬S wins then the designated polluter commits

to Pollute with probability σS and otherwise commits to Clean, and every other member of

¬S commits to Clean.

We now calculate the minimum σS that deters S from deviation in the only nontrivial

case where and |S| < b/c and |¬S| ≥ b/c. If S deviates, then with |S| < b/c, everyone in S

tries to commit to Pollute, hence then the payoff for each of its member is

−c|S|π[S,¬S] + (−cσS − b) (1− π[S,¬S]) .

Thus, a member of S does not profit from the deviation if and only if

−c|S|π[S,¬S] + (−cσS − b) (1− π[S,¬S]) ≤ −b,

i.e.,

σS ≥
π[S,¬S]

1− π[S,¬S]

(
b

c
− |S|

)
. (20)
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By (17), the right-hand side of (20) is less than or equal to

1− (c/b)|S|
1− c/b

∈ (0, 1).

Thus, it is legitimate to define the probability

σS :=
π[S,¬S]

1− π[S,¬S]

(
b

c
− |S|

)
. (21)

Thus, we have constructed a coalitional response, defined by Eqs. (18), (19), and (21).

Finally, we remove the temporary assumption that the complementary coalition ¬S is

better-off challenging S than not challenging it at all. Consider a player i ∈ ¬S. If ¬S does

not challenge S at all, then i’s payoff is −c|S| − b. If the preemptive response defined above

is followed, then i’s payoff is equal to either −c|S| − b in the event that S wins or

1

|¬S|
σS(−c) +

(
1− 1

|¬S|
σS

)
(−b) > −c|S| − b

in the event that S loses. Thus, i prefers the preemptive response even without the temporary

assumption. That completes the sketch of the proof for the theorem.

To appreciate Theorem 1, note the decentralized feature of the approach. There is no

a priori hierarchy among the players. Players are free to make agreements with one another.

No central planner is needed to oversee the efficiency of their arrangements. The social

contract where everyone commits to the Pareto optimum at the outset is achieved merely

by the mutual threats of preemption, blocking, and reaction among the players themselves.

The Pareto optimum in such pollution problems may also be supported, without cen-

tralized device, as an equilibrium in repeated games. But that requires the players to be

sufficiently patient. Interpreted to real-world setups, such patience typically corresponds to

situations where players are stuck with one another for long such as in traditional agricul-

tural societies. Such situations may become obsolete with the globalization of markets and

societies. Then contractual commitments such as the kind implicitly assumed here may be

natural substitutes for repeated games.

In the literature, there is of course the principal-agent approach, assuming that an

external principal enforces the Pareto optimum for the players. The problem is that such

approach to implement Pareto optima relies on the neutrality and incorruptibility of the

principal. If we take the principal’s incentive into account, treating it as a player, then a

principal-agent solution amounts to a specific arrangement within a coalition consisting of

the principal and the agents involved, which ultimately leads to a coalitional approach.
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