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Summary:   This note provides the equivalence between Brouwer’s (or Kakutani’s) fixed 

point theorem and four economic theorems (the existence theorems for competitive 

equilibrium, Nash equilibrium, core, and hybrid equilibrium).  Such equivalence leaves with 

us three classes of open problems to challenge our mathematical curiosity, one of which is to 

derive Kakutani’s fixed point theorem directly from Nash’s theorem (1951).  
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This note shows that Brouwer’s or Kakutani’s fixed point theorem is equivalent to 

four fundamental theorems in economics and game theory: the existence theorems for the 

competitive equilibrium [1], the Nash equilibrium [5], the core [6], and the hybrid 

equilibrium [10].  Since these four economic theorems describe four different types of 
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social institutions, their equivalence implies that the outcomes in each of the four 

institutions can be theoretically implemented by any of the other three institutions.  Section 

1 below states the equivalence problems, Section 2 states and proves the equivalence 

theorem, and Section 3 provides a list of open problems for future research. 

1. The equivalence problems 

 Let N = {1, ..., n} be a finite set, a subset S≠∅⊂ N will be called a coalition of 

players.  Given S⊂ N, let RS denote the Euclidean space whose dimension is the number of 

players in S and whose coordinates are the players in S.  Let e∈ Rn be the vector of ones, 0 

be the vector of zeros, Arg-Max{f(z) | z∈ Z} be the optimal set for Max{f(z) |z∈ Z}; for any 

x, y∈ Rn, x≥ y ⇔ xi≥ yi, all i; x> y⇔x≥ y, x≠ y; x>>y⇔xi> yi, all i;  xS be the projection of x 

on RS, and (xS, y-S) be a column vector z∈ Rn such that zi = xi if i∈ S, zi = yi if i∉ S.  

For simplicity of exposition, we will state the next six theorems in their simplest 

forms.  First, Brouwer’s and Kakutani’s fixed point theorems are given below:  

(i) (Brouwer, [2])  Let X ≠ ∅ ⊂ Rn be compact and convex, and f: X→X be a 

continuous function.  Then there exists at least one x∈ X such that f(x) = x. 

(ii) (Kakutani, [3]) Let X ≠ ∅ ⊂ Rn be compact and convex, f: X→2X be a 

correspondence.  Assume: (a) f is upper semicontinuous; (b) for each x∈ X, f(x) ≠ ∅ ⊂ X is 

closed and convex.  Then there exists at least one x∈ X such that x∈ f(x).  

Second, consider the Nash equilibrium for a normal form game: Γ = {N, Xi, ui}, 

where for each i∈ N, Xi ≠ ∅  ⊂ Rm(i) and ui: X = ΠXk→R are player i's choice set and payoff 

function.  A choice x∈ X is a Nash equilibrium if xi ∈  Arg-Max {ui(yi,x-i) | yi∈ Xi} for each 

i (i.e., if each xi is player i's best response to the complementary choice x-i). 
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 (iii) (Nash, [5])  For each i∈ N, assume: (a) Xi is compact and convex; (b) ui(x) is 

continuous in x and quasi-concave in xi.  Then Γ has at least one Nash equilibrium. 

Next, consider the competitive equilibrium in an exchange economy E = {N,ωi,Ui}, 

where for each i∈ N, ωi  = {ω1
i ,  ..., ωL

i } ’ ∈ RL
+ and Ui: RL

+→R are trader i�s endowments and 

utility function.  Let p∈∆ L = {p∈ RL
+ | ΣL

i=1 pi =1} be a price vector, Bi(p) = {xi∈ RL
+ | pxi ≤ pωi 

= ΣL
k=1 pkωk

i} and Di(p) = Arg-Max {Ui(xi) | xi∈ Bi(p)} be a trader i�s budget set and demand 

correspondence.  A pair (p, x) is a competitive equilibrium if each xi∈ Di(p) and Σxi
 ≤ Σωi, 

where x = { x1, ..., xn}∈ Rn×L
+ .  Adam Smith, the acclaimed first economist, had perceived the 

existence of such an equilibrium in Wealth of Nations (1776): economic activities and 

resources will be directed by an invisible hand to their maximal uses.  

  (iv) (Arrow and Debreu, [1]) Assume: (a) Σωi>>0; (b) for each i∈ N, Ui(xi) is 

continuous, quasiconcave and increasing.  Then E has at least one competitive equilibrium. 

Now, consider the core for a coalitional NTU (non-transferable utility) game ΓCF = 

{N, v(.)}, where for each S, v(S)≠∅⊂ RS is its set of payoffs satisfying: (a) it is closed and 

bounded from above; (b) y∈ v(S) and u≤ y imply u∈ v(S); and (c) ∃  y∈ v(S) such that yi ≥ Max 

{xi|xi∈ v(i)}, all i∈ S. Given a set of coalitions B = {T1, ...,Tk}, let B(i) = {T∈ B |i∈ T} be the 

subset of coalitions that include i.  B is balanced if ∃  wT >0 for each T∈ B such that 

ΣT∈ B(i)wT = 1 holds for all i.  A game is balanced if for any balanced B, u∈ v(N) must hold if 

uS∈ v(S) for all S∈ B.  Let ∂v(S) = {y∈ v(S) |∃  no x∈ v(S) with x>>y} ≠ ∅   be the weakly 

efficient set of v(S).  A vector u is blocked by S if uS∈ v(S)\∂v(S), u∈∂ v(N) is in the core if it 

is unblocked by all S≠N.  Let C(ΓCF) = {u∈∂ v(N) | uS∉ v(S)\∂v(S), all S≠N} denote the core.  

(v) (Scarf, [6])   If ΓCF is balanced, then C(ΓCF) ≠ ∅ . 
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Finally, consider the hybrid equilibrium for Γ = {N,Xi,ui}.  Let the weakly efficient 

solution set be X *
we= {x∈ X |∃  no y∈ X with u(y)>>u(x)}, where u(x) = {ui(x)|i∈ N}, and let  

the coalitional game derived from Γ  in the α-fashion, Γα = {N, vα(.)}, be given by: 

  vα(S) = ∪
xS

{ ∩
y-S

{wS∈ RS | wS ≤ uS(xS, y-S)}} for S ≠ N, and  

v(N) = vα(N) = { w∈ Rn | w ≤ u(x)  for some x∈ X *
we}.   

Then, x∈ X *
we is an α-core solution if u(x)∈ C(Γα).  A partition ∆ = {S1, ..., Sk} (i.e., ∪ Si=N, 

Si∩Sj=∅  , all i≠j) defines k parametric games: ΓS(y-S) = {S,Xi,ui(xS,y-S)}, S∈∆ .  A choice x 

= {xS|S∈∆ }∈ X is a hybrid equilibrium for ∆ if each xS is an α-core solution of ΓS(x-S).  

 (vi) (Zhao, [10])  Given ∆ = {S1, ..., Sk } in Γ.   For each S∈ ∆ , assume: (a) Xi, i∈ S, 

all are compact and convex; (b) ui(x) = ui(xS, x�S), i∈ S, all are continuous in x and quasi-

concave in xS.  Then there exists at least one hybrid equilibrium for ∆. 

(Figure 1 about here) 

 As shown in Figure 1, the hybrid equilibria includes the core1 (i.e., x(∆m) for ∆m = 

{N}) and the Nash equilibrium (i.e., x(∆0) for ∆0 = {{1},�, {n}}) as two polar cases.    

2.  The equivalence theorem 

Theorem   The statements (i) -(vi) are equivalent.  

Proof.  Our proof uses two other equivalent claims (vii) and (viii) as given below. 

   Given a finite game ΓCF = {N, v}, where each v(S) = {y∈ RS|y≤ ujS, all j} is defined 

by k(S) corners ujS, j = 1, �, k(S).  Let K(S) = {1, �, k(S)}, Q > Max{uijS | i∈ S, j∈ K(S), 

S≠N} be a large number; m = �
S≠N

k(S), C = Cn×m = {ck} be given by: ck = cjS = (ujS, Qe-S) for 

each S and j∈ K(S); A = An×m = {ak} = {ejS} be the incidence matrix for all S in C (i.e., ejS ≡ 

                                                 
1  This becomes the α-core existence in [8].  The general version of (vi) (Theorem 3 in [10]) implies 

(v) directly, while (vi) only implies (v) indirectly by the equivalence theorem in Section 2. 
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(eS, 0-S), all j∈ K(S)).2  The following (vii), is equivalent to Theorem 2 in [6]. 

(vii) (Scarf, [6]) For the above A and C, ∃  x = (xB, 0-B), xB>>0 such that Ax = e, 

and that if we define ui = Min{cij| j∈ B}, then for each k∈ M = {1,�,m}, ∃  i with ui ≥ cik.  

The following (viii) reveals the geometry behind (v) and (vii).  For each coalition S 

≠ N, let ~v(S) = v(S)×R−S⊂  Rn.  Let  

(1)  GP(B) = ∩
S∈ B

~v(S)⊂  Rn  

be the n-dimensional payoffs generated by a balanced set B, and   

(2)  GP = GP(ΓCF) = ∪
Balanced B; N∉ BGP(B)  

be the set of all generated payoffs.  One sees that ΓCF  is balanced if GP⊂ v(N).   

Since u is unblocked by S ⇔ u∈ [v(S)\∂v(S)]C×R-S⊂ Rn, where the superscript C 

denotes the complement set, the set of payoffs unblocked by all S ≠ N is given by    

(3)   UBP = UBP(ΓCF) = ∩
S ≠ N

{[v(S)\∂v(S)]C×R-S}, 

and the core can alternatively be given by C(ΓCF) = ∂v(N)∩UBP. 

(vii) is now equivalent to: a) the base B for xB forms a balanced set;3 b) u∈ GP; and 

c) u∈ UBP (by ui≥ cik, all k).  Hence, (vii) ⇔ GP∩UBP≠ ∅   for finite games.  Since any ΓCF 

can be approximated by a sequence of finite games (§6 in [6]), one obtains (viii) below:  

 (viii)  GP(ΓCF)∩UBP(ΓCF) ≠ ∅   holds for all ΓCF.   

Now, come back to the proof for our theorem.  Note that (ii)⇔(iii)⇔(vi) seems to 

be unknown to the public, although it existed already (see [10] for (ii)�(vi)�(iii); see [7] 

and p. 90 in [6] for (iii)�(vii)�(i)).  By (i)⇔(ii) [3], (ii)�(iv) [1], (iv)�(ii) [9],  (vii)�(v) 

[6], and by the above (vii)⇔(viii), our proof completes by showing (v)�(viii).      

Since v(S)\∂v(S) is open in RS, each {[v(S)\∂v(S)]C×R-S} is closed in Rn.  Hence,   

(4)  UBP =    ∩
S ≠ N

{[v(S)\∂v(S)]C×R-S}=  ∩
B with N∉ B{ ∩

S∈ B{[v(S)\∂v(S)]C×R-S}}   

                                                 
2  ck = cjS and ak , for unique j∈ K(S), are given by: cik = uijS, aik ≡1 if  i∈ S; cik ≡ Q, aik ≡ 0 if i∉ S. 
3  Let B = {S | xjS >0 for some j∈Κ( S)}, δS = �k∈ Sxk for each S∈ B.  One sees that B is balanced.    
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is a closed subset in Rn.  Let ∂GP be the upper surface of GP, GPC be the enclosure of GPC, 

one has GPC = ∂GP∪ GPC.   By (1) and (2), one has  

(5)   GPC = { ∪
B with N∉ B{ ∩

S∈ B[v(S)×R-S]}}C =  ∩
B with N∉ B{ ∪

S∈ B[v(S)C×∅ -S]}. 

Let v(S)C be the enclosure of v(S)C.   By [v(S)\∂v(S)]C =  v(S)C,  one has 

   ∩
S∈ B{[v(S)\∂v(S)]C×R-S} ⊂   ∪

S∈ B[ v(S)C×∅ -S]. 

By (4), (5), and the above expression, one has  

(6)   UBP = UBP(ΓCF)  ⊂  GPC. 

Given (v), assume by way of contradiction that GP∩UBP = ∅ .  By (6), UBP is 

included in the interior of GPC.  Since ∂GP is the lower surface of GPC, one must have  

(7)  d*  = d(∂GP, UBP) = Min { ||x-y|| | x∈∂ GP, y∈ UBP} > 0.    

Define a new game Γ’ = {N, v(.)’} from ΓCF by:  v(S)’ = v(S), all S ≠ N, and  

(8)  v(N)’ = GP(ΓCF) ∪ { ∪
x∈∂ GP(ΓCF){y| y ≥ x and d(x,y)< d*/2}}, 

one has: GP(Γ’) = GP(ΓCF) ⊆ v(N)’, so Γ’ is balanced.  However, by (7)-(8) and by UBP(Γ’) 
= UBP(ΓCF), d(∂v(N)’, UBP(Γ’)) ≥ d*/2 > 0, so C(Γ’) = ∂v(N)’∩UBP(Γ’) = ∅ ,  which 

contradicts to (v).  Therefore, (viii) must hold.   Q.E.D. 

(Figure 2 about here) 

3. Conclusions and open problems 

  This note has shown that the mathematical principles of fixed point theorems and 

the economic laws on equilibrium states are mirrored in each other.  The equivalence 

theorem leaves with us three classes of problems for future research.  The first class of 

problems are to find the equivalent versions of (iii)-(vi) for each of the more advanced fixed 

point theorems, and this line of research will provide a rich source of applications in 

economics, game theory and other social sciences for the fixed point literature.  The second 

class of problems are to prove directly those relations in the equivalence that had been 
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indirectly established, these are marked as the dotted arrows in Figure 2.  For example, it 

will be interesting to find a direct proof for (iii)�(ii).4 The third class of problems are to 

apply the equivalence theorem in the growing literature on implementation theory and 

mechanism design, as each of the four social outcomes can be theoretically implemented by 

any of the other three social outcomes.  
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Fig ure  1 .   T h e  s p ec tru m o f h y b rid  eq u il ib r ia ,  wh ere   
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F i g u r e  2 .   T h e  e q u iv a le n c e  b e t w e e n  B ro u w e r ’  o r  K a k u t a n i’  f i xe d  
p o in t  t h e o re m  a n d  t h e  e x is t e n c e  t h eo re m s  o f  N a s h  e q u ilib riu m ,  

c o m p e t it iv e  e q u i l ib r iu m , c o re  a n d  h y b rid  s o lu t io n .  
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