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Summary: This note provides the equivalence between Brouwer's (or Kakutani’s) fixed

point theorem and four economic theorems (the existence theorems for competitive
equilibrium, Nash equilibrium, core, and hybrid equilibrium). Such equivalence leaves with
us three classes of open problems to challenge our mathematical curiosity, one of which isto

derive Kakutani’ s fixed point theorem directly from Nash’'s theorem (1951).
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This note shows that Brouwer’s or Kakutani’s fixed point theorem is equivalent to
four fundamental theorems in economics and game theory: the existence theorems for the
competitive equilibrium [1], the Nash equilibrium [5], the core [6], and the hybrid

equilibrium [10]. Since these four economic theorems describe four different types of
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socia institutions, their equivalence implies that the outcomes in each of the four
institutions can be theoretically implemented by any of the other three institutions. Section
1 below states the equivalence problems, Section 2 states and proves the equivalence

theorem, and Section 3 provides alist of open problems for future research.
1. The equivalence problems

Let N = {1, ..., n} be afinite set, a subset Sz/7/ N will be called a coalition of
players. Given S[7N, let R® denote the Euclidean space whose dimension is the number of
playersin S and whose coordinates are the playersin S. Let e//R' be the vector of ones, 0
be the vector of zeros, Arg-Max{f(z) | z[JZ} be the optimal set for Max{f(z) |z[/Z}; for any
x, yOR', x=2y = x;2y, dl i; x> y=x2y, xZy; x>>y = x>y, dl i; xsbethe projection of x
onR’, and (xs, y.s) be acolumn vector z/7R' such that z; = x; if i[5S, z; = y; if i[IS.

For simplicity of exposition, we will state the next six theorems in their smplest

forms. First, Brouwer’s and Kakutani’ s fixed point theorems are given below:

(i) (Brouwer, [2]) Let X # [1] R'be compact and convex, and f> XX be a
continuous function. Then there exists at least one x[J X such that f(x) = x.

(ii) (Kakutani, [3]) Let X # [1] R'be compact and convex, f- X2 be a
correspondence. Assume: (a) fis upper semicontinuous, (b) for each x[J X, f(x) Z [[] X is

closed and convex. Then there exists at least one x[J X such that x[]f(x).
Second, consider the Nash equilibrium for a normal form game: /= {N, X, u;},
where for each iIN, X; # [7 OR™Y and u;: X = NX; — R are player i's choice set and payoff

function. A choicex//X isaNash equilibrium if x; [7 Arg-Max {u;(v;,x.;) | y:[J X;} for each

i (i.e., if each x; is player i's best response to the complementary choice x.,).



(iii) (Nash, [5]) For each i[IN, assume: (a) X; is compact and convex; (b) u;(x) is

continuous in x and quasi-concave in x;.. Then [ has at least one Nash equilibrium.

Next, consider the competitive equilibrium in an exchange economy E = {N, w, U/,
where for each i[IN, w = {w!, ..., b}’ OR: and U;: Rt ~R are trader i’s endowments and
utility function. Letp4 " = {pORL| 52, p' =1} be aprice vector, B(p) = {x,[R | px; <p@
= 5 p‘dd} and Dy(p) = Arg-Max {U(x,) | x,(0B,(p)} be atrader i’s budget set and demand
correspondence. A pair (p, x) is a competitive equilibrium if each x,[1D,(p) and 2x; < Za),
where x = {x;, ...,x,}[J R’L. Adam Smith, the acclaimed first economist, had perceived the

existence of such an equilibrium in Wealth of Nations (1776). economic activities and

resources will be directed by an invisible hand to their maximal uses.

(iv) (Arrow and Debreu, [1]) Assume: (a) 2w>>0; (b) for each i[IN, Ui(x,) is

continuous, quasiconcave and increasing. Then E has at least one competitive equilibrium.
Now, consider the core for a coalitional NTU (non-transferable utility) game /¢ =
{N, v(-)}, where for each S, v(S)ZI R’ isits set of payoffs satisfying: (a) it is closed and
bounded from above; (b) y/A(S) and u<y imply ul»(S); and (c) Lly[A(S) such that y; > Max
{xi|xih@)}, Al il1S. Given a set of coditions B = (T}, ..., Ty}, let B(i) = {T[B |i[JT} be the
subset of codlitions that include i. B is balanced if /wr >0 for each T[B such that
Zryewr = 1 holds for all i. A game is balanced if for any balanced B, u//v(N) must hold if
us(h(S) for all SIB. Let (S) = {y[M(S) | Tno x[W(S) with x>>y} # [ be the weakly
efficient set of v(S). A vector u isblocked by S if us/A(S)\M(S), uld v(N) isin the coreif it
isunblocked by all S2N. Let C(Icx) = {uld v(N) | us(h(S)\M(S), all S#N} denote the core.
(v) (Scarf, [6]) If [cris balanced, then C([cr) #Z [J.
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Finally, consider the hybrid equilibrium for /= {N, X, u;}. Let the weakly efficient

solution set be X, = {x/[IX |[Jno y[IX with u(y)>>u(x)}, where u(x) = {u;(x)|iLIN}, and let
the coalitional game derived from /= in the a-fashion, I, = {N, v4(*)}, be given by:

Va(S) = g{yg{wsmg | ws Sus(xs, v.s)}} for § ZN, and

V(N) = vo(N) = { wLR' | w Su(x) for some x[JX,},}.
Then, x[IX,;, isan a-core solution if u(x) JC(I,). A partition A= /S, ..., S/ (i.e., JS=N,
S:nS;=L7, all i7) defines k parametric games: /s(y.s) = {S,. X, ui(xsy.s)}, SIA . A choicex
= {xs|S/A }[7Xisahybrid equilibrium for 4 if each Xxsisan a-core solution of /g(x.s).

(vi) (Zhao, [10]) Given A={S,, ..., Sx}in [. For each S[A , assume: (a) X;, i[JS,
all are compact and convex; (b) u;(x) = ui(xs, x_s), iLJS, all are continuous in x and quasi-

concave in xs. Then there exists at least one hybrid equilibrium for A.
(Figure 1 about here)

As shown in Figure 1, the hybrid equilibria includes the coret (i.e., x(4,) for 4,, =
{N}) and the Nash equilibrium (i.e., x(4,) for 4, = {{1},..., {n}}) astwo polar cases.

2. Theequivalencetheorem
Theorem The statements (i) -(vi) are equivalent.

Proof. Our proof usestwo other equivaent claims (vii) and (viii) as given below.

Given a finite game /¢r = {N, v}, where each v(S) = {y[R|y< uys, all j} is defined
by k(S) corners uy, j = 1, ..., k(S). Let K(S) = {1, ..., k(S)}, O > Max{uys | i1S, jLK(S),
SZN} be alarge number; m =S¢EN k(S), C = Cuxm = {ci} be given by: ¢, = ¢js = (u;s, Qe.s) for

each Sand JLK(S); A = Awsm = {ar} = {e;s} bethe incidence matrix for al Sin C (i.e, s =

1 This becomes the a-core existence in [8]. The general version of (vi) (Theorem 3 in [10]) implies

(v) directly, while (vi) only implies (v) indirectly by the equivalence theorem in Section 2.



(es, 0.g), Al JLK(S)).2 Thefollowing (vii), is equivalent to Theorem 2in [6].

(vii) (Scarf, [6]) For the above A and C, [Jx = (x, 0.p), xg>>0 such that Ax = e,
and that if we define u; = Min{c;| jLIB}, then for each k[JM = {1,...,m}, [Ji with u; = c;.

The following (viii) reveals the geometry behind (v) and (vii). For each coalition S
ZN, let v(S) = v(S)RPOR". Let
1) GP(B) =2, %(S) IR’
be the n-dimensional payoffs generated by a balanced set B, and

(2) GP = GP(/_CF ) =BalancedUB; NDBGP(B)

be the set of al generated payoffs. One seesthat /¢ isbaanced if GP/v(N).
Since u is unblocked by S < ulJ/v(S)\v(S)] R’ OR", where the superscript C
denotes the complement set, the set of payoffs unblocked by al S #Z N is given by

3) UBP = UBP(Icp) = 1 {[V(S)\v(S)] x>},
SZN

and the core can alternatively be given by C(/cr) = &(N) nUBP.

(vii) IS now equivalent to: a) the base B for xz forms a balanced set;3 b) u//GP; and
¢) ulJUBP (by u;= cy, al k). Hence, (vii) = GPnUBP#Z [J for finite games. Sinceany /¢r
can be approximated by a sequence of finite games (86 in [6]), one obtains (viii) below:

(viii) GP(I'cg) nUBP(lcr) Z 1 holds for all Icp.

Now, come back to the proof for our theorem. Note that (ii) < (iii) = (vi) seems to
be unknown to the public, although it existed already (see [10] for (ii) =(vi)=(iii); see [7]
and p. 90 in [6] for (iii) =(vii)=(1)). By (i) = (ii) [3], (ii))=(iv) [1], (iv)=(ii) [9], (vii)=(V)
[6], and by the above (vii) = (viii), our proof completes by showing (v) =(viii).

Since v(S)\v(S) isopenin R, each {/v(S)\(S)]“ xR5} isclosed in R'. Hence,

4 UBP= ;N{[v(S)\dv(S)]CxRS = B i Bl s Bt [VS)\M(S)] XREY
2 ¢ = ¢js and ay, for unique j LK (S), are given by: ¢y = uys, ay =1 it iLS; ¢y =0, ay =0 if iLS.
3 Let B = /S| x;s >0 for somejK( S)}, & = 2insx, for each SLB. One seesthat B is balanced.
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isaclosed subset in R". Let dGP be the upper surface of GP, GPC be the enclosure of GPS,
one has GP® = dGPLJGPC. By (1) and (2), one has

) GP = {g i nmlsBl VS RTEC = gy gt sh V) X .
Let v(S)< bethe enclosure of v(S)°. By /v(S)\v(S)] = v(S)°, one has

SLIVS)\MS)] R O ELTv(S) xT7].

By (4), (5), and the above expression, one has
(6) UBP = UBP(¢cr) [J GPE.

Given (v), assume by way of contradiction that GPHhUBP = [J. By (6), UBP is
included in the interior of GPS. Since dGP isthe lower surface of GPC, one must have
@) d* =d(dGP, UBP) = Min { \|x-y|| | x/@ GP, y[JUBP} > 0.
Defineanew game I~ = {N, v(-)'} from Icg by: v(S)’ = v(S), al S #N, and
(8) VN = GP(Ter) O, & (v v 2x and d(x,y)< d*/2}},
one has. GP(I") = GP(lcp) [Jv(N)’', so I isbalanced. However, by (7)-(8) and by UBP(I")
= UBP(Icp), d(v(N)', UBP(I")) = d*/2 > 0, so C(I") = &MN)'nUBP(I") = [J, which
contradictsto (v). Therefore, (viii) must hold. Q.E.D.

(Figure 2 about here)

3. Conclusions and open problems

This note has shown that the mathematical principles of fixed point theorems and
the economic laws on equilibrium states are mirrored in each other. The equivalence
theorem leaves with us three classes of problems for future research. The first class of
problems are to find the equivalent versions of (iii)-(vi) for each of the more advanced fixed
point theorems, and this line of research will provide a rich source of applications in
economics, game theory and other social sciences for the fixed point literature. The second

class of problems are to prove directly those relations in the equivalence that had been



indirectly established, these are marked as the dotted arrows in Figure 2. For example, it
will be interesting to find a direct proof for (iii) =(ii).# The third class of problems are to
apply the equivalence theorem in the growing literature on implementation theory and
mechanism design, as each of the four social outcomes can be theoretically implemented by

any of the other three social outcomes.
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Figure 1. Thespectrumof hybrid equilibria, where
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Figure 2. The equivalence between Brouwer’ or Kakutani’ fixed
point theorem and the existence theorems of Nash equilibrium,
competitive equilibrium, core and hybrid solution.



