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Matrix Form

Systems of Equations We can write this in matrix form as follows.
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Matrix Form

ST & e We can write this in matrix form as follows.
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Reduction . . . . : :

: : 5 : X

Rank

Rank1

Rank2 dm1 dm?2 Amn
Rank3

Solutionl

Solution2

Nonsingular

Solving Systems of

Equations via
Elimination

L2 i et a R R A S CIONNNN\NNN\N\NNS

Matrix Algebra { 3



Systems of Equations

ystem
Matrix Form
ACM
Example System
Example 1
REF
Examples REF
Pivotsl
Pivots2
RREF
Pivots3
Reduction
Rank
Rank1
Rank2
Rank3
Solutionl
Solution2
Nonsingular
Solving Systems of

Equations via
Elimination

Augmented Coe cient Matrix

We de ne the augmented coe cient matrix for the system as
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dj;z dp2
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Consider the following matrix A and vector b

B o

Example Matrix and Vector

0 1 0 1
1 2 1 3

A= @2 5 2A: b= @8A
3 4 2 4
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Systems of Equations We can then W”te
System
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Systems of Equations We can then Write
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Matrix Form
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Row-echelon form of a matrix
Systems of Equations
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Row-echelon form o matrix

Systems of Equatons Leading zeroes In the row of a matrix
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Row-echelon form o matrix

Systems of Equatons Leading zeroes In the row of a matrix

System
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Row-echelon form o matrix

Systems of Equatons Leading zeroes In the row of a matrix
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Matrix Form

ACM A row of a matrix is said to have k leading zeroes if the  rst leglents
Example System of the row are all zeroes and the (k+1)st element of the row Btizero.
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Row-echelon form o matrix

Sy o S Leading zeroes In the row of a matrix

ystem

o A row of a matrix is said to have k leading zeroes if the  rst leglents
gzzgﬁ Syster of the row are all zeroes and the (k+1)st element of the row iBtizero.
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Examples of row echelon matrices \
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Examples of row echelon matrices \
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Examples of row echelon matrices \

Systems of Equations
0) 1
I\S/I);S‘::i(mForm 3 4 7
ACM A = @O 5 2A
Example System
Example 1 O O 4
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A row echelon matrix in whicleach pivot is a 1 and in which each

column containing a pivotontains no other nonzero entries, is said
to be in reduced row echelon form. This implies that columns
containing pivots are columns of an identity matrix.

Reduced Row Echelon Form
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A row echelon matrix in whicleach pivot is a 1 and in which each

column containing a pivotontains no other nonzero entries, is said
to be in reduced row echelon form. This implies that columns
containing pivots are columns of an identity matrix.

Reduced Row Echelon Form

Systems of Equations
System
Matrix Form

In the matrix D in equation (8) all three columns are pivot cohns.
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Systems of Equations

System
Matrix Form
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TN

A row echelon matrix in whicleach pivot is a 1 and in which each

column containing a pivotontains no other nonzero entries, is said
to be in reduced row echelon form. This implies that columns
containing pivots are columns of an identity matrix.

Reduced Row Echelon Form

In the matrix D in equation (8) all three columns are pivot cohns.

0 1

1 0 0
D= @ 1 A ©)

0 0 1
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Reduced Row Echelon Form \

A row echelon matrix in whicleach pivot is a 1 and in w ich each
column containing a pivotontains no other nonzero entries, is said
to be in reduced row echelon form. This implies that columns
containing pivots are columns of an identity matrix.

Systems of Equations
System
Matrix Form

In the matrix D in equation (8) all three columns are pivot cohns.

/ RREF

Pivots3 O 1
eduction
Eank t 1 O O
Rank1 D — @O l OA\ (8)
Rank2
Rank3 O O 1
Solut?onl
St In the matrix E in equation (9) the rst two columns are pivot
Solvng Systems of columns. The matrices D and E are both in reduged row echelomfo
quations via
Elimination
0 1
1 0 O
E = @ 1 0A ©))
O 0 O
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Pivots

Systems of Equations In matrix F in equation (10), columns 2, 4 and 5 are pivot colns
G The matrix F is in row echelon form but not in reduced row ecimelo
A form because of the 1 in theya and the 3 in the a5 elements of the
Example 1 matrix. The 5 in the a3 element is irrelevant because column 3 is not

=

Examples REF
Pivots1

Pivots2

a pivot column.

0 1
— 0150 3
Reduction

O 0 0 1
ank —
Eankl F - O O O ﬁ (10)
i 0 00O0O
Solutionl
Solution2
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Solving Systems of
Equations via
Elimination
cr s ////////////////// oo \\\\\\\\\\\\\\\\\\\\\\ .

Matrix Algebra { 12



Systems of Equations
System

Matrix Form
ACM

Example System
Example 1

REF

Examples REF
Pivots1

Pivots2

RREF

Pivots3
Reduction

Rank

Rank1

Rank2

Rank3

Solutionl
Solution2
Nonsingular
Solving Systems of

Equations via
Elimination

Reducing a matrix to row echelon oryeduced row
echelon form

he A
alon form

ws trix

Any system of equations can be reduced to a system
portion of the augmented matriX& in echelon or reduced e
by performing what are called elementary row operations &
A.
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Reducing a matrix to row echelon oryeduced row
echelon form

Any system of equations can be reduced to a system with the Aipo
of the augmented matri& in echelon or reduced echelon‘.
performing what are called elementary row operations on thatri

These operations are the same ones that we used when sa
system using the method of Gaussian elimination. There aregd
types ofelementary row operations. Performing these operations
does not change the basic nature of the system or its solution
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Reducing a matrix to row echelon oryeduced row
echelon form

Any system of equations can be reduced to a system with the Aipo
of the augmented matri& in echelon or reduced echelon‘.
performing what are called elementary row operations on thatri

These operations are the same ones that we used when sa
system using the method of Gaussian elimination. There aregd
types ofelementary row operations. Performing these operations
does not change the basic nature of the system or its solution

1 Changing the order in which the equations or rows are listed
produces an equivalent system.
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System
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Reducing a matrix to row echelon oryeduced row
echelon form

Any system of equations can be reduced to a system with the Aipo
of the augmented matri& in echelon or reduced echelon‘.
performing what are called elementary row operations on thatri

These operations are the same ones that we used when sa
system using the method of Gaussian elimination. There aregd
types ofelementary row operations. Performing these operations
does not change the basic nature of the system or its solution

1 Changing the order in which the equations or rows are listed
produces an equivalent system.

2 Multiplying both sides of a single equation of the systemn &
single row ofA ) by a nonzero number (leaving the other
equations unchanged) results in a system of equations tkat i
equivalent to the original system.
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Systems of Equations
System

Matrix Form
ACM

Example System
Example 1

REF

Examples REF
Pivots1

Pivots2

RREF

Pivots3
Reduction

Rank

Rank1

Rank2

Rank3

Solutionl
Solution2
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Solving Systems of

Equations via
Elimination

Reducing a matrix to row echelon oryeduced row
echelon form

Any system of equations can be reduced to a system with the Aipo
of the augmented matri& in echelon or reduced echelon‘.
performing what are called elementary row operations on thatri

These operations are the same ones that we used when sa
system using the method of Gaussian elimination. There aregd
types ofelementary row operations. Performing these operations
does not change the basic nature of the system or its solution

1 Changing the order in which the equations or rows are listed
produces an equivalent system.

2 Multiplying both sides of a single equation of the systemn &
single row ofA ) by a nonzero number (leaving the other
equations unchanged) results in a system of equations tkat i
equivalent to the original system.

3 Adding a multiple of one equation or row to‘another equation
row (leaving the other equations unchanged) results in ataysof
equations that is equivalent to the original system.
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Rank

Systems of Equations De nition 1 (Rank). The number of non-zero rows in the row echelon
System

i form of an m n matrix A produced by elementary operations on A is
ACM called the rank of A. Alternatively, the rank of an m n matrix A is the

Example System . ) ) ;
Example 1 number of pivots we obtain by reducing a matrix to row
REF
Examples REF
Pivots1
Pivots2
RREF
Pivots3
Reduction
Rank

Rank1

Rank2

Rank3
Solutionl
Solution2
Nonsingular

Solving Systems of

Equations via
limination
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Systems of Equations De nition 2 (Rank). The number of non-zero rows in the row echelon
o Fotm form of an m n matrix A produced by elementary operations on A is
gf;fnple e called the rank of A. Alternatively, the rank of an m n matrix A is the
Example 1 number of pivots we obtain by reducing a matrix to row

REF

il Matrix D in equation (8) has rank 3.
Pivots2

RREF O 1
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Rank1 O O 1
Rank2

Rank3

Solutionl

Solution2
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limination
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Systems of Equations De nition 3 (Rank). The number of non-zero rows in the row echelon
o Fotm form of an m n matrix A produced by elementary operations on A is
gfgfnple e called the rank of A. Alternatively, the rank of an m n matrix A is the
Example 1 number of pivots we obtain by reducing a matrix to row

=
Examples REF

- Matrix D in equation (8) has rank 3.
Pivots2 O 1

P 100

T D= @ 1 *

Rankl 0O 0 1

Rank2
Rank3
Solutionl
Solution2
Nonsingular

Solving Systems of

Equations via
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Systems of Equations Matrix F in (10) has rank 3.

System

Matrix For

ACM 0
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Solutionl

Solution2
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o O

(10)
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O O O O
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Systems of Equations

Example System
Example
REF
Examples REF
Pivots1
Pivots2
RREF
Pivots3
Reduction
Rank
Rank1
Rank2
Rank3
Solutionl

Solution
Nonsingular
Solving Systems of

Equations via
Eliminatio

Rank

De nition/4 (Full column rank) We say that an m n matrix A has
nrank if r = n. If r = n, all columns of A are pivot colonns.
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Rank

Systems of Equations De nition
full col

(Full column rank) We say that an m n matrix A has
nrank if r = n. If r = n, all columns of A are pivot colonns.

Example System
Example
REF

Examples REF
Pivots1
Pivots2
RREF
Pivots3
Reduction
Rank
Rank1
Rank2
Rank3
Solutionl

Solution

Nonsingular

The matrix L is of full column rank

|—
I
8.7

oNeN
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>

Solving Systems of
Equations via
Eliminatio

//////////////////////// e \\\\\\\\\\\\\\\\\\\\\\\\
Matrix Algebra { 16



Rank

Systems of Equations De’nition 6 (Full row rank). We say that an m n matrix A has full
/fnfi:iexmmrm row rank if r = m. If r = m, all rows of A have pivots and the redude
Qfgfnple oystem row echelon form has no zero rows.

Example 1

REF

Examples REF
Pivots1
Pivots2

RREF

Pivots3
Reduction
Rank

Rank1

Rank2

Rank3
Solutionl
Solution2
Nonsingular
Solving Systems of

Equations via
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Rank

Systems of Equations De’nition 7 (Full row rank). We say that an m n matrix A has full
/fnfi:iexmmrm row rank if r = m. If r = m, all rows of A have pivots and the redude
Qfgfnple oystem row echelon form has no zero rows.

Example 1

The matrix M is of full row rank

REF
Examples REF
Pivots1
Pivots2
RREF
Pivots3
Reduction
Rank
Rank1
Rank2
Rank3
Solutionl
Solution2
Nonsingular

0 1
10

1 0 O
M=@ 1 0 4A
0 0 1 7

Solving Systems of
Equations via
Elimination
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Solutions to equations (stated without proof)

Systems of Equations a A system of linear equations with coe cient matrix A which i
n, a right hand side vector b which is m 1, and augmented
matrix A has a solution if and only if

rank (A) = rank (A)

Solution1
Solution2
Nonsingular

Solving|Systems of
Equations via
Elimination
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Solutions to equations (stated without proof)

Systems of Equations a A system of linear equations with coe cient matrix A which i
n, a right hand side vector b which is m 1, and augmented
matrix A has a solution if and only if

rank (A) = rank (A)

b A linear system of equations must have either no solutione on
solution, or in nitely many solutions.

Solution1
Solution2
Nonsingular

Solving|Systems of
Equations via
Elimination
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Systems of Equations

Solution1
Solution2
Nonsingular

Solving|Systems of
Equations via
Elimination

Solutions to equations (stated without proof)

a A system of linear equations with coe cient matrix A which 15
n, a right hand side vector b which is m 1, and augmented
matrix A has a solution if and only if

rank (A) = rank (A)

b A linear system of equations must have either no solutione on
solution, or in nitely many solutions.

c Iftherank of A=r=n < m, the linear system Ax = b has no
solution or exactly one solution. In other words, if the miatA is
of full column rank and has less columns than rows, the sysfem
will be inconsistent, or will have exactly one solution.
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Systems of Equations

Examples REF
Pivots1
Pivots2

RREF

Pivots3
Reduction
Rank

Rank1

Rank2

Rank3
Solutionl
Solution2
Nonsingular
Solving Systems of

Equations via
Elimination

number of solutions.
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Solutions to equations

If the rank of A =r =m < n, the linear system Ax = b will al
have a solution and there will be an in nite number of sol
In other words, if the matrix A is of full row rank and has
columns than rows, the system will always have an in nite

RN
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Systems of Equations

Examples REF
Pivots1
Pivots2

RREF

Pivots3
Reduction
Rank

Rank1

Rank2

Rank3
Solutionl
Solution2
Nonsingular
Solving Systems of

Equations via
Elimination

If the rank of A =r =m < n, the linear system Ax = b will al

ILLLLL RS SIS

Solutions to equations

have a solution and there will be an in nite number of sol
In other words, if the matrix A is of full row rank and has
columns than rows, the system will always have an in nite
number of solutions.

If the rank of A = r where K m and r< n, the linear system Ax =

b will either have no solutions or there will be an in nite n
of solutions. In other words, if the matrix A has neither fudw
nor column rank, the system will be inconsistent or will h
In nite number of solutions.
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Systems of Equations

Examples REF
Pivots1
Pivots2

RREF

Pivots3
Reduction
Rank

Rank1

Rank2

Rank3
Solutionl
Solution2
Nonsingular
Solving Systems of

Equations via
Elimination

If the rank of A =r =m < n, the linear system Ax = b will al

ILLLLL RS SIS

Solutions to equations

have a solution and there will be an in nite number of sol
In other words, if the matrix A is of full row rank and has
columns than rows, the system will always have an in nite
number of solutions.

If the rank of A = r where K m and r< n, the linear system Ax =

b will either have no solutions or there will be an in nite n
of solutions. In other words, if the matrix A has neither fudw
nor column rank, the system will be inconsistent or will h
In nite number of solutions.

the rank of A =r = m = n, the linear system Ax = b will exactly
ne solution. In other words, if the matrix A is square and has
full rank, the system will have a unique solution.
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Systems of Equations

System
Matrix Form
ACM
Example System
Example
=
Examples REF

Solutionl

Solution2
Nonsingular
Solving Systems of

Equations via
Elimination

A coe cient matrix is said to benonsi

//////////////////////////, IR AN NSSNEN NOONNN N

Nonsingular Coe cient Matrices

ular, that is, the
corresponding linear system has one and only one solutioevery
choice of right hand sideqh by, ... , by, if and only if

number of rows of A = number of columns.of A = rank (A)

Matrix Algebra { 20
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Solving Systems of Equations via Elimination

Systems of Equations To solve a system of linear equations represented by a ma&mguation,
S0y Sy of we rst add the right hand side vector to the coe cient matrixo form

Equations via

Elimination | the augmented coe cient matrix.

Elimination

Example
Step 1
Step 2
Step 2a
Step 2b
Step 3
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Solving Systems of Equations via Elimination

Systems of Equations To solve a system of linear equations represented by a mamixation,
S Sy o we rst add the right hand side vector to the coe cient matrixo form
Elimination | the augmented coe cient matrix.

Example

o 2 We then perform elementary row and column operations on the

:ZE 2 augmented coe cient matrix until it is in row echelon form areduced
Step 3 row echelon form.
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Solving Systems of Equations via Elimination

Systems of Equations To solve a system of linear equations represented by a ma&mguation,
Sl S we rst add the right hand side vector to the coe cient matrixo form
Elminaton | the augmented coe cient matrix.

Example

Step 1

Step 2 We then perform elementary row and column operations on the

step 22 augmented coe cient matrix until it is in row echelon form areduced
Step 2

Step 3 row echelon form.

If the matrix is in row echelon we can solve it by back subsidn
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Solving Systems of Equations via Elimination

Systems of Equations To solve a system of linear equations represented by a mamixation,
S Sy o we rst add the right hand side vector to the coe cient matrixo form
Elimination | the augmented coe cient matrix.

Example

o 2 We then perform elementary row and column operations on the

:ZE 2 augmented coe cient matrix until it is in row echelon form areduced
Step 3 row echelon form.

If the matrix is in row echelon we can solve it by back subsidn

If the matrix is in reduced row echelon form we can read thg
coe cients o directly from the matrix.
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Example System

Systems of Equations Consider matrix equation 5 with its augmented matuk

|
Solving Systems of

Equations via
Elimination

Elimination _
Example \ AX _ b
Step 1

Step 2

Step 2a

Step 2b

Step 3

Step 3a

Step 4

Step 4a
Backsubstitution
SRREF

Step 5

Step 5a

Step 6

Step 6a
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Systems of Equations
|
Solving Systems of

Equations via
Elimination

Elimination \
Example

Step 1

Step 2

Step 2a

Step 2b

Step 3

Step 3a

Step 4

Step 4a
Backsubstitution
SRREF

Step 5

Step 5a

Step 6

Step 6a

Example System

Consider matrix equation 5 with

AX

1 0 1
X1

2A @x,A
X3

JAY

SLLLLL IS IIKL

Its augmented matuik

b
0 1
3
@gA
4 (5)
0 1

AAARNNNNNRSO
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Steps to Solution

Systems of Equations Step 1. Consider the rst row and the rst column of the matrix.

Solving Systems of Element g1 is a non-zero number and so is appropriate for the

Equations via

Elimination rst row of the row echelon form.

Elimination
Example
Step 1 1
Step 2

0
Step 2a
Step 2b A’ % @ 2 1 z%
Step 3 —
Step 3a 2 5 2

Step 4

Step 4a '3 '4 '2 '4
Backsubstitution
SRREF

Step 5

Step 5a

Step 6

Step 6a

LSS PPN AN NN VAN \\\\\\\\\\\
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Steps to Solution

Systems of Equations Step 1. Consider the rst row and the rst column of the matrix.

Solving Systems of Element g1 is a non-zero number and so is appropriate for the

Equations via

Elimination rst row of the row echelon form.

Elimination
Example
Step 1
Step 2
Step 2a
Step 2b
Step 3
Step 3a
Step 4
Step 4a
Backsubstitution
SRREF
Step 5
Step 5a
Step 6
Step 6a

1

oW 2 X

3 4 2 -4

If element a; were zero, we would exchange row 1 with a row of
the matrix with a non-zero element in column 1.

SRR e e a R ANNNN VISR SN NNNANN S,
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Systems| of Equations
I
Solving Systems of

Equations via
Elimination

Elimina;\ion

Steps to Solution

Step 2. Use row operations to \knock out" g by \turning it into a
zero. This would then make the second row have one more
leading zero than the rst row. We can turn the,a element into

B o

a zero by adding negative 2 times the rst row

the second row

SN \\\\\\\\ —
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Steps to Solution

Systems|of Equations Step 2. Use row operations to \knock out" & by turning it into a
Sl S zero. This would then make the second row have onel more
Elimination leading zero than the rst row. We can turn the,a element into

E”“”T"” a zero by adding negative Z times the rst row to the second row

0 1
1 2 1 3
R=% 5 2 8§

3 4 2 -4
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Systems| of Equations
I
Solving Systems of

Equations via
Elimination

Elimina;\ion

Steps to Solution

Step 2. Use row operations to \knock out" g by \turning it into a
zero. This would then make the second row have one more
leading zero than the rst row. We can turn the,a element into

0)
1 2 1
Sl IO
3 4 -2

B o

a zero by adding negative 2 times the rst row

1
3
o5

4

the second row
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Systems| of Equations
I
Solving Systems of

Equations via
Elimination

Elimina;\ion

Steps to Solution

Step 2. Use row operations to \knock out" g by \turning it into a
zero. This would then make the second row have one more
leading zero than the rst row. We can turn the,a element into

0)
1 2 1
Sl IO
3 4 -2

2 1 2 1 3

B o

a zero by adding negative 2 times the rst row

1
3
o5

4

the second row
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Systems| of Equations
I
Solving Systems of

Equations via
Elimination

Elimina;\ion

Steps to Solution

Step 2. Use row operations to \knock out" g by \turning it into a
zero. This would then make the second row have one more
leading zero than the rst row. We can turn the,a element into

0)
1 2 1
Sl IO
3 4 -2

B o

a zero by adding negative 2 times the rst row

1
3
o5

4

the second row
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Systems| of Equations
I
Solving Systems of

Equations via
Elimination

Elimina;\ion

Steps to Solution

Step 2. Use row operations to \knock out" g by \turning it into a
zero. This would then make the second row have one more
leading zero than the rst row. We can turn the,a element into

0)
1 2 1
Sl IO
3 4 -2

) 2 4 2
2 4 2

2 5 2
0] 1 0]

a zero by adding negative 2 times the rst row

1
3
o5

4

the second row
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Systems of Equations

Solving Systems of
Equations via
Elimination

Elimination
Example
Step 1
Step 2
Step 2a
Step 2b
Step 3
Step 3a
Step 4
Step 4a
Backsubstitution
SRREF
Step 5
Step 5a
Step 6
Step 6a

The New Matrix Aj

his will give a new matrix on which to operate. CallA;.

0
1 2 1
A= @o 1 0
3 4 2

B o

SRR S SNNNSRSNNRNS
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Systems of Equations
/

We can obtainA; by premultiplyingA by what is called the g

Solving Systems of
/Equations via
Elimination

Elimination
Example
Step 1
Step 2
Step 2a
Step 2b
Step 3
Step 3a
Step 4
Step 4a
Backsubstitution
SRREF
Step 5
Step ba
Step 6
Step 6a
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Systems of Equations

/

Solving Systems of

/ Equations via
Elimination

Elimination
Example
Step 1
Step 2
Step 2a
Step 2b
Step 3
Step 3a
Step 4
Step 4a
Backsubstitution
SRREF
Step 5
Step ba
Step 6
Step 6a

We can obtainA; by premultiplyingA by what is called the g

NS

1
1 0 0
2 1 A
0 0 1
CE}r H 8 }T H
0 0 1 2 3
@2 1 A @2 5 8A
0 0 1 3 4 4

BN
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Systems of Equations
/
Solving Systems of

/ Equations via
Elimination

Elimination
Example
Step 1
Step 2
Step 2a
Step 2b
Step 3
Step 3a
Step 4
Step 4a
Backsubstitution
SRREF
Step 5
Step ba
Step 6
Step 6a

We can obtainA; by premultiplyingA by what is called the g
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Systems of Equations
/
Solving Systems of

/ Equations via
Elimination

Elimination
Example
Step 1
Step 2
Step 2a
Step 2b
Step 3
Step 3a
Step 4
Step 4a
Backsubstitution
SRREF
Step 5
Step ba
Step 6
Step 6a

We can obtainA; by premultiplyingA by what is called the g
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Systems of Equations
/
Solving Systems of

/ Equations via
Elimination

Elimination
Example
Step 1
Step 2
Step 2a
Step 2b
Step 3
Step 3a
Step 4
Step 4a
Backsubstitution
SRREF
Step 5
Step ba
Step 6
Step 6a

We can obtainA; by premultiplyingA by what is called the g
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Systems 6f Equations

/
Solving Systems of

Equations via
Elimination

/ Elimination
Example
Step 1
Step 2
Step 2a
Step 2b
Step 3
Step 3a
Step 4
Step 4a
Backsubstitution
SRREF
Step 5
Step 5a
Step 6
Step 6a

Step 3. Use row operations to \knock out" g by turning it into a

B o

Steps to Solution

zero. This would then make the third row have one more leading
zero than the rst row. We can turn the g element into a zero
by adding 3 times the rst row to the third row.

0 1

1 2 1 3
A= B 0o 1 0 2

@ 2

IR RN
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Steps to Solution

Systems of Equations Step 3. Use row operations to \knock out" g by turning it into a

Sl S zero. This would then make the third row have one more leading
e zero than the rst row. We can turn the g element into a zero

Example by adding 3 times the rst row to the third row.

Step 1

Step 2 0 1

Step 2a

Step 2b 1 2 1 3

Step 3

Step 3a A = E} 0] 1 0) 2%

Step 4

Step 4a @ -4 -2 -4

Backsubstitution

SRREF

Step 5

Step 5a 3 1 2 1 3

Step 6

Step 6a ) 3 6 3 9
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Steps to Solution

Systems of Equations Step 3. Use row operations to \knock out" g by turning it into a

Sl S zero. This would then make the third row have one more leading
e zero than the rst row. We can turn the g element into a zero

Example by adding 3 times the rst row to the third row.

Step 1

Step 2 0 1

Step 2a

Step 2b 1 2 1 3

Step 3

Step 3a A = E} 0] 1 0) 2%

Step 4

Step 4a @ -4 -2 -4

Backsubstitution

SRREF

Step 5

Step 5a 3 1 2 1 3

Step 6

Step 6a ) 3 6 3 9

0 2 1 S
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7/ The Elimination Matrix
St of Lo We can obtainA, by premultiplyingA; by what is called the &

Solving Systems of

Equations via elimination matrix denoted by & where &; is given by

Elimination
Elimination

1
0
oA
1

)

@
D=
w -
o O

Step| 2a E 31 —
\;tep 2b

P s s D AN NNNNNNNNN\\NAAO R
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Solving Systems of
Equations via
Elimination

Elimination

The Elimination Matrix

We can obtainA, by premultiplyingA; by what is called the &
elimination matrix denoted by & where &; is given by

0
1 0 O
E31: @O 1 OA‘
3 0 1

EE}fll{é s 4 6 1§ H
1 0 O 1 2 1 3 1 2 1 3
@ 1 A @op 1 0 2A = @ 1 0 A
30 1 3 4 2 4 0 2 1 5

AR R NNNNN N N NN
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Steps to Solution

Systems of Equations Step 4. Use row operations to \knock out" g by turning it into a
Solving Systems of zero. We can turn the @ element into a zero by adding

Equations via

Elimination negative 2 times the second row &%, to the third row of A;.

Elimination
xample Q

Step 1 0 1

Step 2

Step 2a 1

Step 2b Ay = 0
0

Step 3
tep 3a
Step 4

1
0 2
1

ol

®
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Steps to Solution

Systems of Equations Step 4. Use row operations to \knock out" g by turning it into a
Solving Systems of zero. We can turn the @ element into a zero by adding

Equations via

Elimination negative 2 times the second row &%, to the third row of A;.

Elimination
xample Q
Step 1

Step 2 1 2 1

Step 2a

Step 2b A 2 = % 0 1 0) 2
1

Step 3
tep 3a 0 @

Step 4

0

=

2200 02 aada SRR RS SNNNNNNNN\NNANS L
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Steps to Solution

Systems of Equations Step 4. Use row operations to \knock out" g by turning it into a
Solving Systems of zero. We can turn the @ element into a zero by adding

Equations via

Elimination negative 2 times the second row &%, to the third row of A;.

Elimination
xample Q 0
Step 1

Step 2 1 2 1
Step 2a
Step 2b Ay = % o 1 o0 2

Step 3
tep 3a 0 @ 1 5

Step 4

=

O
N
o
D

2200 02 aada SRR RS SNNNNNNNN\NNANS L
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The Elimination Matrix

Systems of Equations

can obtainA3 by premultiplyingA> by what is called the &
elimination matrix denoted by & where k&, is given by

Solving Systems of
Equations via
Elimination

Elimination
Example
Step 1
Step 2
Step 2a
Step 2b
Step 3
Step 3a
Step 4
Step 4a
Backsubstitution

o

Ez =

@ o
o =
=
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The Elimination Matrix

Systems of Equations

can obtainA3 by premultiplyingA> by what is called the &
elimination matrix denoted by & where &, is given by

Solving Systems of
Equations via
Elimination

Elimination
Example
Step 1
Step 2
Step 2a
Step 2b
Step 3
Step 3a
Step 4
Step 4a

Backsubstitution ﬁrz

SIS0 2 d ettt DS NNNN NN\

Matrix Alge



Solution by Backsubstitutio

Systems of Equations

onsider the matrix®s3. It is in row-echelon form.

Solving Systems of
Equations via
Elimination

Elimination
Example
Step 1
Step 2
Step 2a
Step 2b
Step 3
Step 3a
Step 4
Step 4a
Backsubstitution

&

I

g) o
o =
O N
R O R
PN

R sl s sttt R NS SNNNNN\NNN\\ N
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Systems of Equations

Solving Systems of
Equations via
Elimination

Elimination
Example
Step 1
Step 2
Step 2a
Step 2b
Step 3
Step 3a
Step 4
Step 4a
Backsubstitution

A3

I

g? o
o =
O N
R O R
PN

This implies

X1 + 2Xo + X3 =

OXx; + Xo + 0Ox3 =

Ox; + OX, + X3

onsider the matrix®s3. It is in row-echelon form.

B o

Solution by Backsubstitutio

TN

Matrix Algebra { 81



Solution by Backsubstitutio

Systems of Equations

onsider the matrix®s3. It is in row-echelon form.

Solving Systems of
Equations via
Elimination

Elimination
Example
Step 1
Step 2
Step 2a
Step 2b
Step 3
Step 3a
Step 4
Step 4a
Backsubstitution

A'3=

c(g) o
o =
O N
R O R
PN

This implies

X1 + 2Xo + X3 = 3

OXx; + X + 0Ox3 = 2

[
|

Ox; + OX, + X3

This system is easily solved fog,xx, and then x.

R sl s sttt R NS SNNNNN\NNN\\ N
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Solution by Converting to Reduced Row Echelon Form

Systems of Equations

Solving Systems of X1 + 2 X2 + X3 = 3

Equations via
Elimination

Elimination OX 1 I X2 o O X3 — 2
Example

Step 1

Step 2 Ox; + 0OX» + X3 = 1
Step 2a

Step 2b

Step 3

Step 3a

Step 4

Step 4a

Backsubstitution

SRREF

Step 5

Step ba

Step 6

Step 6a
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Solution by Converting to Reduced Row Echelon Form

Systems of Equations

Solving Systems of X1 + 2 X2 + X3 = 3

Equations via
Elimination

Elimination =
Example Ox; + Xo + 0X3 2
Step 1

Step 2 Ox; + 0OX» + X3 = 1
Step 2a

Step 2b . -
Step 3 We would like to have the following system.
Step 3a

Step 4

Step 4a

Backsubstitution X1 -+ OX2 + OX3 = ?
SRREF

Step 5

o Ox; + Xz + Ox3z = 2
Step 6

Step 6a Ox; + OXx2 + X3

[

//////////////////////// A \\\\\\\\\\\\\\\\\\\\\\ .
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Steps to Solution

Systems of Equations Step 5. The a3 element is already zero, so we can proceed to the
Sl S 13 element. We use row operations to \knock outab

Sliwieiios turning it into a zero. We can turn the & element into a zero
by adding negative 1 times the third row to the rstro

Elimination

0 1
1 2 @ 3§
As = %o 1 0 2

0O O 1 1

Rl saattns’ SRR ASSSNNNNNNNN\\\S S LR,
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Steps to Solution

Systems of Equations Step 5. The a3 element is already zero, so we can proceed to the
Sl S 13 element. We use row operations to \knock outab

Sliwieiios turning it into a zero. We can turn the & element into a zero
by adding negative 1 times the third row to the rstro

Elimination

0 1
1 2 @ 3§
A3 = %o 1 0 2
00 1 1

1 0 0 1 1

) 00 1 1
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Steps to Solution

Systems of Equations Step 5. The a3 element is already zero, so we can proceed to the
Sl S 13 element. We use row operations to \knock outab

Sliwieiios turning it into a zero. We can turn the & element into a zero
by adding negative 1 times the third row to the rstro

Elimination

0 1
1 2 @ 3§
A3 = %o 1 0 2
00 1 1

1 0 0 1 1

) 00 1 1
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The Elimination Matrix

Systems of Equations We can obtainA; by premultiplyingA3 by what is called the &

Solving Systems of

Equations via elimination matrix denoted by & where g3 is given by

Elimination
Elimination

Example O 1

Step 1 1 O 1

S Eis = @ 1 0A
O 0 1

R P AN ERR R RSN NNNNNNNNNNNS O
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The Elimination Matrix

Syt o Byt We can obtainA; by premultiplyingA3; by what is called the &

Solving Systems of

Equations via elimination matrix denoted by & where g3 is given by
Elimination
Elimination

Example O 1
Step 1 1 O 1
ciop 22 E; = @ 1 0A
O 0 1
Backsubstitution
6 3 H 8 ik 4 6 i 4
S 1 0 1 1 2 1 3 1 2 0 2
Step'6 @ 1 0A @ 1 0 A = @ 1 0 A
Step &8 0 0 1 0 01 1 0 0 1 1
R s eSS N NS N SN
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Steps to Solution

Step 6. Use row operations to \knock out" @ by turning it into
zero. We can turn the @ element into a zero by adding
negative 2 times the second row to the rst row.

Systems of Equations
[
Solving Systems of

Equations via
Elimination

Elimination
Example
Step 1
Step 2
Step 2a
Step 2b
Step 3
Step 3a
Step 4
Step 4a
Backsubstitution
SRREF
Step 5
Step 5a
Step 6
Step 6a

RN 77 st SRR
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Steps to Solution

Step 6. Use row operations to \knock out" @ by turning it into
zero. We can turn the @ element into a zero by adding
negative 2 times the second row to the rst row.

Systems of Equations
[
Solving Systems of

Equations via
Elimination

Elimination
Example
Step 1
Step 2
Step 2a
Step 2b
Step 3
Step 3a
Step 4
Step 4a
Backsubstitution
SRREF
Step 5
Step 5a
Step 6
Step 6a

RN 77 st SRR
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Steps to Solution

Systems of Equations
[
Solving Systems of

Equations via

Step 6. Use row operations to \knock out" @ by turning it into
zero. We can turn the @ element into a zero by adding
negative 2 times the second row to the rst row.

Elimination
Elimination
Example
Step 1
Step 2
Step 2a
Step 2b
Step 3
Step 3a
Step 4
Step 4a
Backsubstitution
SRREF
Step 5
Step 5a
Step 6
Step 6a

RN 77 st SRR
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The Elimination Matrix

Systems of Equations

We can obtainAs by premultiplyingA, by what is called the &
elimination matrix denoted by & where g» is given by

Solving Systems of
Equations via

Elimination
Elimination
Example O 1
o 1 20
Steg 2a E12 — @O 1 OA‘
O 0 1
Step 6a
RSP NIl s s sttt D DN NNNNN\NANNNNNRO D
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Systems of Equations

Solving Systems of
Equations via
Elimination

Elimination
Example
Step 1
Step 2
Step 2a

The Elimination Matrix

We can obtainAs by premultiplyingA, by what is called the &
elimination matrix denoted by & where g» is given by

0
1 0
E12:: @R) 1 OA
0 1

1
2

—N—al  F——4

1 2 0 1 2 0 2

@ 1 A @ 1 0 A

0 0 1 0 0 1 1
D

/44444////////////
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The Elimination Matrix

Systems of Equations

We can obtainAs by premultiplyingA, by what is called the &
elimination matrix denoted by & where g» is given by

Solving Systems of
Equations via
Elimination

Elimination

Example O 1
Step 1 1 2 O
zig;a E12 = @O 1 OA\
O 0 1
sl —I'—s e—T—f
1 2 0 1 2 0 2 1 0 0 2
@ 1 A @ 1 0 A = @ 1 0 2A
e 0O 0 1 0 0 1 1 0 0 1 1
It is obvious that x = -2, x, = 2, and x3 = 1.
P s s D AN NNNNNNNNN\\N\AO L
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