THE IMPLICIT FUNCTION THEOREM

1. A SIMPLE VERSION OF THE IMPLICIT FUNCTION THEOREM
1.1. Statement of the theorem.
Theorem 1 (Simple Implicit Function Theorem) . Suppose that is a real-valued functions de ned on a
domain D and continuously differentiable on an opensétDD  R", x?,x9, ...,x3 2 D1, and
foxxg,....x8 =0 (1)
Further suppose that
1t x$, x3, ..., xR)
X1

Then there exists a neighborhoog(}3, x3, ...,x3%) DI, anopensetW R! containing X and a real
valued functiony, : V' ! W, continuously differentiable on V, such that

6 0 (2

x3 = y1 X9 xg, ..., x8
3
foys(x9 %3 ..., x2),x3, x§, ..., x8 0
Furthermore fork =2,. ., n,
T (Y103, X3, .. XR) X3, X3, ... XR) 1f (x9)
ﬂY1(X(2), X(3)n s !XR) — Xk - Xk (4)
Xk 1 (y2(x9, %3, ....x3) x3,x3, ... x3) 1 (x9)
X1 X1
We can prove this last statement as follows.
DenegV! R"as
2 3
y1i(x3, ..., x?)
X2
0
g x3,x3,....x§ = X3 (5)
XA

Then(f g)(x9,...,x9)  Oforall (x3,...,x9) 2 V. Thus by the chain rule
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2 THE IMPLICIT FUNCTION THEOREM

D(f g)(x3,...,x%) = Df g(x3 ....x8) Dg(x3,...x%9) =0
= Df x$,x3,...,x8 Dg(x3,...x9) =0
0 1 2
Xg y1(x3, )
X2 X2
= Df BXC D X3 =0
: (6)
X0 X0
2 fys  Tys MS
X2 Tx3 Xn
h 1 0 0
79t _
) 11_X1"|1_X2"""ﬂxn 0 1 0 = 00 0
0 1
Foranyk=2,3,...,n, wethen have
T (x9, %3, ..., x%) Ty1(x3,....x3) . M (x9,x3,....x8) _ 0
X1 Xk Xk
1f (x9,x9,...x9) @)
) Tya(x, ..., x%) _ e
Xk 1f 8.x3,...x3)
X1
We can, of course, solve for any otherx, = yy x3,x9,...,x% ;,x% ,,...,x8 , as a function of
the other X's rather than x ; as a function of x3,xJ...,x5 .
1.2. Examples.
1.2.1. Production function. Consider a production function given by
y= f(Xy, X2 ..., Xn) (8)
Write this equation implicitly as
f (X1, X0, .o, Xm YY) = f(Xy, X2...,%xp) y =0 9)

where f is now a function of n+1 variables instead of n variables. Ass ume that f is continuously
differentiable and the Jacobian matrix has rank 1. i.e.,

Tf 1f :
— = —60 j=12,...n 10
PR e j (10)
Given that the implicit function theorem holds, we can solve equation 9 for xy as a function of y
and the other x's i.e.

X = Y(X1, X2, ooy Xk 10 Xkt 1o -0 Y) (11)
Thus it will be true that
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f(Y, X1, X2, ooy Xk 1) Xio Xk 1y -5 Xn) 0 (12)
or that

y f(X1, X2, ..o Xk 1 X» Xkt 1y -+ -+ Xn) (13)
Differentiating the identity in equation 13 with respectto  x; will give

fif i fxg
0= — + — — 14
11X i Tx; (14)
or
1
T - _ ™ _ grs= MRs (15)
1X; ot
Xk
Or we can obtain this directly as
MY, X1 X2, - Xk 10 Yo Xke 1o - Xn) Ty _ TF(Y, X2, X2, -0 Xk 10 Yo Xk 10 - -+ Xn)
Xk 91X 11X
) E M = E
Mixk 11X 11x; (16)
qf
Xk xj
) — = = MRS
Xj Je
X e
Consider the speci c example
YO = f(x1, x2) = x§ 24X + X1X3

To nd the partial derivative of x 5, with respect to x; we nd the two partials of f as follows

qf

fixa _ X1
I If
1 X2

3
2Xq 2%y + X5

3x1X3  2xg
2% 2% xS

3xp X2 2xg

1.2.2. Utility function.
u® = u(xq, x2)

To nd the partial derivative of X , with respect to x; we nd the two partials of U as follows

u
o ot
ﬂXl Ju

Tx2
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1.2.3. Another utility function. Consider a utility function given by

W
u = X{ X5 X3
This can be written implicitly as

1 1 1
- 73 w5 =
f(u, X1, X2, X3) = U X X5 X3 = 0

Now consider some of the partial derivatives arising from th is implicit function. First consider
the marginal rate of substitution of x ; for x,

Tf

T[Xl = ﬂXz
1x ot
2 Tx1

[N

1k d
( 3)x{ X° x3

31 1
(3% %3
4 X1
3 %2
Now consider the marginal rate of substitution of x , for x3

qf

ﬂXZ = Tx3
% It
3 Tx2

1yyd o3y 8
( §)X] X5 Xg

1 3. 2 1
(3)%) %% X3
1 X,
2 X3
Now consider the marginal utility of x »
1t
fTu — _Tx2
X 1f
ix2 T

Ivod o 5 B
( 3)X] %% X3

2. THE GENERAL IMPLICIT FUNCTION THEOREM WITH P INDEPENDENT VAR IABLES AND M
IMPLICIT EQUATIONS

2.1. Motivation for implicit function theorem. We are often interested in solving implicit systems
of equations for m variables, from the set of variables X 1, X2, ..., Xn, Xm+1 ..., Xm+ pin terms of p
of the variables where there are a minimum of m equations in th e system. We typically label the
variables Xm+ 1, Xm+2, .-+, Xm+p @S Y1, Y2, ..., Yp. We are frequently interested in the derivatives

%} where it is implicit that all other x | and all y- are held constant. The conditions guaranteeing
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that we can solve for m of the variables in terms of p variables along with a formula for computing
derivatives are given by the implicit function theorem.

One motivation for the implicit function theorem is that we ¢ an eliminate m variables from
a constrained optimization problem using the constraint eq uations. In this way the constrained
problem is converted to an unconstrained problem and we can u se the results on unconstrained
problems to determine a solution.

2.2. Description of a system of equations. Suppose that we have m equations depending on m +
p variables (parameters) written in implicit form as follow s

f 1 (Xll X2| ’ Xm, yll y2| [l Yp) - O

f2 (Xli XZI 1 Xm, yll y2| ) yp) - O
(17)

: =0

f m(Xla X2, » Xm, Y1, Y2, ’ Yp) =0

For example with m = 2 and p = 3, we might have
f1(X1, X2, P, Wi, W) = (0.4) px, %6x32  wy =0 (18)
fZ(le X21 pv le W2) = (02) pX84X2 08 W2 = 0

where p, w1 and w are the "independent” variablesy 1, y», and ys.

2.3. Jacobian matrix of the system. The Jacobian matrix of the system in 17 is de ned as matrix of
rst partials as follows

21 10 11,2
X1 %2 1 Xm
Tt  1f2 Tt
J = Tlxl ﬂXZ T Xm (19)
Tfm Tfm Ifm
Tx1 X2 T Xm

This matrix will be of rank m if its determinant is not zero.
2.4. Statement of implicit function theorem.

Theorem 2 (Implicit Function Theorem) . Suppose that; are real-valued functions de ned on a domain
D and continuously differentiable on an open sétDD R™* P, where p> 0 and

fl(xg,xg,...,xom,yg,yg,...,yg) =0
fo(xd X3, ... x5 ¥8 ¥3 ... y8) =0
‘=0 (20)
Fm(G 3, X ¥ ¥3, ¥ = 0
(x° y°%) 2 D

We often write equation 20 as follows

fi(x%y9) =0, i=12...,mandx°y% 2D (21)
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h i
Assume the Jacobian matriw has rank m. Then there exists a neighborhogtk y°)  D?,

anopenset® RP containing y and real valued functiong,, k =1, 2, ..., m, continuously differentiable
on D?, such that the following conditions are satis ed:

x9 = y1(y°)
x3 = ya(y?)
(22)
X = ym(y°)
For every y2 D2, we have
filyu(y), y20¥), .. ym(y), Yo, y2, -..,yp) 0, i=1,2,....m
or (23)
fily(y),y) 0 i=12..m

h i
We also have that for all (x,3 N4(x%, y°), the Jacobian matrix%;‘j‘y) has rank m. Furthermore for

y 2 D?, the partial derivatives of (y) are the solutions of the set of linear equations

é“ Ty (v).y) Tyi(y) _ _fa(y(¥).y)

k=1 fixi flyj fyj

ém Tfaly (v).y) yi(y) _ _9fa(y(¥).y)

= 7 i (24)
é'{‘ Ty (y).y) yi(y) _ _ TEm(y(y).y)

k1 Ty i

We can write equation 24 in the following alternative manner

m . .
k=1 Tixi Ty; Ty
or perhaps most usefully as the following matrix equation
2 1f,  1fy 1f, 3 211>:|11(y)3 2 'ﬂfl'%y(y),y)3

T Tx Txm Yi i

iy 1t 1137 8 1yl 2y (1) )

fixg 1 ?(2 1Xm ﬂ?’j — ﬂ?’j (26)
Tin  Ifm I fym(y) T m(y (4).)

Tx1 %2 1 Xm ﬂyj ﬂyj

This of course implies
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2 3 2 3
flya(y) 2 T, 9f, 1t 3 179ty y)
Ty < Tx TXm ;i
fly2(y) 1f2  1f2 1f2 It 2(y (v).y)
W o7 = Tx1  Txe Txm ; (27)
Tym(y) Tm  fm Tm Tt m(y (¥).y)
ﬂyj Tle TIXZ TXm ‘ﬂyJ

We can expand equation 27 to cover the derivatives with cespe¢he other y by expanding the matrix
equation

2o, 1) i S 24, g, 1,3 1% IO RO w3
vy 2 p ™ 1% T 2 e p
Tya(y) Tya(y) Tya(y) 1f2  1ff2 1fs 1t z(y(y) y)  Tfay(n)y) T2y (0).y)
Ty1 Ty2 T Typ - Txq Txo Xm Ty2 T Typ
Wn®») el Tym®) Tn  fm fm 1t m(y QR nY®Y)  TayO)y)
1 fy2 T Vo fixx  fix2 Txm 1y2 T yp
(28)
2.5. Some intuition for derivatives computed using the implicit function theorem. To see the

intuition of equation 24, take the total derivative of f; in equation 23 with respecttoy ; as follows

filys(y), y20y). . ym(y).y) =
i Tys o 6 iy o 9fi Tym | TR (29)
ﬂyl Tyj ﬂYZ Tyj fym Ty; Ty
and then move 'n_yj to the right hand side of the equation. Then perform a similar task for the
other equations to obtain m equations in the m partial deriva tives, % = ]I]T_ilql
For the case of only one implicit equation 24 reduces to
o fif ' y) 1 1f )
2 (), y) Tyk(y) _ y(y).y) (30)

k1 X i Tyj

If there is only one equation, we can solve for only one of the x variables in terms of the other x
variables and the p y variables and obtain only one implicit d erivative.

MOy vy - K.Y (31)
fxk Ty fy;
which can be rewritten as
Ty (). y)
ﬂ)’k()’) — ﬂyj (32)
2\ v,y
Xk

This is more or less the same as equation 4.

If there are only two variables, x ; and X, where X, is now like y 1, we obtain
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I (yi(x2),x2) Tya(x2) _  Tf (yi(x2),X2)

X4 ™ 2
T (ya(x2) %2) (33)
) X2 _ Ty1(x2) _ #
%o %2 Tt (ya(x2).X2)
X1

which is like the example in section 1.2.1 where f takes the place of f.

2.6. Examples.

2.6.1. One implicit equation with three variables.
f(x%,x%,y% =0 (34)

The implicit function theorem says that we can solve equatio n 34 for xg as a function of xg and

yO ie.,
x§ = yi(x3, y°) (35)
and that
f(yi(x2,y), x2,y) = 0 (36)
The theorem then says that
T (yalx2, ¥), X2, ¥) ys _ T (ya(x2, ¥), X2, ¥)
ixa ix2 fixz
) Tf(ya(x2 y), X2, y) Txalxe, y) _  If(ya(xa y), X2, y)
i1 ixo ixz (37)
Tt (ya(x2,¥), X2, y)
) Xa(x2,y) _ +22
X2 Tt (ya(x2,¥), x2,Y)
ixa
2.6.2. Production function example.
FOxd %8 y%) = 0
0 0 ,0 (38)
y f(x3, x3) = O
The theorem says that we can solve the equation for x(l).
x§ = y1(x3, y°) (39)
It is also true that
f(yilx2, y), x2,y) = 0
(40)

y  f(yi(x2,y),x2) =0

Now compute the relevant derivatives
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Tflya(x2 y), X2 y) _  Tf(ya(x2 y).x2)
X X
Txe Txa (41)
Tflya(x2 y), X2 y) _  Tf(ya(x2 ¥).x2)
ixz fix2
The theorem then says that
fIf (ya(x2,¥), X2, ¥) 3
ﬂxl(X21 y) - 4 Tx2
X2 It (ya(x2,¥), X2,¥)
fxa 3
ﬂf(yl(ﬂX21y)!X2)
= 4____ ™ 5
T (ya(x2,¥) X2) (42)
X1

I (y1(x2,¥) X2)
— Tx2

1f (y 1(X2! y) 1X2)
Txa

2.7. General example with two equations and three variables.  Consider the following system of
equations

fi(Xy, X2, y) =3x3 + 2x, + 4y = 0
(43)
fo(Xy, X0, y) =4x1+ X+ y =10
The Jacobian is given by
o 3 2
i i T 4 1 (44)
X X2

We can solve system 43 for x and x, as functions of y. Move y to the right hand side in each
equation.

X1 + 2xp = 4y (45a)
X1 + Xop =y (45b)
Now solve equation 45b for X »
X = Yy 4xg (46)
Substitute the solution to equation 46 into equation 45a and simplify
X+ 2(y 4x)) = 4y
) 3xg 2y 8xy = 4y
) bx; = 2y (47)

2
) X1 = gy = yaly)
Substitute the solution to equation 47 into equation 46 and s implify
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2
X2 =y 4 gy
5 8
= 2 e (48)
) X2 =y Y
13
= gy = y2y)
If we substitute these expressions for x; and X, into equation 43 we obtain
2 13 2 13
= = =3 Zy + =y +
froogy. vy 3gy v2 Ty tdy
6 26 20
-0 £, 4 Y (49)
¥ Y7 EY
20 20
= 5 + gy =0
and
f g 1_3 4 g + 1_ +
2 5)’ g Y, 5y 5 y y
8 13 5
=2 Sy o+ S (50)
7 BY7 5
_ 13 13
-5y YT 0
Furthermore
fyas _ 2
fy 5
(51)
Ty: . 13
Ty 5
We can solve for these partial derivatives using equation 24 as follows
e Ty | Tf1 Tyo fif 4
- - - 4 - 7f = 52a
ixy Ty ixa Ty y 522
Mtz y: . T2 Ty2 fif 2
e L, B2 Y2 52b
ixy Ty ixz Ty fly (520)
Now substitute in the derivatives of f; and f , with respectto x 1, Xo, and y.
ya fly2
3=+ 222 = 4 53a
iy fly (532)
fly1 fy2
421+ 122 = 1 53b
fiy y (530)

Solve equation 53b for ﬂﬂ—{f
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fy2 fy1
22 = 1 422 54
y iy (4)
Now substitute the answer from equation 54 into equation 53a
fy1 fy1
3—+ 2 1 42 = 4
Ty iy
) 3M 2 8M = 4
fly fiy
q (55)
Y1
5—-—== 2
) Ty
) M = g
fy 5
If we substitute equation 55 into equation 54 we obtain
fly2 flya
2 = 1 4_
fly fiy
fly2 2
22 = 1 4 = (56)
) W 5
.5 8_ 13
-5 5 5

We could also do this by inverting the matrix.

2.7.1. Pro t maximization example 1.Consider the system in equation 18. We can solve this system
of m implicit equations for all m of the x variables as functio ns of the p independent (y) variables.

Speci cally, we can solve the two equations for x 1 and X, as functions of p, w1, and wy, i.e., X
=y1(p, W1, Wy ) and Xo = yo(p, W1, Wo ). We can also nd %—?and%—’g, that is "]"—’;‘ , from the
following two equations derived from equation 18 which is re peated here.

f1(X1, X2, Py Wi, Wp) = (0.4 px,°®x32 wy =0
fa(xw, X2, p, Wi, W2) = (0.2 px)¥x, 8wy = 0

h h [

( 029 px, 1'6xg'2| Ty, (0.08 px, %6x, 08 % = (0.4 x,%6x3?
h 0, os Txi I 04, 18 ﬂxpz 04, 08 7)
(0.08 px; “°x, T + (019 px;Tx, T = (0.2 x7"x, ™
We can write this in matrix form as
(024 px, 1x32  (0.08 px, *x, 08 1%1# _ (0.4) x, ©8 Xg.z# )
(0.09 px, %%x,%8 (0.1 px4x, 18 %—% (0.2 x94x, 98
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2.7.2. Pro t maximization example 2 Let the production function for a rm be given by

y = 14 + 1lxp X2 x5 (59)

Pro t for the rm is given by

p =py WwiXp Wao X2

60
p(laxy + 11xp; X2 x3)  Wix; WaXp (60)

The rst order conditions for pro t maximization imply that

p = 14px + 11pxe  pPXf  PX5  WiXy WaXp

EL]
©

=fy=14p 2pxy w; =0 (61)

—a =4
s X
|
|
o

fo =11p 2pxy Wy =

=
X
N

We can solve the rst equation for x 1 as follows

1
X1
) 2pxg

14p 2px; wp = 0

14p wq
1l4p  w;p (62)

2p
W1

2p

) X1

=7
In a similar manner we can nd x » from the second equation

p
— =11 2p X wy, = 0
1%, p p X2 2
) 2px=1lp w;
11p  wy (63)

2p
_ wy
=55 2p

) X2 =

We can nd the derivatives of x ; and x, with respect to p, w ; and w, directly as follows:
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X1

X2

1x1

ip
Txqy
Twy
Txy
Twa
Tx2

ip
Tx2
Two
Tx2
Two

13

(64)

We can also nd these derivatives using the implicit functio n theorem. The two implicit equa-

tions are

f1(X1, X2, P, W1, Wp)
fo(X1, X2 P, W1, Wp)

0
0

14p
11p

2p X1
2p X2

. (65)

W2

First we check the Jacobian of the system. It is obtained by differentiating f 1 and f , with respect

to x4 and x, as follows

f
X1
AP
X1

=
i

The determinant is 4p2 which is positive.
implicit function theorem. The theorem says

#
11
T 2 0
1 — p
ﬁ h 0 2p (66)
Tx2

Now we have two equations we can solve usin g the

m . .
é ﬂfl(g(y)v y) ﬂgk(y) - ﬂfl(y(y)a y) , | - 1, 2, (67)
k1 X i i
For the case of two equations we obtain
Tt | e ff
x1 Tp x2 Tp p
(68)
ixe Tp ixa Tp fip
We can write this in matrix form as follows
REITRRE TR A R ﬂﬂ_fl#
s 12 o = 1 (69)
Tx1  Txz e e
Solving for 1]"—Xp1 and "]"—sz we obtain
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RS R L (L
LA [ [ 11 (70)
fp Tx1  Tx2 p
We can compute the various partial derivatives of f as follows
f1(Xq, X2, pyWy, W) = 14p  2px; wy; = 0
111
- - = 2
X1 P
f
M =0
%2
f
LILE QU 2%,
ip (71)
fa(xy, X2 p, Wy, W) = 11p 2px; w2 = 0
f
M - 0
X1
1f2
—_ < = 2
%2 P
f
AIAE QP 25
ip
Now writing out the system we obtain for the case at hand we obt ain
) %# T ﬂﬂ_fl#
p - 1 1 p
L (R (F 12 (72)
p Tx1  Tx2 p
Now substitute in the elements of the inverse matrix
Ix 1
™ - 2p O 2x, 14 (73)
Txp 0 2p 2x, 11
Tp
If we then invert the matrix we obtain
" # " #
T o % 0 2x 14
= 1
1%_);)2 0 % 2X2 11
" # (74)
7 X1
= p
55 X2
p
Given that
X1 =7 Swip 1
L (75)
X2 =55 S wap 1

we obtain
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p p

7 (7 Fwip Y

p
1 2
) Wi p
(76)

xa2 _ 55 Xz
p p

_ 55 (55 Jwyp Y

p
_1 2
=5 W2 p
which is the same as before.
. . . . . .. . . . TIX ﬂx TIX ﬂx
2.7.3. Pro t maximization example 3 Verify the implicit function theorem derivatives ."—Wll ﬂ—wlz ."—Wzl ﬂ—v\fz

for the pro t maximization example 2.

2.7.4. Pro t maximization example 4A rm sells its output into a perfectly competitive marketan d
faces a xed price p. It hires labor in a competitive labor mar ket at a wage w, and rents capital in
a competitive capital market at rental rate r. The productio n is f(L, K). The production function is
strictly concave. The rm seeks to maximize its pro ts which  are

p = pf(L,K) wL rK (77)
The rst-order conditions for pro t maximization are

pL=pfi(L,K) w=0 79)
pk=pfk(L,K) r=0
This gives two implicit equations for K and L. The second orde r conditions are
p Tp Tp ?p *
W(L ,K) <0, TR TR > Qat(L , K) (79)
We can compute these derivatives as
Pp _fpf(L.K) w) _
wz - L = P
T T(pfk(L , K r
ERRSICUICELS RN 0)
Tp _T(pA(L.K) w) _ ot
TLIK 1K KL

The rst of the second order conditions is satis ed by concav ity of f. We then write the second
condition as
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D = pfic pfik >0

pfkL pfkk
) o2 fie fuk o 0 (81)
fkr  fkk

) PA(fu fkk  fke fik) > O
The expression is positive or at least non-negative becausef is assumed to be strictly concave.

Now we wish to determine the effects on input demands, L and K , of changes in the input
prices. Using the implicit function theorem in nding the pa rtial derivatives with respect to w, we
obtain for the rst equation

— + K + =0
PLL Tw PLk Tw PLw = ©2)
ML 1K
- + - =
) pf Tw P fL Tw 1=0
For the second equation we obtain
1K
pKL.”—W + Pkk Tw + pkw = 0 ©3)
1L 1K
) prLﬂ—W + prKﬂ—W =
We can write this in matrix form as
pfii pfik  TL/Tw  _ 1 (84)
pfke  pfux K /7w 0
Using Cramer's rule, we then have the comparative-statics r esults
1 pfix
i _ 0 phki _ pfkk
Tw D D (85)
pfi. 1
K _ pfkc 0 _ pfa
fiw D D

The sign of the rst is negative because fxx < 0 and D > 0 from the second-order conditions.
Thus, the demand curve for labor has a negative slope. However, in order to sign the effect of a
change in the wage rate on the demand for capital, we need to kn ow the sign of f ¢, the effect of a
change in the labor input on the marginal product of capital. We can derive the effects of a change
in the rental rate of capital in a similar way.

2.7.5. Pro t maximization example 5Let the production function be Cobb-Douglas of the form y =
L2 KP . Find the comparative-static effects L / fw and K / fw. Pro ts are given by

pf(L, K) wL K
pL2KP  wL K
The rst-order conditions are for pro t maximization are

P (86)
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pL =apl? 'k w=o0

87
pk = bpl2kP ' r =0 (67)
This gives two implicit equations for K and L. The second orde r conditions are
2
p p 1Pp p
< S L >
L2 (L, K) 0, L2 K2 TS OQat(L ,K) (88)
We can compute these derivatives as
ﬂz P _ a 2ib
e a(a 1plL K
Tp agb 2 89
e b(b 1)plL®K (89)
Tp _ a 1pb 1
TLIK - abplL K

The rst of the second order conditions is satis ed as long as a, b < 1. We can write the second
condition as

a(a 1) plL2 2kb abpLa 1kb 1

= >
D apra le 1 b(b 1)pLaKb 2 0 (90)
We can simplify D as follows
b - a( 1) pLa 2kb abpLa 1gb 1
abpl®d 1kP 1 b(b 1) plLakP 2
_ 5, a(a 1)La 2P abL2 1kb 1
- abLa 1kgb 1 b(b 1) LakKb 2 _
i
=p? ab(a 1(b 1L® 2KkbLaKP 2 g2p2 28 2g2d 2 (91)
h [
=p? abL? 2K"LaK" 2((a 1(b 1) ab)
h [
=p® abl® 2KPL2KP 2(ab b a+ 1 ab)
h [
=p? ablL? 2KPL2KP 2(1 a b)
The condition is then that
D = p?abL®?k?® 21 a b)) >0 (92)

This will be true if a+b < 1.

Now we wish to determine the effects on input demands, L and K , of changes in the input
prices. Using the implicit function theorem in nding the pa rtial derivatives with respect to w, we
obtain for the rst equation
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L 1K

pLLﬂ—W+ pLK."—W"‘ Pw =0
qL 1K (93)
a 2xgb 1= a 1lpb 1 -
) a(a 1) plL K Tw abplL K Tw 0
For the second equation we obtain
K _
pKLﬂ—W + pKKﬂ—W + Pkw = O 04)
L 1K
La 1gb 1ﬂ_+ NplLake 2™ -
) abp qw T o Dp qw 0
We can write this in matrix form as
a(a 1)pl2 2P abplL? 1kb 1 L / w _ 1 (95)
abpl? 1kKP 1 pb(b 1) plLakb 2 K / Tw -0
Using Cramer's rule, we then have the comparative-statics r esults
1 abplLd 1kb 1
L _ 0 b(b 1pLK*> 2 p(b 1plL3KP 2
w D - D
(96)
a(a 1pl? 2kb 1
K abplL2 1kb 1 0 _  abplLad kb 1

fiw D D
The sign of ﬂniw is negative becausepb (b 1) L2KP 2 < 0(b< 1),andD > 0 by the second
order conditions. The cross partial derivative ﬂﬂKW is also less than zero becauspablL® 1KP 1> 0
and D > 0. So, for the case of a two-input Cobb-Douglas production fu nction, an increase in the
wage unambiguously reduces the demand for capital.

3. TANGENTS TO (E(X1,X2,...,) = CAND PROPERTIES OF THEGRADIENT

3.1. Direction numbers.

A direction in <2 is determined by an ordered pair of two numbers (a,b), not bot h zero, called
direction numbers. The direction corresponds to all lines p arallel to the line through the origin (0,0)
and the point (a,b). The direction numbers (a,b) and the dire ction numbers (ra,rb) determine the
same direction, for any nonzeror.

A direction in <" is determined by an ordered n-tuple of numbers xg, xg, ....x8 , not all zero,

called direction numbers. The direction corresponds to all lines parallel to the line through the
origin (0,0, ... ,0) and the point x?,x3,...,x3 . The direction numbers x?,x3,...,x3 and the
direction numbers rxg’, rxg, ...,rx9 determine the same direction, for any nonzero r. If pick an r
in the following way.

jri = @ = o (97)
02+ (xP2 + ...+ (xP2

1 1
X

then
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0

X1
cosg; = §
(x)2 + (x)? + ... + (x])?
0
cosgy = & 2
(x92 + (xP2 + ...+ (xR)2
x0
cosgn = § n
(x92 + (xP2 + ...+ (xR)2

where g;j is the angle of the vector running through the origin and the p oint x9,
the x; axis. With this choice of r, the direction numbers (ra,rb) ar e just the cosines of the angles
that the line makes with the positive x 1,x, ... and x, axes. These anglegy;, g>, ...
the direction angles, and their cosines (cogg1],codgs],...) are called the direction cosines of that

direction. See gure 1. They satisfy

cos’[g1] + cos?[go] + ...+ cosf[gn] = 1

FIGURE 1. Direction numbers as cosines of vector angles with the respective axes

From equation 98, we can also write



20 THE IMPLICIT FUNCTION THEOREM

x0 = x9x3,...x% = jx%codgy], ix% codgy], - .. ,jx% codgn .
= jx% (codg1], codgal, . . ., codgn])
Therefore
1
——x% = (codg],codgz],. . .,codgn]) (100)

jx9

which says that the direction cosines of x© are the components of the unit vector in the direction
of x°.

Theorem 3. If qis the angle between the vectarandb, then

a b= jgjbj cosq (101)

3.2. Planesin <".

3.2.1. Planes through the originA plane through the originin <" is given implicitly by the equation

pok =0
(102)
PopiXg + paXg + ...+ paXn =0
3.2.2. More general planes ia". A plane in <" through the point x(l), xg, ...,x8 is given implicitly
by the equation
po(x x% =0
o o o (103)
Popa(xa xp) + pa(xe x3) + ...+ pa(Xn  Xp) =
We say that the vector p is orthogonal to the vector x  x° or
2 3
X1 xg
X2 X5
PL P2 ... Pn : =0 (104)
Xn X9
The coef cients [p 1,p2, - - - , pn] are the direction numbers of a line L passing through the poi nt

x0 or alternatively they are the coordinates of a point on a line through the origin that is parallel to
L. If p4is equal to -1, we can write equation 104 as follows

xi X} = paxa XY+ pax2 X + ...+ pa(xn x2) (105)
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3.3. The general equation for a tangent hyperplane.

Theorem 4. Suppose® < Misopen, x9,x3,...,x§ 2 DL, f : D! < liscontinuously differentiable,
and Df x9,x3,...,x3 & 0. Supposé x9,x3,...,x3 = c Then consider the level surface of the
functionf (x1,Xz,...,xn) = f x9,x3,...,x8 = c. Denote this level service by Mf= L(f cg) which
consists all all values dfxq, Xo, . ..,Xn) such thatf (xq,X2,...,Xn) = c. Then the tangent hyperplane at

x2,x3,...,x3 of Mis given by

ToM = fx2<":Df (x%(x x% = 0g (106)

thatisr f (x%) is nomal to the tangent hyperplane.

Proof. BecauseDf (x°) 6 0, we may assume without loss of generality that .I}]—;l(xo) 6 0. Ap-
ply the implicit function theorem (Theorem 1) to the functio n f ¢ We then know that the
level set can be expressed as a graph of the function x = y1(Xp,X3,...,Xn) for some continu-
ous function y;. Now the tangent plane to the graph x 1 = y1(X2, Xs, ...,Xn) at the point x° =
[y1(x9,x3,...,x8),x9,x3, ...x3] is the graph of the gradient D y1(x3, X3, ..., »P) translated so that
it passes through x°. Using equation 105 where 12 x9,x9, ... x9 are the direction numbers we

. ﬂxk
obtain

n
fly1
1 x¥=§ T x3,x9, X8 (xk xD) (107)
k=2

Now make the substitution from equation 4 in equation 107 to o btain

b0 0888 )
0 _- 28 Xk A 0
S Sl S o e G
- x1
(108)
) 0 11 60 1
k=2
X1
Rearrange equation 108 to obtain
g f 0 f 0
a '"‘”(XX)(Xk x0) + '"‘”(XX)(X1 x?) = DF(xXO)(x x% = 0 (109)
k=2 k 1
3.4. Example. Consider a function
y = f (X11 X2, ’ Xn) (110)
evaluated at the point (x9, x9,  , x9)
Y= 09 LX) (111)

The equation of the hyperplane tangent to the surface at this point is given by
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T f 0 qf

oy - Tf 0 0
= —(x Xi) + — (x X3) + + — (X X
v ¥ = 0 )+ ebe x) i, (%0 n)
1f 0 1f 0 ff 0 0
— (X X1) + — (x X5) + + —— (X X =0
) O D gl ) e G R GRS
1f qf qf
) fxuxa,  xn) = FOEX3, L x0)+ ﬂ71(X1 x) + ﬂTZ(XZ X9) + + ﬂ—Xn(Xn x9)
(112)
where the partial derivatives #—; are evaluated at ( x9, xg, , x2) . We can also write this as
f(x) f(x9=rfx0)x x9 (113)
Compare this to the tangent equation with one variable
f(x%) = FxXO(x  x°
y (x) () ( ) (114)
) y=100)+ OO (x X9
and the tangent plane with two variables
y 08D = e )+ e 1)
ixa fixz
0t 0 (115)
)y =089 + e D) -l X))

3.5. Vector functions of a real variable. Let Xy, Xo, ... ,%, be functions of a variable t de ned on an
interval | and write

x(t) = (xa(t), x2(t), ..., xn(t)) (116)

The function t | x(t) is a transformation from R to R " and is called a vector function of a real

variable. As x runs through I, x(t) traces out a set of points i n n-space called a curve. In particular,
if we put

x1(t) = x¥ + tag, xa(t) = X3 + tay, , xn(t) = x% + tag (117)
the resulting curve is a straight line in n-space. It passes through the point x° = ( x%, x3, , x3)
att=0, and it is in the direction of the vector a = ( ay, ap, , @1 ). We can de ne the derivative
of x(t) as
dx _ _ dxq(t) dxo(t) d xn(t)
ar - X = dt ' dt ' ' dt (118)

If K is a curve in n-space traced out by x(t), then x (t) can be interpreted as a vector tangent to K
at the point t.

3.6. Tangent vectors.

Consider the function r(t) = ( x1(t), xo(t), ,xn(t)) anditsderivative r (t) = ( x1(t), xo(t), ..., xn(t)).
This function traces out a curve in R". We can call the curve K. For xed t,

rit+ h) ()
h

r(t) = hIi!m0 (119)
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If r (t) & 0, then for t + h close enough to t, the vector r(t+h) - r(t) will not be zero. As htends to 0,

the quantity r(t+h) - r(t) will come closer and closer to serv ing as a direction vector for the tangent
to the curve at the point P. This can be seen in gure 2

FIGURE 2. Tangentto a Curve

X

X

It may be tempting to take this difference as approximation o f the direction of the tangent and
then take the limit

hIi!m0 [r(t+ h) r((t)] (120)

and call the limit the direction vector for the tangent. Butt he limit is zero and the zero vector
has no direction. Instead we use the a vector that for small h h as a greater length, that is we use

rit+ h)  r()

121
- (121)
For any real number h, this vector is parallel to r(t+h) - r(t) . Therefore its limit
+
r(v = lim - trh r{t) (122)

h

can be taken as a direction vector for the tangent line.
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3.7. Tangent lines, level curves and gradients. Consider the equation

f (X) = f (Xll X2! 1 Xn) = C (123)
which de nes a level curve for the function f. Let x° = ( x9, x§, , xX3) be a point on the
surface and let x (t) = ( x1(t), x2(t), , Xn(t)) represent a differentiable curve K lying on the

surface and passing through x° at t = t. Because K lies on the surface, f [x(t)] = f [X1(t), X2(1), ,,, Xn(D)]
= c for all t. Now differentiate equation 123 with respect to t

TEO Txa , T(X) Txe L TH() Tx2

=0
ixa 1t ixa Tt fixg 1t (124)
yro f(x% x(@% =0
Because the vectorx (t) = ( xq(t), x2(t), , Xn(1)) has the same direction as the tangent to

the curve K at x°, the gradient of f is orthogonal to the curve K at the point x ©.

Theorem 5. Suppose f(x Xo, ..., Xp) is continuous and differentiable in a domain A and suppdss t
X=(X1, X2, - . ., Xn) 2 A. The gradient

A L L L
X" Tx2" " xn
has the following properties at points x wheré(x) 6 0.
(1) r f(x) is orthogonal to the level surfacesf(xo, . . ., Xn) = C.

(2) r f(x) points in the direction of the steepest increase on f.
(3) jir f(x)jj is the value of the directional derivative in the directidist@epest increase.



THE IMPLICIT FUNCTION THEOREM

REFERENCES

[1] Hadley, G. Linear AlgebraReading, MA: Addison-Wesley, 1961.
[2] Sydsaeter, Knut. Topics in Mathematical Analysis for Economisiew York: Academic Press, 1981.

25



