CHARACTERISTIC ROOTS AND VECTORS

1. DEFINITION OF CHARACTERISTIC ROOTS AND VECTORS

1.1. Statement of the characteristic root problem. Find values of a scalar A for which there exist
vectors x # 0 satisfying

Ax = Iz 1)

where A is a given nth order matrix. The values of A that solve the equation are called the
characteristic roots or eigenvalues of the matrix A. To solve the problem rewrite the equation as

Ax = \x = Mz

S M- Az =0 340 @

For a given A, any x which satisfies 1 will satisfy 2. This gives a set of n homogeneous equations
in n unknowns. The set of x’s for which the equation is true is called the null space of the matrix
(M — A). This equation can have a non-trivial solution iff the matrix (AI — A) is singular. This
equation is called the characteristic or the determinantal equation of the matrix A. To see why the
matrix must be singular consider a simple 2x2 case. First solve the system for

Ar =0
= a;1x1 + apgze =0
a1 x1 + assxo =0 (3)
a12 T2
= T = —
ail

Now substitute z; in the second equation

a12 T2
—asz + a2 xy =0
a11
a21 a12
= Z2 (CL22 - — ] =0
a11
a21 a12
= x9 = Oor (agg—— =0 )
a11

If xg # Othen (a22 — a21a12> =0

a11

= |A] =0
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1.2. Determinantal equation used in solving the characteristic root problem. Now consider the
singularity condition in more detail

(M — Az =0
= |AM - A| =0

A—air  —aip - —Q1n (5)
—a21 A—ag - —Q2n
= . . . . =0
—Qan1l —Qan2 T )\ — Qpn

This equation is a polynomial in A since the formula for the determinant is a sum containing
n! terms, each of which is a product of n elements, one element from each column of A. The
fundamental polynomials are given as

IM — A] = A" + by A" 4 by oA 72 oo+ b+ b (6)

This is obvious since each row of |AI — A| contributes one and only one power of A as the deter-
minant is expanded. Only when the permutation is such that column included for each row is the
same one will each term contain ), giving A". Other permutations will give lesser powers and b
comes from the product of the terms on the diagonal (not containing ) of A with other members
of the matrix. The fact that by comes from all the terms not involving A implies that it is equal to

| — Al

Consider a 2x2 example

N — A = A—air  —a
—a21 A —az
= (A —a11)(\ —a22) — (a12a21)
=2 — ap\ —ag) +ajiazn — ajza
=A% + (—a1; —ag)\ +aiax —apan @
=A% — X(ay1 + ag2) + (a11aze — ayaz)
=X+ biA + bo
bo =| — A

Consider also a 3x3 example where we find the determinant using the expansion of the first row

A—an —a12 —a13
| AN — A| = —ag1 A — a9 —ags
—as1 —azz A —as3
A — a2 —a23 —a21 —a23 —a21 A — a2
= ()\ — all) )\ =+ a2 )\ — Qa
—as2 — ass —asi — as3 —asi —as2

)

Now expand each of the three determinants in equation 8. We start with the first term
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A—az2  —az23

(A —a1) = —an) [N — Xass — Xax + azass — azsas: |

—as2 A —ass
= (A —a11) [N’ = A(ass +aze) + axass — azsas2) |
=A% = N (@33 + a22) + A (azea33 — azzazz) — Nain + a1 (ass + azz) — a1 (azeass — azzasz)

32
=X — X" (a11 + a2 + asz) + A (a1 ass + a11az2 + azeass — azsase) — a11a22a33 + a11G23032

)

Now the second term

—a21 —a23

a12 =a12 |[—Aa21 + az1a33 — azzas;
—az1 A —ass [ ] (10)
= —Aai2a21 + @12021 033 — Q12 (23 a31

Now the third term

—a A —a

—a13 >t 2| = - a13 [CL21 asz + Aazi — a2 CL31]
—azy  —as2 11)

= —ai13a21a32 — A@13a31 + 1302231

Now combine the three expressions to obtain

A—an —a12 —a13
|)\I — A| = —a91 )\ — ag2 —ag3
—asi —az2 A —as3

3 2
=X — A (a11 + a2 + as3) + A (a11a33 + ar11a22 + a22a33 — a23a32) — A11022a33 + 11623032
— Aa12021 + 12021033 — G12023031

— (13021032 — AA130431 + G13022031

=X - A2 (a11 + a2z + asz) + A (ar1a33 + a11a22 + a22a33 — a23G32 — Q12021 — G13031)
— 11022033 + A11023032 + 12021033 — 012023031 — 13021032 + 413022031
(12)
The first term will be \?, the others will give polynomials in A%, and A. Note that the constant
term is the negative of the determinant of A.

1.3. Fundamental theorem of algebra.
1.3.1. Statement of Fundamental Theorem Theorem of Algebra.

Theorem 1. Any polynomial p(x) of degree at least 1, with complex coefficients has at least one zero z (i.e., z
is a root of the equation p(x) = 0 among the complex numbers. Further, if z is a zero of p(x), then x - z divides
p(x) and p(x) = (x-z)q(x), where q(x) is a polynomial with complex coefficients, whose degree is 1 smaller
than p.

What this says is that we can write the polynomial as a product of (x-z) and a term which is a
polynomial of one less degree than p(x). For example if p(x) is a polynomial of degree 4 then we
can write it as

p(x) = (x — 1) * (polynomial with power no greater than 3) (13)
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where 2, is a root of the equation. Given that q(x) is a polynomial and if it is of degree greater
than one, then we can write it in a similar fashion as

q(xz) = (v — x2) * (polynomial with power no greater than 2) (14)

where x5 is a root of the equation q(x) = 0. This then implies that p(x) can be written as
p(x) = (x —x1) (x — x2) * (polynomial with power no greater than 2) (15)

or continuing

p(x) = (x —x1) (x — x2) (x — x3) * (polynomial with power no greater than 1) (16)

p(x) = (x —x1) (& — 22) (x — x3) (x — x4) * (term not containing x) 17)

If we set this equation equal to zero, it implies that

p(x) = (x—x1) (x —22) (x —x3) (x —24) = 0 (18)
1.3.2. Example of Fundamental Theorem Theorem of Algebra. Consider the equation

p(t) = t3 — 6t + 11t — 6 (19)

This has roots t! =1, t? = 2, t3 =3. Consider then that we can write the equation as (t-1)q(t) as
follows

p(t) = (t—1)(t* — 5t + 6)
=t3 — 5t + 6t — t> + 5t — 6 (20)
=t — 6t + 11t — 6

Now carry this one step further as
q(t) =t — 5t + 6

=@{t—2)s(t) = (t—2)(t—3) (21)
(t — t1)(t — ta)(t — t3)

= p(t)

1.3.3. Theorem that Follows from the Fundamental Theorem Theorem of Algebra.

Theorem 2. A polynomial of degree n > 1 with complex coefficients has, counting multiplicities, exactly
n zeroes among the complex numbers.

The multiplicity of a root z of p(x) = 0 is the largest integer k for which (x-z)* divides p(x), that
is, the number of times z occurs as a root of p(x) = 0. If z has a multiplicity of 2, then it is counted
twice (2 times) toward the number n of roots of p(x) = 0.
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1.3.4. First example of theorem 2. Consider the polynomial

p(t) = t* — 61 + 11t — 6
If we divide this by (t-1) we obtain

p(t)  (* — 62 + 11t — 6)
(t—1) (t—1)

=12 -5t +6
=(t —2)(t - 3)

which is not divisible by (t-1), so the multiplicity of the root 1 is 1.

1.3.5. Second example of theorem 2. Consider the polynomial

p(t) = 2 — 5t + 8t — 4
One root of this is 2 because
p(t) =t — 5t + 8t — 4
=23 — 5%22 4 8x2 — 4
=8 —204+16 —4 =0
If we divide the polynomial by (t-2) we obtain

p(t)  t* — 517 + 8t — 4

(t—2) (t—2)
=2 -3t + 2
=(t-2)(t—1)

which is divisible by (t-2) so the multiplicity of the root 2 is 2.

(22)

(23)

(24)

(25)

(26)

1.3.6. factoring nth degree polynomials. An nth degree polynomial f(\) can be written in factored

form using the solutions of the equation f(\) = 0 as

JOA) =(A = A)A = A2) - (A= X) =0

n

=[[(x=x) =0

=1

If we multiply this out for the special case when the polynomial is of degree 4 we obtain

FO) = (A =2 = X)X = M)A = A)
= (A — Ay) * term containing no power of A larger than 3

= AL = X2)A = A3)(A = Mg — A [(A = A)(A = A3)(A — A4

(27)
0
0 (28)
0

Examining equation 27 or equation 28, we can see that we will eventually end up with a sum of
n terms, the first being \?, the second being A*> multiplied by a term involving A1, A2, A3, and A4, the
third being A* multiplied by a term involving A1, A2, A3, and A4, and so on until the last term which
will be Hle Ai. Completing the computations for the 4th degree polynomial will yield
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FON) =M E X3 (=M =X — A3 —\y)
+ A2(A1 A2 + AtAs + Aods 4+ A Aadads + Ashy)
+ A=A A2 — Adods — Aidshs — Aoz ) 4+ (AtAgAshg) = 0

(29)
=AM A A+ )
+ A2 (A1 A2 + At Az + a3 + A s + Ao g + Azha)
— AALA2A3 + A1 Ao As + A Az As 4+ Ao dsAy) + (A1 A2Az ) =0
We can write this in an alternative way as follows
FON) =2 = Xl N
+ A iz
(30)
= A Bk N Ak
+ (D), N =0
Similarly for polynomials of degree 2, 3 and 5, we find
FON) =X = AZi A
+ (-1 A = 0 (31a)
FOA) =X = N8\
FAXi5N0 (31b)
+ (-1’ A =0
FOO) =X = M8 N
+ )\3 Ei;ﬁj)\i)\j (31C)
= A% Sk NN Ak
+ At Nitj £k NN A g
+ (D' N =0
Now consider the general case.
FO) = A =2)A = A) ... (A= A) =0 (32)

Each product contributing to the power A\* in the expansion is the result of k times choosing A
and n—k times choosing one of the \;. For example, with the first term of a third degree polynomial,
we choose A three times and do not choose any of the \;. For the second term we choose A twice
and each of the \; once. When we choose A once we choose each of the \; twice. The term not
involving A implies that we choose all of the A;. This is of course (A1 A2, A3). Choosing A k times
and \; (n—k) times is a problem in combinatorics. The answer is given by the binomomial formula,
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specifically there are (,",) products with the power A\*. In a cubic, when k = 3, there are no terms
involving A;, when k = 2 there will three terms involving the individual \;, when & = 1 there will
three terms involving the product of two of the )\;, and when k = 0 there will one term involving
the product of three of the A; as can be seen in equation 33.

JOA) =0 = M)A = X)) (A = Ag)
= (A% =2\ = Ao+ A A) (A — \3)
=27 A = A2 AN A — A2 A3+ AN Az 4+ Ado As — A A As
=2 A2 (A 4+ A FA3) FAM A2+ A A3+ Ao As) — A A g

(33)

The coefficient of \* will be the sum of the appropriate products, multiplied by —1 if an odd
number of \; have been chosen. The general case follows

FOA) = = 2D = X2) ... (A = \)
R L e y B
AT,
— ATk NN Ak (34)

AT S ke NN A e

F (1), A = 0

The term not containing A is always (—1)" times the product of the roots (A1, A2, A3, ...) of the
polynomial and term containing A" ! is always (— > i, A; ).

1.3.7. Implications of factoring result for the fundamental determinantal equation 6. The fundamental
equations for computing characteristic roots are

(M — Az =0 (35a)
N — A| =0 (35b)
INL — A| = X" + by A" L 4 by A2 4 o A+ by =0 (35¢)

Equation 35c is just a polynomial in A. If we solve the equation, we will obtain n roots (some
perhaps repeated). Once we find these roots, we can also write equation 35c¢ in factored form using
equation 34. It is useful to write the two forms together.

|)\I —A | =\" +bn71)\n71 +bn72)\n72 + ...+ bt A +by =0 (363.)

I —A|=A" = A"7182 N A2 + (=", N, =0 (36b)

We can then find the coefficients of the various powers of A by comparing the two equations.
For example, b,,_1 = — 37" A\; and by = (—1)" I, A,.
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1.3.8. Implications of theorem 1 and theorem 2. The n roots of a polynomial equation need not all be
different, but if a root is counted the number of times equal to its multiplicity, there are n roots of the
equation. Thus there are n roots of the characteristic equation since it is an nth degree polynomial.
These roots may all be different or some may be the same. The theorem also implies that there can
not be more than n distinct values of X for which [\I — A| = 0. For values of \ different than the
roots of f(\), solutions of the characteristic equation require x = 0. If we set A equal to one of the
roots of the equation, say \;, then |\, — A| = 0.

For example, consider a matrix A as follows

A= (‘2L i) (37)

This implies that

N — A| = (38)

Taking the determinant we obtain

IN — Al =(A—4)(\—4)—4
=X —8\A+12=0

39
=>A-6)A=-2)=0 (39)
=\ = 6, Ay = 2
Now write out equation 39 with A\; =2 as follows
4 2
=)
2—-4 =2
21 - A | |
-2 2-4 (40)
)
-2 =2
=0

1.4. A numerical example of computing characteristic roots (eigenvalues). Consider a simple ex-
ample matrix
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4 4 2
- \3 5
M - A = A—4 -2
-3 A—5
=A—4)(A=5)—6 (41)

=X — 4\ — 5\ 4+ 20 -6
=M -9\ + 14 =0
=A-7(A=-2) =0
=N =7, A =2

1.5. Characteristic vectors. Now return to the general problem. Values of A which solve the de-
terminantal equation are called the characteristic roots or eigenvalues of the matrix A. Once A is
known, we may be interested in vectors x which satisfy the characteristic equation. In examining
the general problem in equation 1, it is clear that if x satisfies the equation for a given A, so will cx,
where c is a scalar. Thus x is not determined. To remove this indeterminacy, a common practice is
to normalize the vector x such that x'x = 1. Thus the solution actually consists of A and n-1 elements
of x. If there are multiple values of A, then there will be an x vector associated with each.

1.6. Computing characteristic vectors (eigenvectors). To find a characteristic vector, substitute a
characteristic root in the determinantal equation and then solve for x. The solution will not be
determinate, but will require the normalization. Consider the example in equation 41 with A\; = 2.
Making the substitution and writing out the determinantal equation will yield.

-(12)

2—-4 =2

[)\I—A]:c—(_3 2_5>:c (42)
o -2 =2 Xr1 o
-5 5=

Now solve the system of eqautions for z;
—2261 - 2562 =0
—3x1 — 3x2 =0 (43)
= 2, = —mandz] + 23 = 1

Substitute for x; in equation 42

(—a2)® + a3 =1
= 223 =1
= x% :% (44)
= T2 :i xr = —L
V2 V2
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Substitute the characteristic vector from equation 44 in the fundamental relationship given in

equation 1
-1 -1
=) (2) (%)
V2 V2

,_2 - (45)
V2 V2
Similarly for Ao =7
4 2
= 2)
7T—-4 =2
[)\I—A]:c—(_3 7_5>:c
3 =2
— (_3 ) ) (2) =0 (46)
= 31 — 229 =0
—3261 + 2562 =0
2
= I :gxgand:c% + x% =1
Substituting we obtain
%x% + x% =1
13
9
2 [p—
RECERET!
N 3 2
Ty = —F/—, T1 = —F—
ERVERViE (47)
4 9 2 14
=32 () - ()
V13 V13

)
.
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2. SIMILAR MATRICES
2.1. Definition of Similar Matrices.

Theorem 3. Let A be a square matrix of order n and let Q be an invertible matrix of order n. Then

B =Q'AQ (48)

has the same characteristic roots as A, and if x is a characteristic vector of A, then Q~'x is a characteristic
vector of B. The matrices A and B are said to be similar.

Proof. Let (), x) be a characteristic root and vector pair for the matrix A. Then

Ax = \z
Q 'Azx =2Q 'z
Also QA =Q1AQQ ™! (49)

S0 [QTMAQQ ™z =\ [Q 4]
= QT1AQ[Q '] =A[Q 2]

This then implies that ) is a characteristic root of Q' AQ, with characteristic vector Q~'x.
2.2. Matrices similar to diagonal matrices.

2.2.1. Diagonizable matrix. A matrix A is said to be diagonalizable if it is similar to a diagonal ma-
trix. This means that there exists a matrix P such that P~*AP = D, where D is a diagonal matrix.

2.2.2. Theorem on diagonizable matrices.

Theorem 4. The nxn matrix A is diagonalizable iff there is a set of n linearly independent vectors, each of
which is a characteristic vector of A.

Proof. First show that if we have n linearly independent characteristic vectors, A is diagonaliz-
able. Take the n linearly independent characteristic vectors of A, denoted z!, x?, ... x", with their
characteristic roots, Ay, ... A, and form a nonsingular matrix P with them as columns. So we have

-1 2 n ]

xl xl DR xl

vy 3 wy

1,2 n gcl ;CQ I o
P=[z 22" = 3 T3 3 (50)

1 2 n

LTn  Tn T

Let A be a diagonal matrix with the characteristic roots of A on the diagonal. Now calculate
P~ AP as follows
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P7'AP =P 'Az! A2? .- Ax™]

= Pil[)\lxl Aox? - - Anz"]
A O O - O
0 X O --- 0

=P 'zt 2" | L L. (51)
0 0 0 An

=P 'ztz? - 2" A

=P 'PA = A

Now suppose that A is diagonalizable so that P~ AP = D. Then multiplying both sides by P we
obtain AP = PD. This means that A times the ith column of P is the ith diagonal entry of D times
the ith column of P. This means that the ith column of P is a characteristic vector of A associated
with the ith diagonal entry of D. Thus D is equal to A. Since we assume that P is non-singular, the
columns (characteristic vectors) are independent.

O

3. INDEPENDENCE OF CHARACTERISTIC VECTORS

Theorem 5. Suppose A1, ... ,\i are characteristic roots of an nxn matrix A, no two of which are the same.
Let x° be the characteristic vector associated with ;. Then the set [x', 22, ..., x*] is linearly independent.

Proof. Suppose z?, ..., z* are linearly dependent. Then there exists a nontrivial linear combination
such that

2 k
Ty Ty Ty Ty
h 3 3 a
ap | | +az | . +as | |+ H+an | . =0 (52)
ZCl ZC2 ZC3 ZCk

As an example the sum of the first two vectors might be zero. In this case a; =1, a2 =1, and
as, ... , ap = 0. Consider the linear combination of the x’s that has the fewest non-zero coefficients.
Renumber the vectors such that these are the first r. Call the coefficients «. That is

izt 4+ asx® + .+ apz” = 0for r<k, and apyq,...,ap = 0 (53)

Notice that r > 1, because all z* # 0. Now multiply the matrix equation in 53 by A
A(alxl +agz? + -+ a,x”) = Az' + adz® + - + o, Az" (54)
=a Mzt + ashoz® + - + a A" = 0

Now multiply the result in 53 by A, and subtract from the last expression in 54. First multiply
53 by A,

A [alxl +aor® + ..+ oz’ ] = Narzt + Nasa? 4+ ...+ Maya” (55)
=a at + oz + .+ =0

Now subtract
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arhiz’ + azhoz”® + - SEYVRIRD WIRT +adz” = 0

a Azt a4+ EPVRERD W i +ard T = 0

041()\1 - )\r)xl —|—012()\2 - )\r)xr + - +ar71()\7‘71 - )\r)xT71 +ar()\r - )\r)xr = 0

= 041()\1 — )\T):El —|—012()\2 — )\T):Ez —+ .- +01T71()\T71 — )\T):ET71 = 0
(56)

This dependence relation has fewer coefficients than 53, thus contradicting the assumption that

53 contains the minimal number. Thus the vectors 27, ... , ¥ must be independent.
O

4. DISTINCT CHARACTERISTIC ROOTS AND DIAGONALIZABILITY
Theorem 6. If an nxn matrix A has n distinct characteristic roots, then it is diagonalizable.

Proof. Let the distinct characteristic roots of A be given by Ay, ..., A,. Since they are all different, z!,
..., "is a linearly independent set by the last theorem. Then A is diagonalizable by the Theorem 4.

O
5. DETERMINANTS, TRACES, AND CHARACTERISTIC ROOTS
5.1. Theorem on determinants.
Theorem 7. Let A be a square matrix of order n. Let Ay, ..., X' be its characteristic roots. Then
| Al = Iy A (57)

Proof. Consider the n roots of the equation defining the characteristic roots. Consider the general
equation for the roots of an equation (as in equation 6, the example in equation 12 or equation 34 )
and the specific case here.

AL — Al = (A = A)A = A2) oo (A= M) =0

= A" + X" (terms involving \; ) + --- + A(terms involving \; ) + (=Xi) =0
i=1 (58)

SR L vt VIS Wl YISO V5 VEREED L VST V) U5 11

n

+Ant NizitkzeNiNj A — o + (=D)L N =0
The first term is A” and the last term contains only the ;. This last term is given by

Iy (ZA) = ()" I A (59)
Now compare equation 6 and equation 58

(6) | X[ —A| =X" 4b, A"t + by o A" 2 +... +bo =0 (60a)
(B8) | M — A = " A" e bA A2 0~ H (=D N =0 (60b)
Notice that the last expression in 58 must be equivalent to the b, in equation 6 because it is the

only term not containing A. Specifically,

bo = (=1)" I, Ai (61)
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Now set A = 0 in 60a. This will give
M —A] = A" 4+ by A" 4 by A" 2+ ... +Dhp=0
= | —A[ =bo (62)
= (~1)"|A] =bo

Therefore
bo = ()" A = (=1)"[A] = bo

= (=D"IEL A = (-1)" [A] (63)
— Iy N =] A4]

O
5.2. Theorem on traces.
Theorem 8. Let A be a square matrix of order n. Let Ay, ..., X" be its characteristic roots. Then
trA =X\ (64)
To help visualize the proof, consider the following case where n = 4.
A—an —ai2 —ai3 —a14
M — Al = —a21 A — az —a23 —a24
—asi —azz A —azz  —a34
—a41 —a42 —a43 A — Q44
A —ag —asz3 —a24 —az1 —asz3 —a24 (65)
=(A—a1n)| —asz A—aszz —ass | + a2 |—a3;1 A —azz  —as
—a42 —a43 A — 44 —a41  —a43 A — Q44
—a21 A — a2 —a24 —az1 A — a2 —asz3
+ (—ai3) | —as1  —as2 —az4 | + aiq |—azr  —azz A —as3
—a41  —Q42 A — Q44 —a41  —a42 —a43
Also consider expanding the determinant
A — aso —a93 —a24
—azz A —azz  —a34 (66)
—Q42 —@43 A —ay
by its first row.
(A — as) A—ass  —ass boags | T2 T84y | T8 A —ass 67)
—a43 A — Q44 —Q42 A — Q44 —Q42  —a43
Now proceed with the proof.
Proof. Expanding the determinantal equation (5) by the first row we obtain
M — Al = f(A) = (A = a11)C11 + Y]y (—a1; )Cyy (68)

Here, C}; is the cofactor of a;; in the matrix |[\] — A|. Note that there are only n-2 elements
involving a;; - A in the matrices Cia, C13 ..., C15,. Given that there are only n-2 elements involving
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ai; - A in the matrices Cy, ....Ci,, when we later expand these matrices, there will be no powers of
A greater than n-2. This then means that we can write 68 as

[l — A| = (A — a11)C11 + [terms of degree n — 2 or less in A (69)

We can then make similar arguments about C'1; and C3 and so on and thus obtain

[N — Al = (A — a11)(A — a22) ... (A — ann) + [terms of degree n-2 or less in A | (70)

Consider the first term in equation 70. It is the same as equation 34 with a;; replacing \;. We
can therefore write this first term as follows

()\ — all)()\ — CLQQ) e ()\ — ann) = )\n — )\nil 2?:1 (0773
+ A" Bigj i ag;

n—3
— AT B 41 Q4O O

1)

+ NS k0@ jakkae

+ .
+ (=1)" Ly @i
Substituting in equation 70, we obtain
[N — Al =X — a11)(A — az2) ... (A — ann) + [terms of degree n — 2 or less in A]
= )\n - )\nil 2?:1 ai; + )\7172 2175] Qiq Qjj

(72)

—\n3 it j£kQiiQ 0Kk + An—4 it jAkA0Qii 0 jAkEQee + -
+ (-1)"IIj_; ai; + [other terms of degree n-2 or less in A ]
Now the compare the coefficient of (— A\"~') in equation 72 with that in equation 36b or 60b
which we repeat here for convenience.
M —A| =" =X"EE2N N AT N — e (DI N (73)
It is clear from this comparison that

2?:1 Qi = 2?:1 )\1 (74)
O

Note that this expansion provides an alternative proof of theorem 7.

6. TRANSPOSES AND INVERSES
6.1. Statement of theorem.

Theorem 9. Let A be a square matrix of order n with characteristic roots \;, i = 1,....n. Then

1: The characteristic roots of A’ are the same as those of A.
2: If A is nonsingular, the characteristic roots of A=* are given by p; = &, i=1,...n..



16 CHARACTERISTIC ROOTS AND VECTORS

6.2. proof of part 1.

Proof. The characteristic roots of A and A’ are the solutions of the equations

N[ — A| =0 (75a)
101 — A"| =0 (75b)

Now note that 07 — A’ = (01 — A)’. Furthermore it is clear from the definition of a determinant
that |B| = | B’| since the permutations could as well be taken over rows as columns. This means
then that (61 — A)'| = |61 — A| which implies that §; = \;

O

6.3. proof of part 2.
Proof. Write the characteristic equation of A~! as

|lul — A7 =0 (76)
Now rewrite the matrix ul - A~ in the following fashion

pl — A7t =AY (pA - 1) postmultiply each term by A and then premultiply
the whole expression by A~!

1 1 —
= (—p) A7~ m HA + m I)  multiply each term inside the parentheses by (%)

and premultiply whole expression by (—p)
1

=(—p) AN (=A + =1 simplify
I
1
= (—p) Ail(; I - A) commute
77)
Now take the determinant of both sides of equation 77
-1 1 (1
’/LI—A ’—’—/LA (—I—A)’
I
- ’—NAl || (11 - A) ’ (78)
I
1
=(=D)"pu" |A7 || — A|, where A\ = —
I
Ifp=0,then |pl — A™'|=|—-A"'|=(-1)" | A~!|. Because the matrix is A nonsingular, A~*

is also non-singular. This imples that ;; cannot equal zero, so ;1 = 0 is not a root of the equation.
Thus the expression on the right hand side of 78 can be zero iff |\] — A| =0, where A = i Thus if
u; are the roots of A~! we must have that

My = ra .] = 17 27 sy I (79)
J

O
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7. ORTHOGONAL MATRICES

7.1. Orthogonal and orthonormal vectors and matrices.

Definition 1. The nx1 vectors a and b are orthogonal if

ab =0 (80)
Definition 2. The nx1 vectors a and b are orthonormal if

a'b =0

aa =1 (81)

b'h =1

Definition 3. The square matrix Q (nxn) is orthogonal if its columns are orthonormal. Specifically

Q = (xl 22 23 xn)
2l =00 #£j
A consequence of the definition is that
QQ =1 (83)

7.2. Non-singularity property of orthogonal matrices.
Theorem 10. An orthogonal matrix is nonsingular.

Proof. If the columns of the matrix are independent then it is nonsingular. Consider the matrix Q
given by

@ q g
& 4 g
1 2 n 1 2 n
Q = [q q° - q ] = q3 q3 q3 (84)
4 9 4
If the columns are dependent then,
a1 i a g
5 % 7Hs a5 .
ar | . + a2 | . + as + - Foay | . =0, a;#0foratleastonei (85)
an a, a, n

Now premultiply the dependence equation by the transpose of one of the columns of Q, say q’.
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ai 0
. . . qs . . . qs
arlgl @ - @Gl | .| tald o - @l .
1 2
q q
5l
o . ,
+ o toanldg @ - @) . =0, a; # 0 for at least one i
In
By orthogonality all the terms involving j and i # j are zero. This then implies
ai
. e
ajlag ¢ - @l [T =0 (87)
@,

But because the columns are orthonormal ¢"/ ¢/ = 1 which implies that o/ = 0. Because j is arbi-
trary this implies that all the o’ are zero. Thus the columns are independent and the matrix has an
inverse.

g

7.3. Tranposes and inverses of orthogonal matrices.
Theorem 11. If Q is an orthogonal matrix, then Q' = Q1.

Proof. By the definition of an orthogonal matrix Q'@ = I. Now postmultiply the identity by Q. It
exists by Theorem 10.

QQ=1I
QQQ™ =197 (88)
= Q =Q!
O
7.4. Determinants and characteristic roots of orthogonal matrices.
Theorem 12. If Q is an orthogonal matrix of order n ,then
a: |Q = 1or|Q| = -1
b: If \; is a characteristic root of Q, then \; = £1, i=1,..n.
Proof. To show note that Q'Q =1. Then
1 =|TI]
=Rl =1Q"Q| (89)

=[Q[* because [Q| = |Q|
To show the second part note that Q' = Q~!. Also note that the characteristic roots of Q are the
same as the roots of )’. By theorem 9, the characteristic roots of Q' are (1/);). This implies then
that the roots of ' are the same as Q~'. This means then that A\; = 1/);. This can be true iff \; =
+1.
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8. A DIGRESSION ON COMPLEX NUMBERS

8.1. Definition of a complex number. A complex number is an ordered pair of real numbers de-
noted by (x1, z2). The first member, z;, is called the real part of the complex number; the second
member, x9, is called the imaginary part. We define equality, addition, subtraction, and multiplica-
tion so as to preserve the familiar rules of algebra for real numbers.

8.1.1. Equality of complex numbers. Two complex numbers x = (z1, x2) and y = (y1, y2) are called
equal iff

r1 = y1, and x5 = ys. (90)

8.1.2. Sum of complex numbers. The sum of two complex numbers x + y is defined as
r+y = (z1+ Y1, v2 + y2) (91)
8.1.3. Difference of complex numbers. To subtract two complex numbers, the following rule applies.
z—y=(x1—y1,22—y2) (92)

8.1.4. Product of complex numbers. The product xy is defined as

vy = (T1y1 — T2Y2, T1 Y2 + T2 Y1)- (93)

The properties of addition and multiplication defined satisfy the commutative, associative and
distributive laws.

8.2. The imaginary unit. The complex number (0,1) is denoted by i and is called the imaginary
unit. We can show that i? = -1 as follows.

i =(0,1)(0,1) = (0 — 1,04+ 0) = (=1,0) = —1 (94)

8.3. Representation of a complex number. A complex number x = (1, x2) can be written in the
form

T =1x1 + 113, (95)
Alternatively a complex number z = (x,y) is sometimes written
z =+ 1y. (96)

8.4. Modulus of a complex number. The modulus or absolute value of a complex number x = (21,
x2) is the nonnegative real number |z| given by

lz| =/ 2} + 23 97)
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8.5. Complex conjugate of a complex number. For each complex number z = x + iy, the number
z_= x -1y is called the complex conjugate of z. The product of a complex number and its conjugate
is a real number. In particular, if z = x + iy then

zzo= (2,y)(2, —y) = (2% + 47, —2y + yo) = (2% +42,0) = 2° +4 98)
Sometimes we will use the notation z to represent the complex conjugate of a complex number.
So Z = x - iy. We can then write

2z = (z,y)(x,—y) = (@® +y°, —ay +yz) = (2® + ¢2,0) = 2% + ¢/ (99)

8.6. Graphical representation of a complex number. Consider representing a complex number in
a two dimensional graph with the vertical axis representing the imaginary part. In this framework
the modulus of the complex number is the distance from the origin to the point. This is seen clearly
in figure 1

FIGURE 1. Graphical Representation of Complex Number

2
=3
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P ]
- [}
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e
/’ l
I’ :
0
X .
1 Real axis

8.7. Polar form of a complex number. We can represent a complex number by its angle and dis-
tance from the origin. Consider a complex number z; = z; + i y1. Now consider the angle #; which
the ray from the origin to the point z; makes with the x axis. Let the modulus of z be denoted by
ri. Then cos 61 = z1/r; and sin 6, = y; /r1. This then implies that

z1 :$1—|—iy1:T1C0891+iTlsiH91
. (100)
=71y (cos 01 + isin 61)

Figure 2 shows how a complex number is represented in polar corrdinates.

8.8. Complex Exponentials. The exponential e” is a real number. We want to define e* when z is
a complex number in such a way that the principle properties of the real exponential function will
be preserved. The main properties of e”, for x real, are the law of exponents, e”1e”2 = e %2 and
the equation e” = 1. If we want the law of exponents to hold for complex numbers, then it must be
that
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FIGURE 2. Graphical Representation of Complex Number
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e* = T = e (101)

We already know the meaning of e*. We therefore need to define what we mean by e®v. Specifi-
cally we define " in equation 102

Definition 4. _
e = cosy+isiny (102)

With this in mind we can then define e? = e*1% as follows

Definition 5. _
e = e"e" = e”(cos y i sin y) (103)
Obviously if x = 0 so that z is a pure imaginary number this yields
e = (cos y+i sin y) (104)
It is easy to show that e = 1. If z is real then y = 0. Equation 105 then becomes
e =e" e = e"(cos (0) + i sin (0
., (cos (0) 0)) (105)
=e"e"” =1 +0) =€
So e” obviously is equal to 1.

To show that e”e’” = e” T ¥ or e*1e*2 = e** T *2 we will need to remember some trigonometric
formulas.

Theorem 13.
sin(¢ + 0) = sin ¢ cos 8 + cos ¢ sin 6 (106a)
sin(¢ — #) = sin ¢ cos § — cos ¢ sin 6 (106b)
cos(¢p + 6) = cos ¢ cos § — sin ¢ sin (106¢)
cos(¢p — 0) = cos ¢ cos O + sin ¢ sin 0 (106d)
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Now to the theorem showing that e*1e*2 = e** + #2
Theorem 14. If 21 = x1 + iy and zo = xo + iy are two complex numbers, then we have e**e*2 = e*1 172,
Proof.

et =€ (cos y1 + 1 sinyr), €2 = e"*(cos y1 + i sin y2),

21 1 ,T2

e =" e"?[cos Y1 cos yo — Sin y1 Sin Yo (107)
+ i(cos y1 sin ya + sin yp cos y2)].

Now e®1e?2 = %1722 gince 2 and z» are both real. Also,

co$ Y1 oS Yo — sin yp sin ya = cos(y1 + y2) (108)
and
cos y1 sin ya + sin yy cos y2 = sin(y1 + y2), (109)
and hence
e*te® = " 2[cos (y1 + y2) + isin(yr + y2) = e T2, (110)
O

Now combine the results in equations 100, 105 and 104 to obtain the polar representation of a
complex number

zZ1 = X1 + ’Lyl

=7y (cos 01 + isin 6q) (111)
=r et (by equation 102)
The usual rules for multiplication and division hold so that
2129 =110y = (rry) 01t 02)
a _mnet (_1> 01— 02) (112)
29 roeif: ro

8.9. Complex vectors. We can extend the concept of a complex number to complex vectors where
z =X + iy is a vector as are the components x and y. In this case the modulus is given by

2| = Vo' + gy = (@'z + y'y)? (113)
9. SYMMETRIC MATRICES AND CHARACTERISTIC ROOTS
9.1. Symmetric matrices and real characteristic roots.
Theorem 15. If S is a symmetric matrix whose elements are real, its characteristic roots are real.

Proof. Let A = A\; + i\s be a characteristic root of S and let z = x + iy be its associated characteristic
vector. By definition of a characteristic root
Sz = Az
Sl +iy) = (A +iX)(z + iy)

Now premultiply 114 by the complex conjugate (written as a row vector) of z denoted by z’. This
will give

(114)
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78z = \Z'z
oy ) ) oy ) (115)
(o —ig) S@+iy) = O\ +ide)(z — i) (& +iy)
We can simplify 115 as follows
(x —iy)' S(z +1iy) = (M1 +ide)(z —iy)' (z +iy)
= ('S = yiS)(z +1iy) = (M +iXe) (2'z +y'y, 2y — y'z)
= 2/Sx +ix' Sy — iy’ Sz — (ii)y' Sy = (A +iX2) (2'z + 'y, 0)
= 2/Sx +iy' S'x — iy’ Sz — (ii)y' Sy = (M +iX2) (/2 + y'y,0), 2'Sy ascalar (116)
= 2'Sz +iy' Sy — iy Sz — (i)Y' Sy = (M +iX2) (2'z +y'y,0), Sissymmetric
= 2'Sz +y' Sy =\ +iX) (' + 4y, 0), ii=-1
= 2'Sz + 9y Sy = (M +iX) (2'z + v'y)
Further note that
2z = (2 —1dy) (z +iy)
=2z +y ,x/ —y'x
( Yy, x'y —y'x) (117)

= (a'z +y'y,0)
=2z +yy >0

is a real number. The left hand side of 116 is a real number. Given that 2’z + y'y is positive and
real, this implies that Ay = 0. This then implies that A = A\; +i\y = A\; and is real.
(I

Theorem 16. If S is a symmetric matrix whose elements are real, corresponding to any characteristic root
there exist characteristic vectors that are real.

Proof. The matrix S is symmetric so we can write equation 114 as follows

Sz = \z
S(x+iy) =M +iX\o)(z+1
( Y) (M1 2)( Y) (118)
= (M1)(z + iy)
:)\1$+i)\1y

Thus z = = + iy will be a characteristic vector of S corrresponding to A = A; as long as x and y
satisfy

Ax =Mz

Ay =g (119)

and both are not zero, so that z # 0. Then construct a real characteristic vector by choosing
x # 0, such that Ax = \jz and y = 0.
a
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9.2. Symmetric Matices and Orthogonal Characteristic Vectors.

Theorem 17. If A is a symmetric matrix, the characteristic vectors corresponding to different characteristic
roots are orthogonal, i.e., if x* corresponds to \; and x7 corresponds to \; (\; # \;), then 237 = 0.

Proof. We will use the fact that the matrix is symmetric and characteristic root equation 1. Multiply
the equations by 7" and z*’

Azt =\t

= 29" Azt = \ad o (120a)
Az? = \ja?

= 2" Az’ :)\j:ci/:cj (120b)

Because the matrix A is symmetric, it has real characteristic vectors. The inner product of two of
them will be a real scalar, so

'zt =2ty (121)
Now subtract 120b for 120a using 121
2 Azt = )\ixj/:ci
il j il g
—a" Ax? = Nt ! (122)

2 Agt — VA = N — )\j):cj/:ci

Because A is symmetric and the characteristic vectors are real, #7’ Az’ is symmetric and real.
Therefore 27’ Az’ = a'A’z) = 2" AzJ. The left hand side of 122 is therfore zero. This then

implies
0 =(\— )\j):cj/:ci

G, (123)
= 2 =0, i 75 )\j

9.3. An Aside on the Row Space, Column Space and the Null Space of a Square Matrix.

9.3.1. Definition of R™. The space R" consists of all column vectors with n components. The com-
ponents are real numbers.

9.3.2. Subspaces. A subspace of a vector space is a set of vectors (including 0) that satisfies two
requirements: If a and b are vectors in the subspace and c is any scalar, then

1: a + b is in the subspace
2: ca is in the subspace

9.3.3. Subspaces and linear combinations. A subspace containing the vectors a and b must contain all
linear combinations of a and b.
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9.3.4. Column space of a matrix. The column space of the mxn matrix A consists of all linear combi-
nations of the columns of A. The combinations can be written as Ax. The column space of A is a
subspace of R™ because each of the columns of A has m rows. The system of equations Ax= b is
solvable if and only if b is in the column space of A. What this means is that the system is solvable
if there is some way to write b as a linear combination of the columns of A.

9.3.5. Nullspace of a matrix. The nullspace of an mxn matrix A consists of all solutions to Ax = 0.
These vectors x are in R”. The elements of x are the multipliers of the columns of A whose weighted
sum gives the zero vector. The nullspace containing the solutions x is denoted by N(A). The null
space is a subspace of R” while the column space is a subspace of R™. For many matrices, the only
solution to Ax = 0 is x = 0. If n > m, the nullspace will always contain vectors other than x = 0.

9.3.6. Basis vectors. A set of vectors in a vector space is a basis for that vector space if any vector in
the vector space can be written as a linear combination of them. The minimum number of vectors
needed to form a basis for R” is k. For example, in R2, we need two vectors of length two to form a
basis. One vector would only allow for other points in R? that lie along the line through that vector.

9.3.7. Linear dependence. A set of vectors is linearly dependent if any one of the vectors in the set
can be written as a linear combination of the others. The largest number of linearly independent
vectors we can have in R* is k.

9.3.8. Linear independence. A set of vectors is linearly independent if and only if the only solution
to

arar + asax + o0 4 Qre, = 0 (124)
is

a1 = ag = -+ = qap =0 (125)
We can also write this in matrix form. The columns of the matrix A are independent if the only
solution to the equation Ax =01is x = 0.

9.3.9. Spanning vectors. The set of all linear combinations of a set of vectors is the vector space
spanned by those vectors. By this we mean all vectors in this space can be written as a linear
combination of this particular set of vectors.

9.3.10. Rowspace of a matrix. The rowspace of the m x n matrix A consists of all linear combinations
of the rows of A. The combinations can be written as x’A or A’x depending on whether one con-
siders the resulting vectors to be rows or columns. The row space of A is a subspace of R" because
each of the rows of A has n columns. The row space of a matrix is the subspace of R” spanned by
the rows.

9.3.11. Linear independence and the basis for a vector space. A basis for a vector space with k dimen-
sions is any set of k linearly independent vectors in that space

9.3.12. Formal relationship between a vector space and its basis vectors. A basis for a vector space is a
sequence of vectors that has two properties simultaneously.

1: The vectors are linearly independent
2: The vectors span the space
There will be one and only one way to write any vector in a given vector space as a linear

combination of a set of basis vectors. There are an infinite number of basis vectors for a given
space, but only one way to write any given vector as a linear combination of a particular basis.
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9.3.13. Bases and Invertible Matrices. The vectors 1, &, . .., &, are a basis for R” exactly when they
are the columns of and n x n invertible natirx. Therefore R™ has infinitely many bases, one associ-
ated with every differnt invertible matrix.

9.3.14. Pivots and Bases. When reducing an m x n matrix A to row-echelon form, the pivot columns
form a basis for the column space of the matrix A. The the pivot rows form a basis for the row space
of the matrix A.

9.3.15. Dimension of a vector space. The dimension of a vector space is the number of vectors in every
basis. For example, the dimension of R? is 2, while the dimension of the vector space consisting of
points on a particular plane is R? is also 2.

9.3.16. Dimension of a subspace of a vector space. The dimension of a subspace space S,, of an n-
dimensional vector space V,, is the maximum number of linearly independent vectors in the sub-
space.

9.3.17. Rank of a Matrix.

1: The number of non-zero rows in the row echelon form of an m x n matrix A produced by
elementary operations on A is called the rank of A.

2: The rank of an m x n matrix A is the number of pivot columns in the row echelon form of
A.

3: The column rank of an m x n matrix A is the maximum number of linearly independent
columns in A.

4: The row rank of an m x n matrix A is the maximum number of linearly independent rows
in A

5: The column rank of an m x n matrix A is eqaul to row rank of the m x n matrix A. This
common number is called the rank of A.

6: Ann x n matrix A with rank = n is said to be of full rank.

9.3.18. Dimension and Rank. The dimension of the column space of an m x n matrix A equals the
rank of A, which also equals the dimension of the row space of A. The number of independent columns
of A equals the number of independent rows of A. As stated earlier, the r columns containing pivots in
the row echelon form of the matrix A form a basis for the cloumn space of A.

9.3.19. Vector spaces and matrices. An mxn matrix A with full column rank (i.e., the rank of the
matrix is equal to the number of columns) has all the following properties.

1: The n columns are independent

2: The only solution to AX =01is x = 0.

3: The rank of the matrix = dimension of the column space =n

4: The columns are a basis for the column space.

9.3.20. Determinants, Minors, and Rank.

Theorem 18. The rank of an m x n matrix A is k if and only if every minor in A of order k + 1 vanishes,
while there is at least one minor of order k which does not vanish.

Proposition 1. Consider an m x n matrix A.

1: det A= 0 if every minor of order n - 1 vanishes.

2: If every minor of order n equals zero, then the same holds for the minors of higher order.

3 (restatement of theorem): The largest among the orders of the non-zero minors generated
by a matrix is the rank of the matrix.
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9.3.21. Nullity of an m x n Matrix A. The nullspace of an m x n Matrix A is made up of vectors in

R™ and is a subspace of R". The dimension of the nullspace of A is called the nullity of A. It is the
the maximum number of linearly independent vectors in the nullspace.

9.3.22. Dimension of Row Space and Null Space of an m xn Matrix A. Consider anm xn Matrix A. The
dimension of the nullspace, the maximum number of linearly independent vectors in the nullspace,
plus the rank of A, is equal to n. Specifically,

Theorem 19.

rank(A) + nullity(A) = n (126)
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9.4. Gram-Schmidt Orthogonalization and Orthonormal Vectors.

Theorem 20. Let ¢', i=1,2,...,n be a set of n linearly independent n-element vectors. They can be transformed
into a set of orthonormal vectors.

Proof. Transform them into an orthogonal set and divide each vector by the square root of its length.
Start by defining the orthogonal vectors as

yl — e1

y2 :CL12€1 + €2

y3 :algel + CL23€2 + e3 (127)
Y =ame' + agme® + - a1 + "

The a;; must be chosen in a way such that the y vectors are orthogonal

vy =0, i=1,2,..,j-1 (128)

Note that since y*" depends only on the ¢/, the following condition is equivalent

'y =0, i=1,2.,j—1 (129)
Now define matrices containing the above information.
X, = [ele?e? . edY
Q14
. CLQj (130)
al = .
aG-1)3

The matrix Xy = [e1], X3 = [e1 e2] , X4 = [e1 ez €3] and so forth. Now rewrite the system of
equations defining the a;;.

CLlj

az; . (131)

=[ete?ed .. e . + e’

AG-1)
=aet + agje’ + ... Fag eIl el
J 2j e OG-

We can write the condition that y*" and 37’ be orthogonal for all i and j as follows

ey =0, i=1,2,..,5—1

= X,y = (132)
= X;'Xja’ + X;’X;¢/ =0,  (substitute from 131)
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The columns of X; are independent. This implies that the matrix ( X;'X;) can be inverted. Then
we can solve the system as follows

X;'Xja' + X;'X;¢ =0
= X;jX;ad = — Xj'é (133)
= d = —(X;/X;) ' X;'e
The system in equation 131 can now be written

yl :el

yo=— XX/ X)X e+ € (134)
y = - X;(X;'X;)7 X
Normalizing gives orthonormal vectors v

? = —_— ) =
v = DL 7 1,2,...,
The vectors 3 and 3/’ are orthogonal by definition. We can see that they are orthonormal as

follows

n (135)

il i

,Ui/,Ui _ Y Y
—— ——
(¥ y)/2 (v y')t/?
(136)
il
_ yﬂyi -1
(v y')
O

9.5. Symmetric Matices and Linearly Independent Orthonormal Characteristic Vectors.

Theorem 21. Let A be an nxn symmetric matrix with possibly non-distinct characteristic roots. Let the
distinct roots be \;, i = 1,2,...,s < nand let the multiplicty of j*" root be k; with > _, k; = n. Then

1: If a characteristic root \; has multiplicity k; > 2, there exist k; orthonormal linearly independent
characteristic vectors with characteristic root A;.

2: There cannot be more than k; linearly independent characteristic vectors with the same characteristic
root \;, hence, if a characteristic root has multiplicity k;, the characteristic vectors with root k; span a
subspace of R™ with dimension kj. Thus the orthonormal set in [1] spans a k; dimensional subspace
of R". By combining these bases for different subspaces, a basis for the original space R™ can be
obtained.

Proof. Let \; be a characteristic root of A. Let its associated characteristic vector be given by q'.
Assume that the multiplicity of q' is k;. Assume that it is normalized to length 1. Now choose a
set of n-1 vectors u (of length n) that are linearly independent of each other and q'. Number them
u?, ..., u®. Use the Gram-Schmidt theorem to form an orthonormal set of vectors. Notice that the
algorithm will not change q' because it is the first vector. Call this matrix of vectors Q;. Specifically

Q1 = [¢" v?u? .. u" (137)
Now consider the product of A and Q;.
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AQy = (Aq' Au? Aud... Au™)

138
= (\jq' Au® Aud... Au™) (138)
Now premultiply AQ; by Q'
)‘j ql/ Au? ql/ Aud - ql/Au"
)‘ju2/ ql w2 AuZ w2 A3 o w2 Aum
QiAQ, = )\ju?’/ g B A2 W AW - w8 Ay (139
)\ju"/ql ’LLn/A’LLQ un/Au3 .. un/Aun

The last n-1 elements of the first column are zero by orthogonality of q; and the vectors u. Simi-
larly because A is symmetric and ¢!’ Au’ is a scalar, the first row is zero except for the first element
because

ql’Aui _ ui/Aql

= ui/)\qu (140)
- )\jui/ql = O
Now rewrite Q1" AQ; as
0 w2 Au? ' Aud - W2 Aun
QL AQ, = | 0 w¥Au? W Aud - w Aun
0 un/ Au2 un/ Au3 un/ Aum (141)
_ [N o] _
o 0 (5] B Al

where «; in an (n-1)x(n-1) symmetric matrix. Because @); is an orthogonal matrix its inverse is
equal to its transpose so that A and A, are similar matrices (see theorem 3 ) and have the same
characteristic roots. With the same characteristic roots (one of which is here denoted by \) we
obtain

[, — A] = |M,, — A1| =0 (142)
Now consider cases where k1 > 2, thatis the root \; is not distinct. Write the equation | AI,, — A; = 0|
in the following form.
A 0 Aj 0
= =[5 ] = [ a |
(143)
A=A 0

O )\In,1 — (1
We can compute this determinant by a cofactor expansion of the first row. We obtain
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Because the multiplicity of A\; > 2, at least 2 elements of A will be equal to A;. If a characteristic
root that solves equation 144 is not equal to A; then | AI,_1 — oy | must equal zero, i.e.if A # \;

|)\jIn71 - O[1| =0 (145)

If this determinant is zero then all minors of the matrix

0 0
0 )\jInfl — (7
of order n-1 will vanish. This means that the nullity of \;I,, — A; is at least two. This is
true because the nullity of the submatrix A;I,,—1 - « is at least one and it is a submatrix of A;
- Ajl,—1 which has a row and column of zeroes and thus already has a nullity of one. Because
rank(M\;jI, — A) =rank(\;I, — A1), the nullity of A\;I,, — Ais >2. This means that we can find
another characteristic vector g?, that is linearly independent of q' and is also orthogonal to q*. If
the multiplicity of A; = 2, we are finished.
Otherwise define the matrix Q- as

NI, — Ay = (146)

Q2 = [¢" ... u™] (147)
Now let A, be defined as
Aj 0 0 e 0
0 Aj 0 e 0
Q) AQ, = 0 w3 Au? AW - W3 Aun
b u"/AUQ u™ AuP’ . u™ Au” (148)
(A, 0 0
= A 0
L O 0 (%)

where «; in an (n-2)x(n-2) symmetric matrix. Because Q3 is an orthogonal matrix its inverse is
equal to its transpose so that A and A, are similar matrices and have the same characteristic roots,
thatis.

[, — A] = |A,, — A2| =0 (149)
Now consider cases where k1 > 2, that is the root \; is not distinctand has multiplicity > 3. Write
the equation | AI,, — Ay = 0] in the following form.

A0 0 A, 00
ML, — Ayl =|]0 A 0 | —|0 A O
0 0 A2 0 0 o
(150)
A=) 0 0
= 0 A= 0
0 0 )\In,Q — Q9

If we expand this by the first row and then again by the first row we obtain

M, — Al = A= X)? | M2 —as| =0 (151)
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Because the multiplicity of \; > 3, at least 3 elements of A will be equal to A;. If a characteristic
root that solves equation 151 is not equal to A; then | A],,_o — a9 | must equal zero, i.e.if A # \;

|)\jIn72 — O[2| = O (152)

If this determinant is zero then all minors of the matrix

0 0 0
0 0 0 (153)
O O )\jInfl — (9

of order n-2 will vanish. This means that the rank of matrix is less than n-2 and so its nullity
is greater than or equal to 3. This means that we can find another characteristic vector q*, that is
linearly independent of ¢' and g? and is also orthogonal to ¢*. If the multiplicity of \; = 3, we are
finished. Otherwise, proceed as before. Continuing in this way we can find %; orthonormal vectors.

NI, — Ay =

Now we need to show that we cannot choose more than k; such vectors. After choosing ¢, we
would have

- A=) I, 0
|)\In - A| - |)\In - Ak]‘ | - 0 )\Infkj — ay, (154)
If we expand this we obtain
M, — Al = (A= X\)% | Moy, — o, | = 0 (155)
It is evident that
M, — Al = (A= X)% | Mg, — o, | =0 (156)
implies
)\jInfkj - Oék].| 75 0 (157)

If this determinant were zero the multiplicity of A; would exceed k;. Thus

rank (M1 — A) = n — kj (158)
(159)
nullity (\;I — A) = k; (160)

And this implies that the vectors we have chosen form a basis for the null space of A\; - A and
any additional vectors would be linearly dependent.
O

Corollary 1. Let A be a matrix as in the above theorem. The multiplicity of the root \; is equal to
the nullity of \;1- A.

Theorem 22. Let S be a symmetric matrix of order n. Then the characteristic vectors of S can be chosen to
be an orthonormal set, i.e., there exists a Q such that

Q'SQ = A where Q is orthonormal (161)
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Proof. Let the distinct characteristic roots of Sbe \;,j =1, 2,... s < n. The multiplicity of A; is given
by k; and

Sk = (162)

By the corollary above the multiplicity of A;, k;, is equal to the nullity of A; - S. By theorem 21
there exist k; orthonormal characteristic vectors corresponding to A;. By theorem 5 the characteris-
tic vectors corresponding to distinct roots are linearly independent. Hence the matrix

Q= (¢"q".q" (163)
where the first k1 columns are the characteristic vectors corresponding to A1, the next ky columns
correspond to A2, and so on is an orthogonal matrix. Now define the following matrix A

A = diag()\lfkl )\2]k2)

A 0 0 0 0 0 00 0]

0 A 0 0 0 0 00 0
1o 0 0N 0 0 00 O (164)

=10 000 A 0 00 0

0 0 0 0 0 XA 00 0

(0 00 0 0 0 00 X

Note that

SQ = QA (165)

because A is the matrix of characteristic roots associated with the characteristic vectors Q. Now
premultiply both sides of 165 by Q! = @’ to obtain

Q'SQ = A (166)
O

Consider the implication of theorem 22. Given a matrix X, we can convert it to a diagonal matrix
by premultiplying and postmultiplying by an orthonormal matrix Q. The matrix ¥ is

P T
o2l S22 .. g2n
= . S (167)
o.nl 0.712 .. onn
And the matrix product is
st 0
0 522 ... 0
QL =1|. . . . (168)
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10. IDEMPOTENT MATRICES AND CHARACTERISTIC ROOTS
Definition 6. A matrix A is idempotent if it is square and AA = A.

Theorem 23. Let A be a square idempotent matrix of order n. Then its characteristic roots are either zero or
one.

Proof. Consider the equation defining characteristic roots and multiply it by A as follows

Ax = \x
AAzx = \Azx
= Az =)z  because A is idempotent
Now multiply both sides of equation 169 by z’.
Az = 2z

' Ax = N2z

= 2'z) =Nz (170)
= X =)\
= A=1lorA =0

O

Theorem 24. Let A be a square symmetric idempotent matrix of order n and rank r. Then the trace of A is
equal to the rank of A, i.e., tr(A) = r(A).

To prove this theorem we need a lemma.
Lemma 1. The rank of a symmetric matrix S is equal to the number of non-zero characteristic roots.
Proof of lemma 1. Because S is symmetric, it can be diagonalized using an orthogonal matrix Q, i.e.,
Q'SQ = A (171)

Because Q is orthogonal, it is non-singular. We can rearrange equation 171 to obtain the follow-
ing expression for S using the fact that Q"' = Q" and Q"' = Q.

Q'SQ =A
QQ'SQ = QA (premultiply by Q = Q' ') a7
QQ'SQQ = QAQ’ (postmultiply by Q' =Q 1)

= 5 =QAQ (QQ'=I)

Given that S = QAQ’, the rank of S is equal to the rank of QAQ’. The multiplication of a matrix
by a non-singular matrix does not affect its rank so that the rank of S is equal to the rank of A. But
the only non-zero elements in the diagonal matrix A are the non-zero characteristic roots. Thus the
rank of the matrix A is equal to the number of non-zero characteristic roots. This result actually

holds for all diagonalizable matrices, not just those that are symmetric..
O
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Proof of theorem 24 . Consider now an idempotent matrix A. Use the orthogonal transformation to
diagonalize it as follows

A 00 0
0 X 0 -~ 0

QAQ =A=| . . . . . (173)
0 0 0 - A

All the elements of A will be zero or one because A is idempotent. For example the matrix might
look like this

10000
0100 0

QAQ=A=1]0 010 0 (174)
0000 0
0000 0

Now the number of non-zero roots is just the sum of the ones. Furthermore the sum of the
characteristic roots of a matrix is equal to the trace. Thus the trace of A is equal to its rank.
a

11. SIMULTANEOUS DIAGONALIZATION OF MATRICES

Theorem 25. . Suppose that A and B are m x m symmetric matrices. Then there exists an orthogonal matrix
P such that P’ AP and P’ BP are both diagonal if and only if A and B commute, that is, if and only if AB =
BA.

Proof. First suppose that such an orthogonal matrix does exist; that is, there is an orthogonal matrix
P such as PPAP = Ay and P'BP = Ay, where A; and A, are diagonal matrices. Given that P is
orthogonal, by Theorem 11 we have P’ = P~! and P! = P . We can then write A in terms of P
and A and B in terms of P and A as follows

Ay =P AP
= NPl =PA
= PlA P =4 (175
= PN P =4
for A, and
Ay =P'BP
= P7'AP =B (176)

= PAyP' =B

for B. Because A; and A, are diagonal matrices we have A; As = Ay A;. Using this fact we can
write AB as
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AB = PA{P'PAyP’
= PA AP’
= PAyA P’ (177)
= PAyP'PA P’
= BA
and hence, A and B do commute.

Conversely, now assuming that AB = BA, we need to show that such an orthogonal matrix P
does exist. Let p1, ..., ity be the distinct values of the characteristic roots of A having multiplicities
T1,...,Th , respectively. Because A is symmetric there exists an orthogonal matrix Q satisfying

Q/AQ - Al - d’LCLg (MlIT1 ’ /’LQITza cey /’LhITh)

pil,, 0 0o - 0
0 pl,, 0 - 0 178
| o 0o L, - 0 179
0 0 0 - unly,
If the multiplicity of each root is one, then we can write
w0 - 0 0
0 ps 0 -+ 0
QAQ = A = | . . ... (179)
0 -+ 0 0

Performing this same transformation on B and partitioning the resulting matrix in the same way
that Q"AQ has been partitioned, we obtain

Cn Ci2 -+ Cun
Cor Coy -+ Cop

C = QBQ = . . . (180)
Chi Cha -+ Chp

where Cj; is 1; x 1;. For example, C;; is square and will have dimension equal to the multiplicity
of the first characteristic root of A. C;2 will have the same number of rows as the multiplicity of
the first characteristic root of A and number of columns equal to the multiplicity of the second
characteristic root of A. Given that AB = BA, we can show that A;C = CA;. To do this we write
A1 C, substitute for A and C, simplify, make the substitution and reconstitute.

—(QAQ) (Q'BQ)  (definition)

=Q'A(QQ"NBQ  (regroup)

=Q'ABQ QR =1) (181)
=Q'BAQ (AB = BA)

=Q'BQQ'AQ (QQ =1)

=CA\; (definition)
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Equating the (ij)th submatrix of A;C to the (ij)th submatrix of CA; yields the identity p; C;; =
15 Cij. Because pi; # pj if i # j, we must have C;; = 0 if i # j; that is C is not a densely populated
matrix but rather is,

C = diag(CH 5 022 g ey Chh)
cC, 0 -+ 0 0
0 Cop 0 - 0 (182)
0 0 0 - Chn

Now because C is symmetric so also is Cj; for each i, and thus, we can find an r; x r; orthogonal
matrix X; (by theorem 22 ) satisfying

where A; is diagonal. Let P = QX, where X is the block diagonal matrix X = diag(Xy, X2, ....Xn),
that is

X 0 0 -+ 0
0 X2 0 -+ 0

X=1. . . . . (184)
0 0 0 - Xy

Now write out P'P, simplify and substitute for X as follows

PP=XQQX

=X'X
X, 0 0 - 0 Xy 0 0 --- 0
0o X, 0 - 0 0 X9 0 --- 0

N T R U I AR N (185)
0 o o0 - X 0 o 0 -+ X

= diag (X} X1, X}, Xa, ..., X} Xp)
=diag (L, , Iryy. s Lp))
=1,
Given that P'Pis an identity matrix, P is orthogonal. Finally, the matrix A = diag(A1, As, ..., Ap)
is diagonal and

PAP = (X'Q)AQX) = X'(Q'AQ)X

=X X

= diag (X1, X5, ..., Xp) diag (p1ly,, poley, ... punly, ), diag (X1, Xo, ..., Xp)
=diag (u1 X7 X1, pe X5 Xo, .oy pnx, /' Xn)

=diag (p1 Ip, , p2Lpy -, pinr,, )

= A

(186)
and
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PBP =X'QBQX = X'Ay X

:d’LCLg(X{, Xé, ey X]/I)d’LCLg(Cll, 022,..., Chh)diag(Xl, XQ,
:diag(X{CHXl,XéCQQXQ, ---;X]/ICthh)
:diag(All,AQQ,..., Ahh)

=A
This then completes the proof.

, Xn)

(187)
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