SYSTEMS OF EQUATIONS

1. EXAMPLES OF SYSTEMS OF EQUATIONS

Here are some examples of systems of equations. Each system has a number of equations and
a number (not necessarily the same) of variables for which we would like to solve. The variables
are typically represented by letters such as x, y, and z. The first four systems have two equations
and two variables. The fifth one has three equations and three variables. The sixth one has two
equations and three variables, while the last one has three equations and two variables.

2r +y =5
a —dx + 6y = —2
2x1+3x2 =7
b.
xry — T2 =1
r 4+ y =5
c.
20 + y =4
dr + 3y =24
d. Y

122 + 9y = 36

r +y+ 2z =6
e. 3z — 2y + 4z =9
z—y —z =0

$1+$2+{E3:5

ry — X2 =2
T1 + 22 =9

g. 2x1—3x2:—5
4$1—$2 =5

2. SOLUTIONS FOR SYSTEMS OF EQUATIONS

2.1. Definition of a solution to a statement of equation. A solution of a system of equations
consists of values for the variables that reduce each equation of the system to a true statement. To
solve a system of equations means to find all solutions of the system.

2.2. Examples of solutions.
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2.2.1. Example a. Consider system a in section 1 above.
2r +y =5

—4dr 4+ 6y = —2

If we substitute (2,1) for (x, y) in the system we obtain:

22) + (1) =5
—4(2) + 6(1) = —2

2.2.2. Example b. Consider system b in section 1 above.

2%1 +3{E2 =7
xry — T2 =-1

If we substitute (4/5, 9/5) for (x1, x2) in the system we obtain:

4 9 8 27 35
(5) * (5) ) * ) )
4
49 5
5 5 )
2.2.3. Example c. Consider system c in section 1 above.
r + 9y =5
20 + y =4

If we substitute (1, 2) for (x, y) in the system we obtain
1+ 2% =5
2(1) + 2 =4
Another solution of the system is given by (x, y) = (11/4, -3/2) as can be seen as follows:

o —32711+972075
4 2 4 4 4
2

11 -3 —6 16
2(?)*(7) Tt cT

2.3. Consistent systems. When a system of equations has at least one solution, it is said to be
consistent.

[\]

2.4. Unique solutions. When a system of equations has one and only one solution, we say that
the solution is unique.

2.5. Possible sets of solutions for a system of equations. For a given system of equations.

1. We may have one and only one solution. In this case we say we have a unique solution.
2. We may no solutions. In this case we say that the system of equations is incon-
sistent.
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3. We may have more than one set of solutions but the set of solutions is not
infinite. We say that the number of solutions is finite. This can occur when one
of more variables appears in an equation with a power other than one and/or
there is a product of variables in one of the equations. Such an equation is called
a non-linear equation.

4. We have an infinite number of solutions to the system of equations. In this case
we say the system is indeterminate.

3. METHODS OF FINDING SOLUTIONS FOR EQUATIONS

3.1. Method of substitution.

1: Pick one of the equations and solve for one of the variables in terms of the remaining
variables.

2: Substitute the result in the remaining equations.

3: If one equation in one variable results, solve this equation. Otherwise repeat step a until a
single equation with a single variable remains.

4: Find the values of the remaining variables by back-substitution.

5: Check the solution found.

3.2. Examples of the method of substitution.

3.2.1. Ezample 1. Consider system b in section 1 above.

201 + 3x0 =7 (bl)
ry — Ty = — 1 (b2)
Rewrite the second equation as follows
ry = Tgo — 1

Now substitute in the first equation, obtain one equation in one unknown and solve to obtain

2($2 - 1) + 39 =7
= 229 — 2 4+ 3120 =7

= b1y =9
= T *2
75
Now substitute x2 = 9/5 in the second equation to obtain
9
T —f = -1
= 1 +2 _1
= 5 5
We can verify the answer as
4 9 8 27 35
2 — — = — _— = — =
(5) * 3(5) 5 * 5 5 ’
4
a9 _ 5
5 5 5
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3.2.2. Example 2. Consider system f in section 1 above.

r +y+ 2z =6
3r — 2y + 4z =9
-y —z =0

Rewrite the third equation as follows

r =9y + z

Now substitute in the first and second equations to obtain

(y+2) +y+2z=6
= 2y + 2z =6

3y + 2) — 2y + 4z =9
= 3y + 3z — 2y + 42 =9
=y + 7z =9

Now solve the new second equation for y as follows

y + 7z =9
=y =9 -7z

Now substitute in the first equation to obtain

2y + 2z =6
=209 —7z) + 22 =6
= 18 — 14z + 2z =6
= 12z =12
= z =1
Now substitute z = 1 in the revised second equation to obtain
y =9 — 7z
=y =9-"71 =2
Then substitute y and z in the revised third equation to obtain
r =1y + z
=2z =2+1=3
So the answer is (x, y, z) = (3, 2, 1). We can verify the answer as
3 +2+4+1=6

3(3) — 2(2) + 4(1) =9
3—2-—-1=0
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3.2.3. Ezample 3. Consider system d in section 1 above.

dr + 3y =24 (d.1)
122 + 9y = 36 (d.2)

Rewrite the second equation as follows
122z =36 — 9y
= =3 — -
x 1Y

Now substitute in the first equation, obtain one equation in one unknown and solve to obtain

dr 4+ 3y =24

3
= 4(3 — Zy) + 3y =24
= 12 - 3y = 3y =24
= 12 =24

Since this leads to a statement which is not true, the system is inconsistent.

3.2.4. Ezample 4. Consider system c in section labove.

r+ =5 (c.1)
2c +y =4 (c.2)

Solve the second equation for y as follows

2¢ + y =4
=y =4 - 2z

Now substitute in the first equation and simplify to obtain

r+ 9y =5
=2+ (4 - 22) =5
=z + 16 — 162 + 42% =5
= 422 — 152 + 11 =0

= ar? 4+ bx + ¢ =0

Now solve the equation using the quadratic formula as follows
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—b + Vb? — 4ac
T = 5 (a # 0)
a

—(=15) + (=152 — 4(4)(11)

2(4)
15 + /225 — 176

8
15 + /49

Substituting x = 1 in the modified second equation will give

y =4 — 2z
=y =4—-2(1) =2

Substituting x = 11/4 in the modified second equation will give

y =4 — 2z
11 22
=y =4 —2(=) =4 =
v=t-2(3) -5
16 2 6 3
4 4 42

3.2.5. Example 5. Consider system g in section 1 above.

X1 + ro = 5
2%1 - 3{E2 = -5
4$1 — X9 = 5

Solve the first equation for x; as a function of x5 as follows

r1 + X2 =5

= x1 =b5—1x

Now substitute in the second and third equations to obtain
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201 — 329 = —5
= 2(5—x9) — 3xz2 =5
= 10 — 22 — 329 =5

= 15 — 5z =0

dry — x9 =5
= 4(5—x9) — x93 =5
= 20—4x9 — 29 =5
= 15—-5x2 =0

We can now solve either equation directly as follows.

15 — bxy =0
= bxy =15
= 29 =3
= 11 =2

We can verify that these values of x1 and x2 satisfy all three equations. Any one of the equations
in the system is redundant, meaning we can eliminate it and still solve the system.

If we changed the third equation to 4z; — x92 = —5 we would obtain the following equation
after substituting 5 — x4 for x;.
4$1 — Xy = — 5
= 4(5 — .IQ) — 2 = —5
= 20 — 429 — 29 = —5

= 25 — bz =0

Solving the equation we obtain

25— by =0
= bxy =25
= I9 =5
= x1 =0

We now have inconsistent solutions to the system.
3.3. Method of elimination.

3.3.1. Basic idea. The idea behind the method of elimination is to keep replacing the original equa-
tions in the system with equivalent equations until an obvious solution is reached. In effect we keep
replacing equations until each equation contains just one variable.
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3.3.2. Principles for obtaining equivalent systems of equations.

1:
2:

Changing the order in which the equations are listed produces an equivalent system.
Suppose that in a system of equations, we multiply both sides of a single equation by a
nonzero number (leaving the other equations) unchanged. Then the resulting system of
equations is equivalent to the original system.

: Suppose that in a system of equations, we add a multiple of one equation to another equa-

tion (leaving the other equations) unchanged. Then the resulting system of equations is
equivalent to the original system.

3.3.3. Proof of principles.

1:
2:

This principle is obvious.

Proof of principle 2

Proof. The key is that multiplying by a nonzero constant k is reversible, because we can
also multiply by 1/k. More specifically, we can argue as follows. If aijx; + agxe + -+ +
anX, = b, then of course kagxs + kasxa + -+ + ka,x, = kb. So any solution (xi,...,X,)

to the original system is also a solution to the new system. Moreover, whenever we have a
solution to kajx; + kagxe + - -+ + ka,x, = kb, then multiplying the equation by 1/k shows

that a;x; + agxe + -+ + ayx, = b. Thus any solution to the new system is also a solution
to the original system. O
: Proof of principle 3

Proof. Suppose we add k times the equation a;x; + agxs + - -+ + a,x, = b to the equation
Cc1X1 + C2X2 + -+ + ¢x, = d. If these equations are true, then the sum

(kar + c1)xr + (kaz + o)z + -+ + (kan + cpn)zn = kb + d

is true; that is, any solution to the original system is also a solution to the new system.
Could extraneous solutions have entered? Observe that the original system can be recovered
from the new system by adding -k times the equation a; x; + as x9 + -+ + apx, = b to

(kar + c1)z1 + (kas + c2)axa + -+ + (kan + cn)xn = kb + d.

So the argument of the preceding paragraph can be reapplied (with -k in place of k)
to assure us that any solution to the new system was already a solution to the original
system. (I

3.3.4. Steps in the case of a linear system.

1:

N

Take the first variable x, (that is, the first in the order x1, X2, ... , X,,) having a non-zero
coefficient in some equation. Then choose one of the equations in which the coefficient ¢ of
X, is nonzero. We say this equation is the one being used. Place it just above the equations
not yet used.

: Multiply the equation being used by 1/c, so that its new coefficient for x is 1.
: To each of the other equations, (both used and unused) in which x, has a non-zero coefficient

h, add -h times the equation being used. This eliminates x; from every equation except the
one being used. We now say that the variable x; has been used.

: Now take the next variable, x;, having a nonzero coefficient in some unused equation.

Following steps 1, 2, and 3, eliminate it from all other equations, including those already
used. Again the variable x; and the equation we have worked with in this step is called used.
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Step 4 is then repeated until there is no variable with a nonzero coefficient in an unused
equation.

If there are solutions to a system of linear equations, they will be obtained from this procedure.
If no solutions exist, a contradiction will be obtained.

3.3.5. Ezxamples.

Example 1: Consider system a in section 1.

2t +y =5 (a.1)
—dz 4+ 6y = —2 (a.2)

Let x be the variable chosen and let the first equation be the equation chosen. It is already

at the top of the system. Multiply the first equation by % and then rewrite the entire system
as follows

4y 20
4 = = —
T + 2
= 4dx+2y =10
—dr+6y = —2
8y =38
Now rewrite the system as follows
y 2
T -|-2 =35
8y =28

Now choose the second equation and the second variable. Multiply it by 1/8 and then
rewrite the system as

r += =

[\
= oo ot

y =
Multiply the second equation by -1/2 and add it to the first equation

Y 5
Totg — 3
1 o
2Y 2
4
X == = 2
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The reduced system is now given by
r = 2
y =

Example 2: Consider system e in section 1

T +y+ 2=6
3z — 2y + 42=9
z —y — z2=0

(e.3)

Choose the first variable and the first equation. Since the coefficient of x is 1, we can
proceed directly. We will add (-3) times it to the second equation and (-1) times it to the
third equation. We will first use (-3) as the multiplier and add the first equation to the

second.
—3z -3y —3z = —18
3z — 2y + 4z = 9
— by + z = -9

Now rewrite the system as follows.

T +y +z2z =6
-5 +z = -9
0

T -y -z

Now write the system using (-1) as the multiplier for the first equation and add to the

third equation as follows

—x -y —z = —6
T -y -z 0
— 2y — 2z = —6
Now rewrite the system as follows.
T + Y + z 6
- by +z = -9
- 2y -2z = —6

The variable x is now eliminated from all but the first equation. Now choose the second
equation and y as the variable. Since its coeflicient is -5, we multiply by 1/5 and add it to

the first equation as follows.

T+ Y + z =6
+1

— Zz = —
Y 5

21

T + =z = —



SYSTEMS OF EQUATIONS 11

The system is now given by

+6 +21
X —Z = J—
5 5
+1 9

_ Zy = -2
Yy T3 5

- 2y -2z = -6

Now multiply the second equation by -2 and add to the third equation to eliminate y
from it. This will give

2 18
2 - — _
Y 5 5
—2y — 2z = —6
B 1
5 N 5
The system is now given by
n 6 21
x -z =—
5 5
n 1 9
— sy = _—=
Y 5 5
12 12
s, - _ =
5 5

The variable y now only appears in the second equation. Now use the third equation and
z. Since the coefficient of z is -12/5 we multiply by -5/12. This gives for the entire system

+ 6 +21
T -z = —
5 5
n 1 9

_ =, - _2
Y 5
z = 1

First multiply the last equation by -6/5 and add to the first one. This will give

6 21
6 6
50 TTh
15
v 5
= T =3

Now multiply the third equation by -1/5 and add to the second equation.
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n 1 9
— Zs - _Z
Y 5 5
1 1
—Z, - _ -
5 5
W
Y -
= Yy = 2
Putting it all together we obtain
=
y =
z =
Example 3: Consider system d in section 1
dr + 3y =24 (d.1)
122 + 9y = 36 (d.2)

Choose the first variable and the first equation. Since the coefficient of x is 4, divide the
first equation by 4 and rewrite the system as

3
— :6
3:-|-4y

12z + 9y = 36
Now multiply the first equation by -12 and add to the second equation.

—12x — 9y =—-72
12z + 9y = 36
0z + Oy = —36

It is clear that we have an inconsistent system.
Example 4: Consider the following system

dr + 2y =12 (q.1)
6x + 3y =18 (q.2)

Choose the first variable and the first equation. Since the coefficient of x is 4, divide the
first equation by 4 and rewrite the system as

1
3:—|—§y—3
6z + 3y =18

Now multiply the first equation by -6 and add to the second equation.
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—6z — 3y =—-18
6z + 3y = 18
Oz + Oy =0
We now have an equation stating that Ox + Oy = 0. This is a true statement, but

provides no information about the values of x and y that solve the system. Solve the second
equation for x to obtain

6z + 3y =18
= 6x =18 — 3y /
q
= 3 L .
r =3 — =
oY

Any x satisfying equation (q') will satisfy both equations in q. There are infinite solutions
to system q, one for every possible value of y among the real numbers.

4. THE GENERAL REPRESENTATION OF A LINEAR SYSTEM OF m EQUATIONS IN 1 UNKNOWNS

The general system of m equations in n unknowns can be written

ai1r1 + a12T2 + 0+ apTy = by

az1r1 + a2 + - + a2 Ty = by

az1r1 + asze®2 + -+ + a3 T, = b3

Am1T1 + AmaTa + -+ A Tn = by
In this system, the a;;’s and b;’s are given real numbers; a;; is the coefficient of the unknown x;
in the ith equation. A solution of the system is an n-tuple of real numbers x;1, X2, ... X, which

satisfies all m equations. We call the column of right-hand sides in the system a vector with m
members. We call the set of all a;;’s arranged in a rectangular array the coefficient matrix of the
system.



