
Vectors and
Matrices

Appendix A

Vectors and matrices are notational conveniences for dealing with systems of linear equations and inequalities.
In particular, they are useful for compactly representing and discussing the linear programming problem:

Maximize
n∑

j =1

c j x j ,

subject to:
n∑

j =1

ai j x j = bi (i = 1, 2, . . . , m),

x j ≥ 0 ( j = 1, 2, . . . , n).

This appendix reviews several properties of vectors and matrices that are especially relevant to this
problem. We should note, however, that the material contained here is more technical than is required for
understanding the rest of this book. It is included for completeness rather than for background.

A.1 VECTORS

We begin by defining vectors, relations among vectors, and elementary vector operations.

Definition. A k-dimensional vector yis an ordered collection ofk real numbersy1, y2, . . . , yk, and is
written asy = (y1, y2, . . . , yk). The numbersy j ( j = 1, 2, . . . , k) are called thecomponentsof the
vectory.

Each of the following are examples of vectors:

i) (1, −3, 0, 5) is a four-dimensional vector. Its first component is 1, its second component is−3, and its
third and fourth components are 0 and 5, respectively.

ii) The coefficientsc1, c2, . . . , cn of the linear-programming objective function determine then-dimensional
vectorc = (c1, c2, . . . , cn).

iii) The activity levelsx1, x2, . . . , xn of a linear program define then-dimensional vectorx = (x1, x2, . . . , xn).
iv) The coefficientsai 1, ai 2, . . . , ain of the decision variables in thei th equation of a linear program deter-

mine ann-dimensional vectorAi
= (ai 1, ai 2, . . . , ain).

v) The coefficientsa1 j , a2 j , . . . , anj of the decision variablex j in constraints 1 throughm of a linear
program define anm-dimensional vector which we denote asA j = (a1 j , a2 j , . . . , amj).
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Equality and ordering of vectors are defined by comparing the vectors’ individual components. Formally,
let y = (y1, y2, . . . , yk) andz = (z1, z2, . . . , zk) be twok-dimensional vectors. We write:

y = z wheny j = z j ( j = 1, 2, . . . , k),

y ≥ z or z ≤ y wheny j ≥ z j ( j = 1, 2, . . . , k),

y > z or z < y wheny j > z j ( j = 1, 2, . . . , k),

and say, respectively, thaty equals z, yis greater than or equal to zand thaty is greater than z. In the last two
cases, we also say thatz is less than or equal to yandless than y. It should be emphasized thatnot all vectors
are ordered. For example, ify = (3, 1, −2) andx = (1, 1, 1), then the first two components ofy are greater
than or equal to the first two components ofx but the third component ofy is lessthan the corresponding
component ofx.

A final note: 0 is used to denote thenull vector (0, 0, …, 0), where the dimension of the vector is
understood from context. Thus, ifx is ak-dimensional vector,x ≥ 0 means that each componentx j of the
vectorx is nonnegative.

We also define scalar multiplication and addition in terms of the components of the vectors.

Definition. Scalar multiplicationof a vectory = (y1, y2, . . . , yk) and a scalarα is defined to be a new
vectorz = (z1, z2, . . . , zk), writtenz = αy or z = yα, whose components are given byz j = αy j .

Definition. Vector additionof twok-dimensional vectorsx = (x1, x2, . . . , xk) andy = (y1, y2, . . . , yk)

is defined as a new vectorz = (z1, z2, . . . , zk), denotedz = x+y, with components given byz j = x j +y j .

As an example of scalar multiplication, consider

4(3, 0, −1, 8) = (12, 0, −4, 32),

and for vector addition,
(3, 4, 1, −3) + (1, 3, −2, 5) = (4, 7, −1, 2).

Using both operations, we can make the following type of calculation:

(1, 0)x1 + (0, 1)x2 + (−3, −8)x3 = (x1, 0) + (0, x2) + (−3x3, −8x3)

= (x1 −3x3, x2 −8x3).

It is important to note thaty and z must have the same dimensions for vector addition and vector
comparisons. Thus(6, 2, −1) + (4, 0) is notdefined, and(4, 0, −1) = (4, 0) makesnosense at all.

A.2 MATRICES

We can now extend these ideas to any rectangular array of numbers, which we call amatrix.

Definition. A matrix is defined to be a rectangular array of numbers

A =


a11 a12 · · · a1n
a21 a22 · · · a2n
...

...

am1 am2 · · · amn

 ,

whosedimensionis m by n. A is calledsquareif m = n. The numbersai j are referred to as theelements
of A.

The tableau of a linear programming problem is an example of a matrix.
We define equality of two matrices in terms of their elements just as in the case of vectors.
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Definition. Two matricesA andB are said to beequal, written A = B, if they have the same dimension
and their corresponding elements are equal, i.e.,ai j = bi j for all i and j .

In some instances it is convenient to think of vectors as merely beingspecial casesof matrices. However, we
will later prove a number of properties of vectors that do not have straightforward generalizations to matrices.

Definition. A k-by-1 matrix is called acolumn vectorand a 1-by-k matrix is called arow vector.

The coefficients in rowi of the matrixAdetermine a row vectorAi = (ai 1, ai 2, …,ain), and the coefficients
of column j of A determine a column vectorA j = 〈a1 j , a2 j , . . . , amj〉. For notational convenience, column
vectors are frequently written horizontally in angular brackets.

We can define scalar multiplication of a matrix, and addition of two matrices, by the obvious analogs of
these definitions for vectors.

Definition. Scalar multiplicationof a matrix A and a real numberα is defined to be a new matrixB,
written B = αA or B = Aα, whose elementsbi j are given bybi j = αai j .

For example,

3

[
1 2
0 −3

]
=

[
3 6
0 −9

]
.

Definition. Additionof two matricesA andB, both with dimensionm by n, is defined as a new matrix
C, writtenC = A + B, whose elementsci j are given byci j = ai j + bi j .

For example, [
1 2 4
0 −3 1

]
+

[
2 6 −3

−1 4 0

]
=

[
3 8 1

−1 1 1

]
(A) (B) (C)

If two matricesA andB do not have the same dimension, thenA + B is undefined.
The product of two matrices can also be defined if the two matrices have appropriate dimensions.

Definition. Theproductof anm-by-p matrix A and ap-by-n matrix B is defined to be a newm-by-n
matrixC, writtenC = AB, whose elementsci j are given by:

ci j =

p∑
k=1

aikbk j .

For example,  1 2
0 −3
3 1

 [
2 6 −3
1 4 0

]
=

 4 14 −3
−3 −12 0

7 22 −9


and [

2 6 −3
1 4 0

]  1 2
0 −3
3 1

 =

[
−7 −17

1 −10

]
.

If the number of columns ofA does not equal the number of rows ofB, thenAB is undefined. Further,
from these examples, observe that matrix multiplication isnot commutative; that is,AB 6= B A, in general.

If π = (π1, π2, . . . , πm) is a row vector andq = 〈q1, q2, . . . , qm〉 a column vector, then the special case

πq =

m∑
i =1

πi qi
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of matrix multiplication is sometimes referred to as aninner product. It can be visualized by placing the
elements ofπ next to those ofq andadding, as follows:

π1 × q1 = π1q1,

π2 × q2 = π2q2,

...
...

πm × qm = πmqm.

πq =

m∑
i =1

πi qi .

In these terms, the elementsci j of matrix C = AB are found by taking the inner product ofAi (the i th row
of A) with B j (the j th column ofB); that is,ci j = Ai B j .

The following properties of matrices can be seen easily by writing out the appropriate expressions in each
instance and rearranging the terms:

A + B = B + A (Commutative law)

A + (B + C) = (A + B) + C (Associative law)

A(BC) = (AB)C (Associative law)

A(B + C) = AB + AC (Distributive law)

As a result,A + B + C or ABC is well defined, since the evaluations can be performed in any order.
There are a few special matrices that will be useful in our discussion, so we define them here.

Definition. The identity matrixof orderm, written Im (or simply I , when no confusion arises) is a
squarem-by-m matrix withonesalong the diagonal andzeroselsewhere.

For example,

I3 =

 1 0 0
0 1 0
0 0 1

 .

It is important to note that for anym-by-m matrix B, BIm = ImB = B. In particular,ImIm = Im or
I I = I .

Definition. Thetransposeof a matrixA, denotedAt , is formed byinterchangingthe rows and columns
of A; that is,at

i j = a j i .

If
A =

[
2 4 −1

−3 0 4

]
,

then the transpose ofA is given by:

At
=

 2 −3
4 0

−1 4

 .

We can show that(AB)t
= Bt At since thei j th element of both sides of the equality is

∑
k a jkbki .

Definition. An elementary matrixis a square matrix with one arbitrary column, but otherwiseones
along the diagonal andzeroselsewhere (i.e., an identify matrix with the exception of one column).
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For example,

E =


1 0 −1 0
0 1 3 0
0 0 2 0
0 0 4 1


is an elementary matrix.

A.3 LINEAR PROGRAMMING IN MATRIX FORM

The linear-programming problem

Maximizec1x1 + c2x2 + · · · + cnxn,

subject to:
a11x1 + a12x2 + · · · + a1nxn ≤ b1,

a12x1 + a22x2 + · · · + a2nxn ≤ b2,

...
...

...

a1mx1 + a2mx2 + · · · + amnxn ≤ bm,

x1 ≥ 0, x2 ≥ 0, . . . , xn ≥ 0,

can now be written in matrix form in a straightforward manner. If we let:

x =


x1
x2
...

xn

 and b =


b1
b2
...

bm


be column vectors, the linear system of inequalities is written in matrix form asAx ≤ b. Letting c =

(c1, c2, . . . , cn) be a row vector, the objective function is written ascx. Hence,the linear program assumes
the following compact form:

Maximizecx,

subject to:
Ax ≤ b, x ≥ 0.

The same problem can also be written in terms of the column vectorsA j of the matrixA as:

Maximizec1x1 + c2x2 + · · · + cnxn,
subject to:

A1x1 + A2x2 + · · · + Anxn ≤ b,

x j ≥ 0 ( j = 1, 2, . . . , n).

At various times it is convenient to use either of these forms.
The appropriatedual linear program is given by:

Minimize b1y1 + b2y2 + · · · + bmym,

subject to:

a11y1 + a21y2 + · · · + am1ym ≥ c1,

a12y1 + a22y2 + · · · + am2ym ≥ c2,

...
...

...

a1ny1 + a2ny2 + · · · + amnym ≥ cn,

y1 ≥ 0, y2 ≥ 0, . . . , ym ≥ 0.
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Letting

yt
=


y1
y2
...

yn


be a column vector, since the dual variables are associated with the constraints of the primal problem, we can
write the dual linear program in compact form as follows:

Minimize bt yt ,

subject to:
At yt

≥ ct , yt
≥ 0.

We can also write the dual in terms of the untransposed vectors as follows:

Minimize yb,

subject to:
y A ≥ c, y ≥ 0.

In this form it is easy to write the problem in terms of the row vectorsAi of the matrixA, as:

Minimize y1b1 + y2b2 + · · · + ymbm,

subject to:

y1A1
+ y2A2

+ · · · + ymAm
≥ c,

yi ≥ 0 (i = 1, 2, . . . , m).

Finally, we can write the primal and dual problems in equality form. In the primal, we merely define an
m-dimensional column vectors measuring the amount of slack in each constraint, and write:

Maximizecx,

subject to:
Ax + I s = b,

x ≥ 0, s ≥ 0.

In the dual, we define ann-dimensional row vectoru measuring the amount of surplus in each dual constraint
and write:

Minimize yb,

subject to:
y A− uI = c,

y ≥ 0, u ≥ 0.

A.4 THE INVERSE OF A MATRIX

Definition. Given a squarem-by-m matrix B, if there is anm-by-m matrix D such that

DB = B D = I ,

thenD is called theinverseof B and is denotedB−1.

Note thatB−1 does not mean 1/B or I /B, since division isnotdefined for matrices. The symbolB−1 is just
a convenient way to emphasize the relationship between the inverse matrixD and the original matrixB.

There are a number of simple properties of inverses that are sometimes helpful to know.
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i) The inverse of a matrixB is unique if it exists.

Proof. Suppose thatB−1 andA are both inverses ofB. Then

B−1
= I B−1

= (AB)B−1
= A(B B−1) = A.

ii) I −1
= I sinceI I = I .

iii) If the inverse ofA andB exist, then the inverse ofAB exists and is given by(AB)−1
= B−1A−1.

Proof. (AB)(B−1A−1) = A(B B−1)A−1
= AI A−1

= AA−1
= I .

iv) If the inverse ofB exists, then the inverse ofB−1 exists and is given by(B−1)−1
= B.

Proof. I = I −1
= (B−1B)−1

= B−1(B−1)−1.

v) If the inverse ofB exists, then the inverse ofBt exists and is given by(Bt )−1
= (B−1)t .

Proof. I = I t
= (B−1B)t

= Bt (B−1)t .

The natural question that arises is: Under what circumstances does the inverse of a matrix exist? Consider
the square system of equations given by:

Bx = I y = y.

If B has an inverse, then multiplying on the left byB−1 yields

I x = B−1y,

which ‘‘solves’’ the original square system of equations for any choice ofy. The second system of equations
has a unique solution in terms ofx for any choice ofy, since one variablex j is isolated in each equation.
The first system of equations can be derived from the second by multiplying on the left byB; hence, the
two systems are identical in the sense that anyx̄, ȳ that satisfies one system will also satisfy the other. We
can now show that a square matrixB has an inverse if the square system of equationsBx = y has a unique
solutionx for an arbitrary choice ofy.

The solution to this system of equations can be obtained by successively isolating one variable in each
equation by a procedure known asGauss–Jordan elimination, which is just the method for solving square
systems of equations learned in high-school algebra. Assumingb11 6= 0, we can use the first equation to
eliminatex1 from the other equations, giving:

x1 +
b12
b11

x2 + · · · +
b1m
b11

xm =
1

b11
y1,

(
b22 − b21

b12
b11

)
x2 + · · · +

(
b2m − b21

b1m
b11

)
xm = −

b21
b11

y1 + y2,

...
...

. . .(
bm2 − bm1

b12
b11

)
x2 + · · · +

(
bmm − bm1

b1m
b11

)
xm = −

bm1
b11

y1 + ym.
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If b11 = 0, we merely choose some other variable to isolate in the first equation. In matrix form, the new
matrices of thex andy coefficients are given respectively byE1B andE1I , whereE1 is an elementary matrix
of the form:

E1 =


k1 0 0 · · · 0
k2 1 0 · · · 0
k3 0 1 · · · 0
...

. . .

km 0 0 · · · 1

 ,

k1 =
1

b11
,

...

ki = −
bi 1
b11

(i = 2, 3, . . . , m).

Further, sinceb11 is chosen to be nonzero,E1 has an inverse given by:

E−1
1 =


1/k1 0 0 · · · 0
−k2 1 0 · · · 0
−k3 0 1 · · · 0

...
. . .

−km 0 0 · · · 1

 .

Thus by property (iii) above, ifB has an inverse, thenE1B has an inverse and the procedure may be repeated.
Somex j coefficient in the second row of the updated systemmust be nonzero, or no variable can be isolated
in the second row, implying that the inverse does not exist. The procedure may be repeated by eliminating
this x j from the other equations. Thus, a new elementary matrixE2 is defined, and the new system

(E2E1B)x = (E2E1)y

hasx1 isolated in equation 1 andx2 in equation 2.
Repeating the procedure finally gives:

(EmEm−1 · · · E2E1B)x = (EmEm−1 · · · E2E1)y

with one variable isolated in each equation. If variablex j is isolated in equationj , the final system reads:

x1 = β11y1+β12y2+ · · · + β1mym,

x2 = β21y1+β22y2+ · · · + β2mym,
. . .

...

xm = βm1y1+βm2y2+ · · · + βmmym,

and

B−1
=


β11 β12 · · · β1m
β21 β22 · · · β2m
...

...

βm1 βm2 · · · βmm

 .

Equivalently,B−1
= EmEm−1 · · · E2E1 is expressed inproduct formas the matrix product of elementary

matrices. If, at any stage in the procedure, it is not possible to isolate a variable in the row under consideration,
then the inverse of the original matrix does not exist.

If x j has not been isolated in thej th equation, the equations may have to be permuted to determineB−1.
This point is illustrated by the following example:
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Rearranging the first and second rows of the last table gives the desired transformation ofB into the
identity matrix, and shows that:

B−1
=

 0 3
2 −

1
2

0 −1 1
2

1
4

1
2 −

1
4

 .

Alternately, if the first and second columns of the last table are interchanged, an identity matrix is produced.
Interchanging the first and second columns ofB, and performing the same operations as above, has this same
effect. Consequently,

E3E2E1 =

 0 −1 1
2

0 3
2 −

1
2

1
4

1
2 −

1
4

 is the inverse of

 2 0 4

2 2 0

6 4 0

 .

In many applications the column order, i.e., the indexing of the variablesx j , is arbitrary, and this last procedure
is utilized. That is, one variable is isolated in each row and the variable isolated in rowj is considered the
j th basic variable (above, the second basic variable would bex1). Then the product form gives the inverse
of the columns toB, reindexed to agree with the ordering of the basic variables.

In computing the inverse of a matrix, it is often helpful to take advantage of any special structure that the
matrix may have. To take advantage of this structure, we maypartition a matrix into a number of smaller
matrices, by subdividing its rows and columns.

For example, the matrixA below is partitioned into four submatricesA11, A12, A21, andA22:

A =


a11 a12 a13
a21 a22 a23

a31 a32 a33
a41 a42 a43

 =

[
A11 A12

A21 A22

]
.

The important point to note is that partitioned matrices obey the usual rules of matrix algebra. For example,
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multiplication of two partitioned matrices

A =

 A11 A12
A21 A22
A31 A32

 , and B =

[
B11 B12
B21 B22

]
results in

AB =

 A11B11 + A12B21 A11B12 + A12B22
A21B11 + A22B21 A21B12 + A22B22
A31B11 + A32B21 A31B12 + A32B22

 ,

assuming the indicated products are defined; i.e., the matricesAi j andB jk have the appropriate dimensions.
To illustrate that partitioned matrices may be helpful in computing inverses, consider the following

example. Let

M =

[
I Q
0 R

]
,

where 0 denotes a matrix with all zero entries. Then

M−1
=

[
A B
C D

]
satisfies

M M−1
= I or

[
I Q
0 R

] [
A B
C D

]
=

[
I 0
0 I

]
,

which implies the following matrix equations:

A + QC = I , B + QD = 0,

RC = 0, RD = I .

Solving these simultaneous equations gives

C = 0, A = I , D = R−1, and B = −QR−1
;

or, equivalently,

M−1
=

[
I −QR−1

0 R−1

]
.

Note that we need only computeR−1 in order to determineM−1 easily. This type of use of partitioned
matrices is the essence of many schemes for handling large-scale linear programs with special structures.

A.5 BASES AND REPRESENTATIONS

In Chapters 2, 3, and 4, the concept of a basis plays an important role in developing the computational
procedures and fundamental properties of linear programming. In this section, we present the algebraic
foundations of this concept.

Definition. m-dimensional real spaceRm is defined as the collection of allm-dimensional vectors
y = (y1, y2, . . . , ym).

Definition. A set of m-dimensional vectorsA1, A2, . . . , Ak is linearly dependentif there exist real
numbersα1, α2, . . . , αk, not all zero, such that

α1A1 + α2A2 + · · · + αk Ak = 0. (1)

If the only set ofα j ’s for which (1) holds isα1 = α2 = · · · = αk = 0, then them-vectorsA1, A2, . . . , Ak
are said to belinearly independent.
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For example, the vectors(4, 1, 0, −1), (3, 1, 1, −2), and(1, 1, 3, −4) are linearly dependent, since

2(4, 1, 0, −1) − 3(3, 1, 1, −2) + 1(1, 1, 3, −4) = 0.

Further, theunit m-dimensional vectorsu j = (0, . . . , 0, 1, 0, . . . , 0) for j = 1, 2, . . . , m, with aplus onein
the j th component and zeros elsewhere, are linearly independent, since

m∑
j =1

α j u j = 0

implies that

α1 = α2 = · · · = αm = 0.

If any of the vectorsA1, A2, . . . , Ak, sayAr , is the 0 vector (i.e., has all zero components), then, taking
αr = 1 and all otherα j = 0 shows that the vectors are linearly dependent. Hence, the null vector is linearly
dependent on any set of vectors.

Definition. An m-dimensional vectorQ is said to bedependenton the set ofm-dimensional vectors
A1, A2, . . . , Ak if Q can be written as a linear combination of these vectors; that is,

Q = λ1A1 + λ2A2 + · · · + λk Ak

for some real numbersλ1, λ2, . . . , λk. The k-dimensional vector(λ1, λ2, . . . , λk) is said to be the
representationof Q in terms ofA1, A2, . . . , Ak.

Note that(1, 1, 0) is not dependent upon(0, 4, 2) and (0, −1, 3), sinceλ1(0, 4, 2) + λ2(0, −1, 3) =

(0, 4λ1 − λ2, 2λ1 + 3λ2) and can never have 1 as its first component.
Them-dimensional vector(λ1, λ2, . . . , λm) is dependent upon them-dimensional unit vectorsu1, u2, . . . , um,

since

(λ1, λ2, . . . , λm) =

m∑
j =1

λ j u j .

Thus, anym-dimensional vector is dependent on them-dimensional unit vectors. This suggests the following
important definition.

Definition. A basisof Rm is a set of linearly independentm-dimensional vectors with the property that
every vector ofRm is dependent upon these vectors.

Note that them-dimensional unit vectorsu1, u2, . . . , um are a basis forRm, since they are linearly independent
and anym-dimensional vector is dependent on them.

We now sketch the proofs of a number of important properties relating bases of real spaces, representations
of vectors in terms of bases, changes of bases, and inverses of basis matrices.

Property 1. A set ofm-dimensional vectorsA1, A2, . . . , Ar is linearly dependent if and only if one of
these vectors is dependent upon the others.

Proof. First, suppose that

Ar =

r −1∑
j =1

λ j A j ,
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so thatAr is dependent uponA1, A2, . . . , Ar −1. Then, settingλr = −1, we have

r −1∑
j =1

λ j A j − λr Ar = 0,

which shows thatA1, A2, . . . , Ar are linearly dependent.

Next, if the set of vectors is dependent, then

r∑
j =1

α j A j = 0,

with at least oneα j 6= 0, sayαr 6= 0. Then,

Ar =

r −1∑
j =1

λ j A j ,

where

λ j = −

(
α j

αr

)
,

andAr depends uponA1, A2, . . . , Ar −1. �

Property 2. The representation of any vectorQ in terms of basis vectorsA1, A2, . . . , Am is unique.

Proof. Suppose thatQ is represented as both

Q =

m∑
j =1

λ j A j and Q =

m∑
j =1

λ′

j A j .

EliminatingQ gives 0=
∑m

j =1 (λ j − λ′

j )A j . SinceA1, A2, . . . , Am constitute a basis, they are linearly
independent and each(λ j − λ′

j ) = 0. That is,λ j = λ′

j , so that the representation must be unique.�

This proposition actually shows that ifQ can be represented in terms of the linearly independent vectors
A1, A2, . . . , Am, whether a basis or not, then the representation is unique. IfA1, A2, . . . , Am is a basis, then
the representation is always possible because of the definition of a basis.

Several mathematical-programming algorithms, including the simplex method for linear programming,
move from one basis to another by introducing a vector into the basis in place of one already there.

Property 3. Let A1, A2, . . . , Am be a basis forRm; let Q 6= 0 be anym-dimensional vector; and let
(λ1, λ2, . . . , λm) be the representation ofQ in terms of this basis; that is,

Q =

m∑
j =1

λ j A j . (2)

Then, if Q replaces any vectorAr in the basis withλr 6= 0, the new set of vectors is a basis forRm.
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Proof. Suppose thatλm 6= 0. First, we show that the vectorsA1, A2, . . . , Am−1, Q are linearly indepen-
dent. Letα j for j = 1, 2, . . . , m andαQ be any real numbers satisfying:

m−1∑
j =1

α j A j + αQQ = 0. (3)

If αQ 6= 0, then

Q =

m−1∑
j =1

(
−

α j

αQ

)
A j ,

which with (2) gives two representations ofQ in terms of the basisA1, A2, . . . , Am. By Property 2, this
is impossible, soαQ = 0. But then,α1 = α2 = · · · = αm−1 = 0, sinceA1, A2, . . . , Am−1 are linearly
independent. Thus, as required,α1 = α2 = · · · = αm−1 = αQ = 0 is the only solution to (3).

Second, we show that anym-dimensional vectorP can be represented in terms of the vectorsA1, A2, . . . , Am−1, Q.
SinceA1, A2, . . . , Am is a basis, there are constantsα1, α2, . . . , αm such that

P =

m∑
j =1

α j A j .

Using expression (2) to eliminateAm, we find that

P =

m−1∑
j =1

[
α j − αm

(
λ j

λm

)
A j

]
+

αm

λm
Q,

which by definition shows thatA1, A2, . . . , Am−1, Q is a basis.�

Property 4. Let Q1, Q2, . . . , Qk be a collection of linearly independentm-dimensional vectors, and let
A1, A2, . . . , Ar be a basis forRm. ThenQ1, Q2, . . . , Qk can replacek vectors fromA1, A2, . . . , Ar to
form a new basis.

Proof. First recall that the 0 vector is not one of the vectorsQ j , since 0 vector is dependent on any set
of vectors. Fork = 1, the result is a consequence of Property 3. The proof is by induction. Suppose,
by reindexing if necessary, thatQ1, Q2, . . . , Q j , A j +1, A j +2, . . . , Ar is a basis. By definition of basis,
there are real numbersλ1, λ2, . . . , λr such that

Q j +1 = λ1Q1 + λ2Q2 + · · · + λ j Q j + λ j +1A j +1 + λ j +2A j +2 + · · · + λr Ar .

If λi = 0 for i = j + 1, j + 2, . . . , r, then Q is represented in terms ofQ1, Q2, . . . , Q j , which,
by Property 1, contradicts the linear independence ofQ1, Q2, . . . , Qk. Thus some,λi 6= 0 for i =

j + 1, j + 2, . . . , r , say,λ j +1 6= 0. By Property 3, then,Q1, Q2, . . . , Q j +1, A j +1, A j +2, . . . , Ar is
also a basis. Consequently, wheneverj < k of the vectorsQi can replacej vectors fromA1, A2, . . . , Ar
to form a basis,( j +1) of them can be used as well, and eventuallyQ1, Q2, . . . , Qk can replacek vectors
from A1, A2, . . . , Ar to form a basis.�

Property 5. Every basis forRm containsm vectors.
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Proof. If Q1, Q2, . . . , Qk and A1, A2, . . . , Ar are two bases, then Property 4 implies thatk ≤ r . By
reversing the roles of theQ j and Ai , we also haver ≤ k and thusk = r , and every two bases contain
the same number of vectors. But the unitm-dimensional vectorsu1, u2, . . . , um constitute a basis with
m-dimensional vectors, and consequently, every basis ofRm must containm vectors.�

Property 6. Every collectionQ1, Q2, . . . , Qk of linearly independentm-dimensional vectors is con-
tained in a basis.

Proof. Apply Property 4 withA1, A2, . . . , Am the unitm-dimensional vectors.�

Property 7. Everym linearly-independent vectors ofRm form a basis. Every collection of(m + 1) or
more vectors inRm are linearly dependent.

Proof. Immediate, from Properties 5 and 6.�

If a matrix B is constructed withm linearly-independent column vectorsB1, B2, . . . , Bm, the properties
just developed for vectors are directly related to the concept of abasis inverseintroduced previously. We
will show the relationships by defining the concept of a nonsingular matrix in terms of the independence of
its vectors. The usual definition of a nonsingular matrix is that the determinant of the matrix is nonzero.
However, this definition stems historically from calculating inverses by the method of cofactors, which is of
little computational interest for our purposes and will not be pursued.

Definition. An m-by-m matrix B is said to benonsingularif both its column vectorsB1, B2, . . . , Bm
and rows vectorsB1, B2, . . . , Bm are linearly independent.

Although we will not establish the property here, defining nonsingularity ofB merely in terms of linear
independence ofeither its column vectors or row vectors is equivalent to this definition. That is, linear
independence of either its column or row vectors automatically implies linear independence of the other
vectors.

Property 8. An m-by-m matrix B has an inverse if and only if it is nonsingular.

Proof. First, suppose thatB has an inverse and that

B1α1 + B2α2 + · · · + Bmαm = 0.

Lettingα = 〈α1, α2, . . . , αm〉, in matrix form, this expression says that

Bα = 0.

Thus(B−1)(Bα) = B−1(0) = 0 or (B−1B)α = I α = α = 0. That is,α1 = α2 = · · · = αm = 0, so
that vectorsB1, B2, . . . , Bm are linearly independent. Similarly,αB = 0 implies that

α = α(B B−1) = (αB)B−1
= 0B−1

= 0,

so that the rowsB1, B2, . . . , Bm are linearly independent.



A.6 Extreme Points of Linear Programs 501

Next, suppose thatB1, B2, . . . , Bm are linearly independent. Then, by Property 7, these vectors are a
basis forRm, so that each unitm-dimensional vectoru j is dependent upon them. That is, for eachj ,

B1λ
j
1 + B2λ

j
2 + · · · + Bmλ

j
m = u j (4)

for some real numbersλ j
1, λ

j
2, . . . , λ

j
m. Letting D j be the column vectorD j = 〈λ

j
1, λ

j
2, . . . , λ

j
m〉, Eq. (4)

says that
B D j = u j or B D = I ,

where D is a matrix with columnsD1, D2, . . . , Dm. The same argument applied to the row vectors
B1, B2, . . . , Bm shows that there is a matrixD′ with D′B = I . But D = I D = (D′B)D = D′(B D) =

D′ I = D′, so thatD = D′ is the inverse ofB. �

Property 8 shows that the rows and columns of a nonsingular matrix inherit properties of bases forRm

and suggests the following definition.

Definition. Let A be anm-by-n matrix andB be anym-by-m submatrix ofA. If B is nonsingular, it is
called abasisfor A.

Let B be a basis forA and let A j be any column ofA. Then there is a unique solution̄A j =

〈ā1 j , ā2 j , . . . , ānj 〉 to the system of equationsBĀ j = A j given by multiplying both sides of the equality
by B−1; that is,Ā = B−1A j . Since

BĀ j = B1ā1 j + B2ā2 j + · · · + Bmānj = A j ,

the vectorĀ j is the representation of the columnA j in terms of the basis. Applying Property 3, we
see thatA j can replace columnBk to form a new basis if̄ak j 6= 0. This result is essential for several
mathematical-programming algorithms, including the simplex method for solving linear programs.

A.6 EXTREME POINTS OF LINEAR PROGRAMS

In our discussion of linear programs in the text, we have alluded to the connection between extreme points,
or corner points, of feasible regions and basic solutions to linear programs. the material in this section
delineates this connection precisely, using concepts of vectors and matrices. In pursuing this objective, this
section also indicates why a linear program can always be solved at a basic solution, an insight which adds to
our seemingly ad hoc choice of basic feasible solutions in the text as the central focus for the simplex method.

Definition. Let Sbe a set of points inRn. A point y in S is called anextreme pointof S if y cannot be
written asy = λw + (1 − λ)x for two distinct pointsw andx in S and 0< λ < 1. That is,y does not
lie on the line segment joining any two points ofS.

For example, ifS is the set of feasible points to the system

x1 + x2 ≤ 6,

x2 ≤ 3, x1 ≥ 0, x2 ≥ 0,

then the extreme points are (0, 0), (0, 3), (3, 3), and (6, 0) (see Fig. (A.1).
The next result interprets the geometric notion of an extreme point for linear programs algebraically in

terms of linear independence.

Feasible Extreme Point Theorem.Let S be the set of feasible solutions to the linear programAx =

b, x ≥ 0. Then the feasible pointy = (y1, y2, . . . , yn) is an extreme point ofS if and only if the columns
of A with yi > 0 are linearly independent.
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Figure A.1

Proof. By reindexing if necessary, we may assume that only the firstr components ofy are positive; that
is,

y1 > 0, y2 > 0, . . . , yr > 0, yr +1 = yr +2 = · · · = yn = 0.

We must show that any vectory solving Ay = b, y ≥ 0, is an extreme point if and only if the firstr
columnA1, A2, . . . , Ar of A are linearly independent. First, suppose that these columns are not linearly
independent, so that

A1α1 + A2α2 + · · · + Ar αr = 0 (5)

for some real numbersα1, α2, . . . , αr not all zero. If we letx denote the vectorx = (α1, α2, . . . , αr , 0, . . . , 0),
then expression (5) can be written asAx = 0. Now letw = y + λx andw̄ = y − λx. Then, as long
asλ is chosen small enough to satisfyλ|α j | ≤ y j for each componentj = 1, 2, . . . , r, bothw ≥ 0 and
w̄ ≥ 0. But then, bothw andw̄ are contained inS, since

A(y + λx) = Ay + λAx = Ay + λ(0) = b,

and, similarly,A(y − λx) = b. However, sincey =
1
2(w + w̄), we see thaty is not an extreme point of

S in this case. Consequently, every extreme point ofSsatisfies the linear independence requirement.

Conversely, suppose thatA1, A2, . . . Ar are linearly independent. Ify = λw + (1− λ)x for some points
w andx of S and some 0< λ < 1, then y j = λw j + (1 − λ)x j . Sincey j = 0 for j ≥ r + 1 and
w j ≥ 0, x j ≥ 0, then necessarilyw j = x j = 0 for j ≥ r + 1. Therefore,

A1y1 + A2y2 + · · · + Ar yr = A1w1 + A2w2 + · · · + Ar wr
= A1x1 + A2x2 + · · · + Ar xr = b.

Since, by Property 2 in Section A.5, the representation of the vectorb in terms of the linearly independent
vectorsA1, A2, . . . , Ar is unique, theny j = z j = x j . Thus the two pointsw andx cannot be distinct
and thereforey is an extreme point ofS. �

If A contains a basis (i.e., the tows ofA are linearly independent), then, by Property 6, any collection
A1, A2, . . . , Ar of linearly independent vectors can be extended to a basisA1, A2, . . . , Am. The extreme-
point theorem shows, in this case, that every extreme pointy can be associated with a basic feasible solution,
i.e., with a solution satisfyingy j = 0 for nonbasic variablesy j , for j = m + 1, m + 2, . . . , n.

Chapter 2 shows that optimal solutions to linear programs can be found at basic feasible solutions or
equivalently, now, at extreme points of the feasible region. At this point, let us use the linear-algebra tools
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of this appendix to drive this result independently. This will motivate the simplex method for solving linear
programs algebraically.

Suppose thaty is a feasible solution to the linear program

Maximizecx,

subject to:
Ax = b, x ≥ 0, (6)

and, by reindexing variables if necessary, thaty1 > 0, y2 > 0, . . . , yr +1 > 0 andyr +2 = yr +3 = · · · =

yn = 0. If the columnAr +1 is linearly dependent upon columnsA1, A2, . . . , Ar , then

Ar +1 = A1α1 + A2α2 + · · · + Ar αr , (7)

with at least one of the constantsα j nonzero forj = 1, 2, . . . , r . Multiplying both sides of this expression
by θ gives

Ar +1θ = A1(α1θ) + A2(α2θ) + · · · + Ar (αr θ), (8)

which states that we may simulate the effect of settingxr +1 = θ in (6) by settingx1, x2, . . . , xr , respectively,
to (α1θ), (α2θ), . . . , (αr θ). Takingθ = 1 gives:

c̃r +1 = α1c1 + α2c2 + · · · + αr cr

as the per-unit profit from the simulated activity of usingα1 units of x1, α2 units of x2, throughαr units of
xr , in place of 1 unit ofxr +1.

Letting x̄ = (−α1, −α2, . . . ,−αr , + 1, 0, . . . , 0), Eq. (8) is rewritten asA(θx) = θ Ax̄ = 0. Herex̄ is
interpreted as settingxr +1 to 1 and decreasing the simulated activity to compensate. Thus,

A(y + θ x̄) = Ay + θ Ax̄ = Ay + 0 = b,

so thaty + θ x̄ is feasible as long asy + θ x̄ ≥ 0 (this condition is satisfied ifθ is chosen so that|θα j | ≤ y j
for every componentj = 1, 2, . . . , r ). The return fromy + θ x̄ is given by:

c(y + θ x̄) = cy + θcx̄ = cy + θ(cr +1 − c̃r +1).

Consequently, if̃cr +1 < cr +1, the simulated activity is less profitable than the(r + 1)st activity itself, and
return improves by increasingθ . If c̃r +1 >cr +1, return increases by decreasingθ (i.e., decreasingyr +1 and
increasing the simulated activity). Ifc̃r +1 = cr +1, return is unaffected byθ .

These observation imply that, if the objective function is bounded from above over the feasible region,
then by increasing the simulated activity and decreasing activityyr +1, or vice versa, we can find a new feasible
solution whose objective value is at least as large ascy but which contains at least one more zero component
thany.

For, suppose that̃cr +1 ≥ cr +1. Then by decreasingθ from θ = 0, c(y + θ x̄) ≥ cy; eventually
y j + θ x̄ j = 0 for some componentj = 1, 2, . . . , r + 1 (possiblyyr +1 + θ x̄r +1 = yr +1 + θ = 0). On the
other hand, if̃cr +1 < cr +1, thenc(y + θ x̄) > cy asθ increases fromθ = 0; if some component ofα j from
(7) is positive, then eventuallyy j + θ x̄ j = y j − θα j reaches 0 asθ increases. (If everyα j ≤ 0, then we
may increaseθ indefinitely,c(y + θ x̄) → +∞, and the objective value is unbounded over the constraints,
contrary to our assumption.) Therefore, if

eitherc̃r +1 ≥ cr +1 or c̃r +1 < cr +1,

we can find a value forθ such that at least one component ofy j + θ x̄ j becomes zero forj = 1, 2, . . . , r + 1.
Sincey j = 0 andx̄ j = 0 for j > r + 1, y j + θ x̄ j remains at 0 forj > r + 1. Thus, the entire vectory + θ x̄
contains at least one more positive component thany andc(y + θ x̄) ≥ cy.

With a little more argument, we can use this result to show that there must be an optimal extreme-point
solution to a linear program.
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Optimal Extreme-Point Theorem. If the objective function for a feasible linear program is bounded
from above over the feasible region, then there is an optimal solution at an extreme point of the feasible
region.

Proof. If y is any feasible solution and the columnsA j of A, with y j > 0, are linearly dependent, then
one of these columns depends upon the others (Property 1).

From above, there is a feasible solutionx to the linear program with bothcx ≥ cy andx having one
less positive component thany. Either the columns ofA with x j > 0 are linearly independent, or the
argument may be repeated to find another feasible solution withone lesspositive component. Continuing,
we eventually find a feasible solutionw with cw ≥ cy, and the columns ofA with w j > 0 are linearly
independent. By thefeasible extreme-point theorem, w is an extreme point of the feasible region.

Consequently, given any feasible point, there is always an extreme point whose objective value is at least
as good. Since the number of extreme points is finite (the number of collections of linear independent
vectors ofA is finite), the extreme point giving the maximum objective value solves the problem.�


