Vectors and
Matrices

Appendix A

Vectors and matrices are notational conveniences for dealing with systems of linear equations and inequalities.
In particular, they are useful for compactly representing and discussing the linear programming problem:

n
Maximize " ¢;x;.
j=1
subject to: .
Zainjzbi i=212,...,m),
j=1
Xj >0 (j=212,...,n).

This appendix reviews several properties of vectors and matrices that are especially relevant to this
problem. We should note, however, that the material contained here is more technical than is required for
understanding the rest of this book. It is included for completeness rather than for background.

Al VECTORS
We begin by defining vectors, relations among vectors, and elementary vector operations.

Definition. A k-dimensional vector is an ordered collection d&f real numbersy, yo, ..., Yk, and is
written asy = (y1, Y2, ..., Yk). The numberg; (j = 1,2,...,k) are called theeomponent®f the
vectory.

Each of the following are examples of vectors:

i) (1, -3, 0, 5) is a four-dimensional vector. Its first component is 1, its second componedt &d its
third and fourth components are 0 and 5, respectively.

i) The coefficientx, ¢y, ..., ¢y of the linear-programming objective function determinerttdimensional
vectorc = (cy, Cp, ..., Cn).

iii) Theactivitylevelsxy, X2, ..., X, of alinear program define tiredimensional vectax = (X1, X2, ..., Xn).

iv) The coefficientsa1, 2, .. ., ajn of the decision variables in théh equation of a linear program deter-
mine ann-dimensional vectoA' = (gj1, aj2, ..., an).

V) The coefficientsayj, ayj, ..., anj of the decision variable; in constraints 1 througm of a linear
program define am-dimensional vector which we denote &g = (ayj, aj, . .., @mj)-
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488 Vectors and Matrices A.2

Equality and ordering of vectors are defined by comparing the vectors’ individual components. Formally,
lety = (Y1, Y2, ..., Yx) andz = (z1, 2o, . . ., Z«) be twok-dimensional vectors. We write:

y=12 wheny;j = z; (j=212...,k,

y>z or z<y wheny; > z; (j=212...,k),

y>z or z<y wheny;j > z; (j=12...,k,
and say, respectively, thaequals z, ys greater than or equal to and thaty is greater than z In the last two
cases, we also say thais less than or equal to gndless than y It should be emphasized thatt all vectors
are ordered. For example yif= (3, 1, —2) andx = (1, 1, 1), then the first two components gfare greater
than or equal to the first two componentsxobut the third component of is lessthan the corresponding
component oK.

A final note: 0 is used to denote tmall vector (0, O, ..., 0), where the dimension of the vector is
understood from context. Thus,fis ak-dimensional vectors > 0 means that each componeqtof the
vectorx is nonnegative.

We also define scalar multiplication and addition in terms of the components of the vectors.

Definition. Scalar multiplicationof a vectory = (yi, Vo, .. ., Yk) and a scalaw is defined to be a new
vectorz = (z1, 2, . . ., Z), Writtenz = ay or z = ya, whose components are given by= ayj.

Definition. Vector additiorof twok-dimensional vectors = (x1, X2, ..., Xk) andy = (y1, Y2, . . ., Yk)
is defined asanewvectoe= (z1, 2, . . ., Z), denoted = x-+y, withcomponents givenk®; = x;+V;j.

As an example of scalar multiplication, consider

43,0, -1,8) = (12,0, -4, 32,

and for vector addition,
(3,4,1,-3)+(1,3,—-2,5 = (4,7, -1, 2.

Using both operations, we can make the following type of calculation:

(1, 0)x1 + (0, X2 + (=3, =8)x3 = (X1, 0) + (0, X2) + (—3X3, —8X3)
= (X1 —3X3, X2 —8X3).

It is important to note thay and z must have the same dimensions for vector addition and vector
comparisons. Thu&, 2, —1) + (4, 0) is notdefined, and4, 0, —1) = (4, 0) makesno sense at all.

A.2 MATRICES
We can now extend these ideas to any rectangular array of numbers, which weneélixa

Definition. A matrixis defined to be a rectangular array of numbers

ai1 a2 -+ An

a1 a2 -+ A
A=, ) ,

dmi dm2 -+ @mn

whosedimensiorismby n. Ais calledsquareif m = n. The numbers;j are referred to as trelements
of A.

The tableau of a linear programming problem is an example of a matrix.
We define equality of two matrices in terms of their elements just as in the case of vectors.



A.2 Matrices 489

Definition. Two matricesA andB are said to bequal written A = B, if they have the same dimension
and their corresponding elements are equal,a,e+ bj; for alli andj.

In some instances it is convenient to think of vectors as merely lsgiagal casesf matrices. However, we
will later prove a number of properties of vectors that do not have straightforward generalizations to matrices.

Definition. A k-by-1 matrix is called &olumn vectoand a 1-byk matrix is called aow vector

The coefficients in row of the matrixA determine a row vectok' = (a1, a2, ..., ain), and the coefficients
of columnj of A determine a column vectdkj = (ayj, azj, ..., amj). For notational convenience, column
vectors are frequently written horizontally in angular brackets.

We can define scalar multiplication of a matrix, and addition of two matrices, by the obvious analogs of
these definitions for vectors.

Definition. Scalar multiplicationof a matrix A and a real numbez is defined to be a new matrig,
written B = « A or B = Ax, whose elements;; are given bybij = aa;jj.

Lo 3]-[5 5]

Definition. Additionof two matricesA and B, both with dimensiom by n, is defined as a new matrix
C, writtenC = A + B, whose elements;j are given bycij = ajj + bjj.

1 2 4 2 6 3] [ 3 8 1
0-3 1|T|-1 4 o|lT|-1 1 1
(A) (B) ©

If two matricesA and B do not have the same dimension, th&ers- B is undefined.
The product of two matrices can also be defined if the two matrices have appropriate dimensions.

For example,

For example,

Definition. Theproductof anm-by-p matrix A and ap-by-n matrix B is defined to be a nem-by-n
matrix C, writtenC = AB, whose elements; are given by:

p
Gj = Y _ aikbyj.
k=1
For example,
1 2 4 14 -3
0 -3 [i 2 ‘g]: _3-12 0
3 1 7 22 -9
and

[2 6 _3] : 2 _[_7 _17]
1 4 0 3 1 1 -10

If the number of columns oA does not equal the number of rowsBfthen AB is undefined. Further,
from these examples, observe that matrix multiplicatiomascommutativethat is, AB = B A, in general.
If 7 = (1, 2, ..., Tm) IS @row vector and = (qy, 02, . . . , dm) @ column vector, then the special case

m
7q =) 7k
i=1



490 Vectors and Matrices A.2

of matrix multiplication is sometimes referred to asianer product It can be visualized by placing the
elements ofr next to those ofj andadding as follows:

71 X (1 = m101,
72 X Q2 = w202,

Tm X Om = Tm0m-
m

q = qui-
i=1

In these terms, the elemertg of matrixC = AB are found by taking the inner product Af (theith row
of A) with B; (the jth column ofB); that is,cij = A'Bj.

The following properties of matrices can be seen easily by writing out the appropriate expressions in each
instance and rearranging the terms:

A+B=B+ A (Commutative law)

A+ (B+C)=(A+B)+C (Associative law)
A(BC) = (AB)C (Associative law)
A(B+C)=AB+ AC (Distributive law)

As aresult A+ B + C or ABCis well defined, since the evaluations can be performed in any order.
There are a few special matrices that will be useful in our discussion, so we define them here.

Definition. The identity matrixof orderm, written I, (or simply I, when no confusion arises) is a
squarem-by-m matrix with onesalong the diagonal arekeroselsewhere.

For example, 1 0 0
I3=]0 1 O
0O 0 1

It is important to note that for anm-by-m matrix B, Bly, = InB = B. In particular,Iylm = Iy or
I =I.

Definition. Thetransposef a matrix A, denotedA!, is formed byinterchanginghe rows and columns

of A thatis,af; = aji.
2 4 -1
A= [—3 0 4] ’

then the transpose & is given by:

2 -3
Al=1| 4 0
-1 4

We can show thatAB)! = B! A! since the j th element of both sides of the equality)$, ajkbxi-

Definition. An elementary matrixs a square matrix with one arbitrary column, but otherwises
along the diagonal arzkroselsewhere (i.e., an identify matrix with the exception of one column).
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For example,

lcNeoNaN
cNeoRNe)
AN WR
R OOO

is an elementary matrix.

A.3 LINEAR PROGRAMMING IN MATRIX FORM
The linear-programming problem

MaximizeciX1 + CpXo +--- 4+ CnXn,

subiject to:
) a11X1 +agpXy + -+ aiXn < by,

aioX1 +agXe + -+ agmXn < by,

amX1 + amX2 + - - - + amnXn < bm,
X1 >0, x2>0, ..., X3 >0,

can now be written in matrix form in a straightforward manner. If we let:

X1 b1

X2 b
X = and b=1.

Xn bm

be column vectors, the linear system of inequalities is written in matrix formyas< b. Lettingc =
(c1, Co, ..., Cy) be a row vector, the objective function is written@s Hence,the linear program assumes
the following compact form:

Maximizecx,

subject to:
Ax < b, x> 0.

The same problem can also be written in terms of the column vedtodd the matrixA as:

MaximizeciXi + CoXo + - -+ + CnXn,
subject to:

Aixy + AoXo + -+ ApXn < b,
Xj >0 (j=212,...,n).

At various times it is convenient to use either of these forms.
The appropriatelual linear program is given by:

Minimize byy; + boyo + - - - + BmYm.
subject to:
alyr +aziy2 + - -+ amiym = Ci,
arpy1 +agys + - -+ am2ym = Co,

Ainy1 +azny2 + - -+ + a@mnyYm = Cn,
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Letting

Y1
Y2

—

Yn
be a column vector, since the dual variables are associated with the constraints of the primal problem, we can
write the dual linear program in compact form as follows:

Minimize bty!,
subject to:
Ayt >ct yt>o0.

We can also write the dual in terms of the untransposed vectors as follows:
Minimize yb,

subject to:
yA>c, y=0.

In this form it is easy to write the problem in terms of the row vectr®f the matrixA, as:
Minimize y1b; + y2b2 + -+ -+ Ymbm,
subject to:
y1Al+ Yo A2 + -+ ym AT > C,
i >0 i=22....,m.

Finally, we can write the primal and dual problems in equality form. In the primal, we merely define an
m-dimensional column vectameasuring the amount of slack in each constraint, and write:

Maximizecx,

subject to:
AX + Is =D,

X > 0, s> 0.

In the dual, we define amdimensional row vectan measuring the amount of surplus in each dual constraint
and write:

Minimize yb,

subject to:
yA—ul =c,

y >0, u>0.
A4 THE INVERSE OF A MATRIX
Definition. Given a squaren-by-m matrix B, if there is arm-by-m matrix D such that

DB=BD=1,

thenD is called thenverseof B and is denoted® 1.

Note thatB~! does not mean/B or | /B, since division isotdefined for matrices. The symbBI-1 is just
a convenient way to emphasize the relationship between the inverse Darid the original matrixB.
There are a number of simple properties of inverses that are sometimes helpful to know.
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i) The inverse of a matriB is unique if it exists.

Proof. Suppose thaB~1 and A are both inverses d8. Then
Bl=1B1=(ABB1=ABB? =A.

i) 171=1 sincell =1.
iii) If the inverse of A andB exist, then the inverse d&B exists and is given byAB)~1 = B~1A-1.

Proof. (AB)(B~1A 1) = ABB HA 1= AIAT1=AAT=1.

iv) If the inverse ofB exists, then the inverse & exists and is given byB—1)~1 = B.

Proof. | =11=(B-1B)"1=B (B 1)1

v) If the inverse ofB exists, then the inverse &' exists and is given byBY)~1 = (B—1H)L.

Proof. | = I' = (B~1B)t = BY(B~D)t.

The natural question that arises is: Under what circumstances does the inverse of a matrix exist? Consider
the square system of equations given by:

Bx=1y=y.

If B has an inverse, then multiplying on the left By ! yields
Ix = B 1y,

which “solves” the original square system of equations for any choige dthe second system of equations
has a unique solution in terms gffor any choice ofy, since one variable; is isolated in each equation.
The first system of equations can be derived from the second by multiplying on the IBft lynce, the
two systems are identical in the sense that gny that satisfies one system will also satisfy the other. We
can now show that a square matBxhas an inverse if the square system of equat®rs= y has a unique
solutionx for an arbitrary choice oy.

The solution to this system of equations can be obtained by successively isolating one variable in each
equation by a procedure known @auss—Jordan eliminatigrwhich is just the method for solving square
systems of equations learned in high-school algebra. Assuming: 0, we can use the first equation to
eliminatex; from the other equations, giving:

b b 1
X1 +po Xt oo+ b  Xm= p;g Vi

<b22 — buE—ﬁ) X2+ -+ + (me — b21b1—"‘> Xm = —% y1 + Yo,

(bmz - bml%) Xp+ - + (bmm - bmlbl—m) Xm = _tt))_Ti y1 + Ym.
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If b1 = 0, we merely choose some other variable to isolate in the first equation. In matrix form, the new
matrices of thex andy coefficients are given respectively By B andE; |, whereE1 is an elementary matrix
of the form:

[k 0 O 0] )
ke 1 0 0 ki = g7
E]_= k3 O 1 O ) .
: . k=—pf (i=23...,m.
(km O O - 1] "

Further, sincd1; is chosen to be nonzerg; has an inverse given by:

[1/ky, 0 0 --- O
-k, 10 --- 0
Efl=| -k 01 0
| —km 0 0 .- 1

Thus by property (iii) above, iB has an inverse, thel; B has an inverse and the procedure may be repeated.
Somex; coefficient in the second row of the updated systeust be nonzermr no variable can be isolated

in the second row, implying that the inverse does not exist. The procedure may be repeated by eliminating
this xj from the other equations. Thus, a new elementary mésiis defined, and the new system

(E2E1B)X = (E2E1)Yy

hasx; isolated in equation 1 arnxp in equation 2.
Repeating the procedure finally gives:

(EmEm-1---E2E1B)X = (EmEm-1--- E2E1)y

with one variable isolated in each equation. If variabjes isolated in equation, the final system reads:

X1 = B11y1+P12¥2+ - -+ + BimYm,
X2 = B21y1+B22¥2+ - -+ + BomYm,

Xm = Bm1y1rtBm2y2t+ -+ + BmmYm,

and

Bi1 P12 -+ PBim

B-1_ B21 P22 -+ Pom

,Bml ,3m2 lémm

Equivalently,B~1 = EnEm_1 - - - E2E1 is expressed iproduct formas the matrix product of elementary
matrices. If, at any stage in the procedure, itis not possible to isolate a variable in the row under consideration,
then the inverse of the original matrix does not exist.

If X; has not been isolated in théh equation, the equations may have to be permuted to deteBnihe
This point is illustrated by the following example:
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X1 X2 X3
Q2" 4
B=[|2 2 0 Isolate x, in equation 1.
4 6 0
E\B E,I
( 2 00 (0 1 2 } 1 0 0]
E,i=[—-1 1 0 2 0 —4 1 | 0
-3 0 1 4 0-12 | -3 o0 1
- E,E,B E,E,I > Isolate X1 in Eq 2.
(1 0 0 [0 1 2 } 5 0 0]
E,=|0 i 0 1 0o -2 | -+ 1 o
0 =2 1] [0 0 -4 | -1 -2 1
- B E,E,E,B E,E,E,I > Isolate X3 in Eq 3.
1 0 1 [0 1 0 } 0 —1 1
E;s={0 1 -1 1 o o | o 3 -1}
o o -4 [0 o 1 | 1 1 i
T T
x coefficients y coefficients

Rearranging the first and second rows of the last table gives the desired transformaiont@fthe
identity matrix, and shows that:

o
Bl NI NI

B_l =

o
|
NIF = NIw

I

Alternately, if the first and second columns of the last table are interchanged, an identity matrix is produced.
Interchanging the first and second column&8p&nd performing the same operations as above, has this same
effect. Consequently,

0 -1 3 2 0 4
EsE2E1={0 3 -3 istheinverseof |2 2 0

101 1

4 2 4 6 4 0

In many applications the column order, i.e., the indexing of the variaplés arbitrary, and this last procedure
is utilized. That is, one variable is isolated in each row and the variable isolated i ieonsidered the
jth basic variable (above, the second basic variable woubd beThen the product form gives the inverse
of the columns tdB, reindexed to agree with the ordering of the basic variables.

In computing the inverse of a matrix, it is often helpful to take advantage of any special structure that the
matrix may have. To take advantage of this structure, we paaiition a matrix into a number of smaller
matrices, by subdividing its rows and columns.

For example, the matri below is partitioned into four submatricésg 1, A1, A>1, and Aoo:

ail a2 ai3

A | 821822 a3 | _ [ A1 | Alz]
ag1 asz ass Aor | Ax |
a1 a2 a3

The important point to note is that partitioned matrices obey the usual rules of matrix algebra. For example,
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multiplication of two partitioned matrices

A1ix A B B
A= A1 Ax |, and B = [ Bll Blz:|
A3l A32 21 22

results in
A11B11+ A12B21 A11B12+ A12B22
AB = | A21B11+ A22B2;1 A21B12 + Ax2Boo |,
Az1B11+ A32B21 Az1B12 + A32B22

assuming the indicated products are defined; i.e., the mathgesnd Bjx have the appropriate dimensions.
To illustrate that partitioned matrices may be helpful in computing inverses, consider the following
example. Let

_|!Q
il 7]
where 0 denotes a matrix with all zero entries. Then
1_|A B
w=[e o]
satisfies
-1 _ I Q A B| [I O
MM =1or [o R][C D]_[O ||
which implies the following matrix equations:
A+ QC=, B+QD=0,
RC=0, RD=1.
Solving these simultaneous equations gives
C =0, A=1, D=R1 and B=-QRY
or, equivalently,
_ | —QR1
1_
M= [o R1 ] '

Note that we need only compuf™ in order to determineVl—* easily. This type of use of partitioned
matrices is the essence of many schemes for handling large-scale linear programs with special structures.

A.5 BASES AND REPRESENTATIONS

In Chapters 2, 3, and 4, the concept of a basis plays an important role in developing the computational
procedures and fundamental properties of linear programming. In this section, we present the algebraic
foundations of this concept.

Definition. m-dimensional real spac®™ is defined as the collection of afh-dimensional vectors
y: (y19 y27 L) ym)

Definition. A set of m-dimensional vectord\;, Ao, ..., Ak is linearly dependenif there exist real
numbersyy, oo, ..., ak, not all zerqg such that

1AL +a2PAo+ -+ akAx = 0. 1)
If the only set ofx;’s for which (1) holds isy; = a2 = - - - = ax = 0, thenthen-vectorsAq, Ay, ..., Ak

are said to bdinearly independent
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For example, the vectoxd, 1, 0, —1), (3,1, 1, —2), and(1, 1, 3, —4) are linearly dependent, since
2(4,1,0,-1)-3@3,1,1,-2+1(1,1,3, -4 =0.

Further, theunit mdimensional vectorg; = (0,...,0,1,0,...,0)for j = 1,2, ..., m, with aplus onein
the jth component and zeros elsewhere, are linearly independent, since

m
Zajuj' =0
j=1

implies that
a1=uap=---=am=0.

If any of the vectorsAs, Ao, ..., Ak, say A, is the 0 vector (i.e., has all zero components), then, taking
or = 1 and all otherr; = 0 shows that the vectors are linearly dependent. Hence, the null vector is linearly
dependent on any set of vectors.

Definition. An m-dimensional vectoR is said to bedependenbn the set oin-dimensional vectors

A1, Ag, ..., Acif Q can be written as a linear combination of these vectors; that is,
Q=1A1+ 1A+ - + A

for some real numbersq, A2, ..., Ak. The k-dimensional vectokiq, Ao, ..., Ak) is said to be the

representatiorof Q in terms ofAq, Ag, ..., Ak.

Note that(1, 1, 0) is not dependent upo¢®, 4, 2) and (0, —1, 3), sincer1(0,4,2) + A2(0,—1,3) =
(0, 4x1 — A2, 201 + 3)2) and can never have 1 as its first component.

Them-dimensional vectair1, A2, .. ., Am) iSdependent upon tme-dimensional unit vectong, u, . .., Un,
since

m
(A A2, .o Am) = D Ajuj.
j=1

Thus, anym-dimensional vector is dependent on thalimensional unit vectors. This suggests the following
important definition.

Definition. A basisof R™ is a set of linearly independemnt-dimensional vectors with the property that
every vector ofR™ is dependent upon these vectors.

Note that then-dimensional unit vectons,, uo, ..., unare abasis foR™, since they are linearly independent
and anym-dimensional vector is dependent on them.

We now sketch the proofs of a number ofimportant properties relating bases of real spaces, representations
of vectors in terms of bases, changes of bases, and inverses of basis matrices.

Property 1. A set ofm-dimensional vectoré\;, Ay, ..., A is linearly dependent if and only if one of
these vectors is dependent upon the others.

Proof. First, suppose that

r—1
A= 1A
j=1
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so thatA; is dependent upoA, Az, ..., Ar_1. Then, setting., = —1, we have
r—1
> AjAj = A =0,
j=1

which shows tha#\;, A, ..., Ar are linearly dependent.
Next, if the set of vectors is dependent, then

r
ZotjAj =0,
=1

with at least onerj # O, sayar # 0. Then,

r—1
A= ZMAJ‘,
j=1

()
kj =—|—],
Oy

and A, depends upoi\;, Ao, ..., Ar_1. 1l

where

Property 2. The representation of any vect@Qrin terms of basis vectors, Ay, ..., An is unique.

Proof. Suppose tha® is represented as both

m m
Q=> 1jA; and Q=) WA
j=1

j=1

Eliminating Q gives 0= Z’j“:l (Aj — )Jj )Aj. SinceAy, Ao, ..., An constitute a basis, they are linearly
independent and each; — )Jj) = 0. Thatis,Aj = 1", so that the representation must be uniclle.

This proposition actually shows that@ can be represented in terms of the linearly independent vectors
A1, Ao, ..., Am, Whether a basis or not, then the representation is unigu., I, ..., Ay is a basis, then
the representation is always possible because of the definition of a basis.

Several mathematical-programming algorithms, including the simplex method for linear programming,
move from one basis to another by introducing a vector into the basis in place of one already there.

Property 3. Let A1, Ao, ..., Aqn be a basis foR™; let Q # 0 be anym-dimensional vector; and let

(A1, A2, ..., Am) be the representation € in terms of this basis; that is,
m
Q=) 1A )
j=1

Then, if Q replaces any vectok, in the basis with.; # 0, the new set of vectors is a basis fef.
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Proof. Suppose that, # 0. First, we show that the vectoss, Ay, ..., Am—1, Q are linearly indepen-
dent. Letxj for j =1,2,..., mandag be any real numbers satisfying:

m—1

> ajAj+aqQ=0. 3)

If aq # O, then

1
which with (2) gives two representations @fin terms of the basié\;, A2, ..., Am. By Property 2, this

is impossible, saeg = 0. Butthenoy = a2 = -+ = am—_1 = 0, sinceAq, Ay, ..., An_1 are linearly
independent. Thus, as required,= a2 = - - - = am—1 = @g = 0 is the only solution to (3).

Second, we show that anydimensional vectoP can be representedinterms ofthe vectorsAo, ..., An-1, Q.
SinceAs1, Ao, ..., Ap is a basis, there are constaats ao, . .., am such that

m
P= Z ajAj.
j=1
Using expression (2) to eliminat&y,, we find that

P—mz_:l[a'—a <£)A'i|+a—mQ
sl A VI R P

J

which by definition shows thats, A, ..., Am—_1, Q is a basisH

Property 4. LetQ1, Q2, ..., Qk be acollection of linearly independamtdimensional vectors, and let
A1, Ao, ..., A be abasis foR™. ThenQ1, Qo, ..., Qk can replacé vectors fromAy, Ay, ..., Ar to
form a new basis.

Proof. First recall that the 0 vector is not one of the vectQs since 0 vector is dependent on any set

of vectors. Fok = 1, the result is a consequence of Property 3. The proof is by induction. Suppose,
by reindexing if necessary, th@l, Qo, ..., Qj, Aj;+1, Aj12, ..., Ar is a basis. By definition of basis,
there are real numbeis, Ao, ..., Ar such that

Qjr1=20Q1+22Q2+ - +A;Qj + Ajr1Ajr1 + Aj42Aj 2+ -+ Ar Ar.

If i =0fori = j+1,j+2...,r, thenQ is represented in terms @1, Q>, ..., Qj, which,
by Property 1, contradicts the linear independenc®ofQo, ..., Qk. Thus somej; # 0 fori =
j+1 j+2...,r,say,Aj41 # 0. By Property 3, thenQq, Qo2, ..., Qjt+1, Aj+1, Ajy2, ..., A is

also a basis. Consequently, whenejer k of the vector; can replacg vectors fromAy, Ay, ..., A
to form a basis(j + 1) of them can be used as well, and eventu@lly Qo, ..., Qk can replacé vectors
from Aq, Ap, ..., A to form a basisll

Property 5. Every basis folR™ containsm vectors.



500 Vectors and Matrices A5

Proof. If Q1, Q2,..., Qkx and Az, Ay, ..., Ar are two bases, then Property 4 implies that r. By
reversing the roles of th@; and A;, we also have < k and thusk = r, and every two bases contain
the same number of vectors. But the unidimensional vectorss, uy, ..., Uy constitute a basis with
m-dimensional vectors, and consequently, every basikbmust contairm vectors.ll

Property 6. Every collectionQ1, Q2, ..., Qk of linearly independentn-dimensional vectors is con-
tained in a basis.

Proof. Apply Property 4 withAq, Ao, ..., An the unitm-dimensional vectordl

Property 7. Everym linearly-independent vectors &™ form a basis. Every collection @m + 1) or
more vectors irR™ are linearly dependent.

Proof. Immediate, from Properties 5 and L.

If a matrix B is constructed witim linearly-independent column vectoBs, Bo, ..., By, the properties
just developed for vectors are directly related to the concepthbafsis inversentroduced previously. We
will show the relationships by defining the concept of a nonsingular matrix in terms of the independence of
its vectors. The usual definition of a nonsingular matrix is that the determinant of the matrix is nonzero.
However, this definition stems historically from calculating inverses by the method of cofactors, which is of
little computational interest for our purposes and will not be pursued.

Definition. An m-by-m matrix B is said to benonsingularif both its column vector$1, By, ..., By
and rows vector8!, B2, ..., B™ are linearly independent.

Although we will not establish the property here, defining nonsingularity aierely in terms of linear
independence ogither its column vectors or row vectors is equivalent to this definition. That is, linear
independence of either its column or row vectors automatically implies linear independence of the other
vectors.

Property 8. An m-by-m matrix B has an inverse if and only if it is nonsingular.

Proof. First, suppose tha has an inverse and that

Bio1 + Boaz + - - - + Bmam = 0.

Lettinga = (a1, a2, ..., am), in matrix form, this expression says that

Ba = 0.
Thus(B 1) (Ba) = B~1(0) = 00or(B1B)a = loe =« = 0. Thatisgs = a2 = --- = am = 0, SO
that vectorsBs, B, ..., By are linearly independent. SimilarkyB = 0 implies that

a=a(BB™H =@B)B1=0B"1=0,

so that the row®?, B2, ..., B™ are linearly independent.
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Next, suppose thaBi, By, ..., By are linearly independent. Then, by Property 7, these vectors are a
basis forR™, so that each uninh-dimensional vecton; is dependent upon them. That is, for egch

Bl + Boa) + -+ Brrh =y )
for some real numbevsi, Aé, e A,jn. Letting D; be the column vectdD = (Ai, Ai, o Arjn), Eq. (4)
says that
BDj=uj or BD=I,
where D is a matrix with columndDy, Do, ..., Dm. The same argument applied to the row vectors

B1, B2, ..., B™shows that there is a matr®’ with D’'B = 1. ButD = ID = (D’'B)D = D/(BD) =
D'l = D/, sothatD = D’ is the inverse oB. R

Property 8 shows that the rows and columns of a nonsingular matrix inherit properties of baR&s for
and suggests the following definition.

Definition. Let A be anm-by-n matrix andB be anym-by-m submatrix ofA. If B is nonsingular, it is
called abasisfor A.

Let B be a basis forA and letA; be any column ofA. Then there is a unique solutiof; =
(@1j, &j, ..., anj) to the system of equatior3A; = Aj given by multiplying both sides of the equality
by B~1; thatis,A = B~1A|. Since

BAj = Bia1j + Baézj + - - + Bménj = Aj,

the vectorAj is the representation of the colunfy in terms of the basis. Applying Property 3, we
see thatAj can replace columiBy to form a new basis ifij # 0. This result is essential for several
mathematical-programming algorithms, including the simplex method for solving linear programs.

A.6 EXTREME POINTS OF LINEAR PROGRAMS

In our discussion of linear programs in the text, we have alluded to the connection between extreme points,
or corner points, of feasible regions and basic solutions to linear programs. the material in this section

delineates this connection precisely, using concepts of vectors and matrices. In pursuing this objective, this
section also indicates why a linear program can always be solved at a basic solution, an insight which adds to
our seemingly ad hoc choice of basic feasible solutions in the text as the central focus for the simplex method.

Definition. Let Sbe a set of points ifR". A pointy in Sis called arextreme poinbf Sif y cannot be
written asy = Aw + (1 — A)x for two distinct pointsw andx in Sand 0< A < 1. That is,y does not
lie on the line segment joining any two points &f

For example, ifSis the set of feasible points to the system

X1+ X2 <6,
X2<3, X1>0, x>0,

then the extreme points are (0, 0), (0, 3), (3, 3), and (6, 0) (see Fig. (A.1).
The next result interprets the geometric notion of an extreme point for linear programs algebraically in
terms of linear independence.

Feasible Extreme Point Theorem. Let S be the set of feasible solutions to the linear prograrm=
b, x > 0. Then the feasible point = (y1, o, ..., ¥n) is an extreme point dbif and only if the columns
of Awith y; > 0 are linearly independent.
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X2

(0,3) (3,3)

0,0
: 6,0 *1

Figure A.1

Proof. By reindexing if necessary, we may assume that only therfeetnponents oy are positive; that

is,

y1 > 0, y2 > 0, cees yr >0, Vi1 =Yr+2="-=Y¥=0.
We must show that any vectgrsolving Ay = b, y > 0, is an extreme point if and only if the first
columnAg, Ay, ..., A of Aare linearly independent. First, suppose that these columns are not linearly
independent, so that

Atag + Apap+ -+ Aray =0 (5)

forsomerealnumbers, ao, ..., o notallzero. Ifwelek denotethevector = («q, a2, ..., r,0,...,0),
then expression (5) can be written A% = 0. Now letw = y + Ax andw = y — Ax. Then, as long
asA is chosen small enough to satisfyrj| < y; for each component=1,2,...,r, bothw > 0 and

w > 0. But then, bothw andw are contained ir8, since

Ay + AX) = Ay + LAX = Ay + A(0) = b,

and, similarly,A(y — Ax) = b. However, sincey = %(w + w), we see thay is not an extreme point of
Sin this case. Consequently, every extreme poirfs efitisfies the linear independence requirement.

Conversely, suppose thag, Ao, ... A are linearly independent. if = Aw + (1 — A)x for some points
w andx of Sand some 0< A < 1, theny; = Awj + (1 — 1)Xj. Sincey; = 0forj >r +1and
wj > 0,Xj > 0, then necessarily; = xj =0 for j > r + 1. Therefore,

Aty + Aoy + -+ Aryr = Atws + Aowa + - + Arwr
= AX1+ AoXo+ -+ Axp = b

Since, by Property 2 in Section A.5, the representation of the vbabderms of the linearly independent
vectorsAy, Ay, ..., A is unique, theryj = z; = Xj. Thus the two pointsy andx cannot be distinct
and thereforey is an extreme point o6. B

If A contains a basis (i.e., the tows Afare linearly independent), then, by Property 6, any collection
A1, Ao, ..., A of linearly independent vectors can be extended to a b&sig\,, ..., Am. The extreme-
point theorem shows, in this case, that every extreme patan be associated with a basic feasible solution,
i.e., with a solution satisfyingj = 0 for nonbasic variablegj, for j =m+1, m+42,...,n.
Chapter 2 shows that optimal solutions to linear programs can be found at basic feasible solutions or
equivalently, now, at extreme points of the feasible region. At this point, let us use the linear-algebra tools
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of this appendix to drive this result independently. This will motivate the simplex method for solving linear
programs algebraically.
Suppose thay is a feasible solution to the linear program

Maximizecx,
subject to:

Ax=Db, x>0, (6)
and, by reindexing variables if necessary, that- 0, y» > 0,..., V41 > 0andy;12 = Yy43 = -+ =
Yn = 0. If the columnA, 11 is linearly dependent upon colum#g, A, ..., A, then

Argr= A+ Acao + -+ Arary, @)
with at least one of the constantg nonzero forj = 1,2,...,r. Multiplying both sides of this expression
by 6 gives

Ar 10 = Ar(aaf) + Az(a20) + -+ - + Ar(ar 0), (8)
which states that we may simulate the effect of setsing = 6 in (6) by settingxs, Xo, ..., X;, respectively,

to (a160), (a20), ..., (a;0). Takingd = 1 gives:
Cry1=a1C1 +0apC+ - - + oG

as the per-unit profit from the simulated activity of usiagunits of X1, a2 units of xp, throughe, units of
Xr, in place of 1 unit of, 1.

LettingX = (—a1, —a2, ..., —or, +1,0,...,0), EQ. (8) is rewritten af\(Ox) = H AX = 0. Herex is
interpreted as setting ;1 to 1 and decreasing the simulated activity to compensate. Thus,

A(y +6%) = Ay + A% = Ay+0 = b,

so thaty + 6X is feasible as long ag+ 6X > 0 (this condition is satisfied # is chosen so thdfa|| < y;
for every component = 1,2, ...,r). The return fromy + 6X is given by:

C(y +6X) =cy+60cX =cy+0(C+1— Cr41)-

Consequently, ity 11 < ¢, 11, the simulated activity is less profitable than thet 1)st activity itself, and
return improves by increasir@y If ¢ 11 > ¢ 4.1, return increases by decreasihg.e., decreasing; ;1 and
increasing the simulated activity). & 1 = ¢, 1.1, return is unaffected bg.

These observation imply that, if the objective function is bounded from above over the feasible region,
then by increasing the simulated activity and decreasing actjivity, or vice versa, we can find a new feasible
solution whose objective value is at least as largeydsut which contains at least one more zero component
thany.

For, suppose thaf, 11 > ¢ 1. Then by decreasing from 6 = 0, c(y + 6X) > cy; eventually
yj + 6Xj = 0 for some component=1,2,...,r 4+ 1 (possiblyy; 11 + 0% 11 = Yr+1 + 6 = 0). On the
other hand, iy 11 < ¢ 41, thenc(y + 6X) > cy asf increases from = 0; if some component afj from
(7) is positive, then eventually; + 6X; = yj — 6« reaches 0 a8 increases. (If every; < 0, then we
may increas® indefinitely,c(y 4+ 6X) — +oo, and the objective value is unbounded over the constraints,
contrary to our assumption.) Therefore, if

eitherG 1 >¢11 or Gi1 <Gy,

we can find a value faf such that at least one componenypf- 9X; becomes zerofoy =1,2,...,r +1.
Sincey; = 0 andX; = Ofor j >r + 1, yj +6Xj remains at 0 foj > r 4 1. Thus, the entire vectgr+ 6X
contains at least one more positive component thandc(y + 6X) > cy.

With a little more argument, we can use this result to show that there must be an optimal extreme-point
solution to a linear program.
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Optimal Extreme-Point Theorem. If the objective function for a feasible linear program is bounded
from above over the feasible region, then there is an optimal solution at an extreme point of the feasible
region.

Proof. If y is any feasible solution and the columAs of A, with y; > 0, are linearly dependent, then
one of these columns depends upon the others (Property 1).

From above, there is a feasible solutioro the linear program with botox > cy andx having one
less positive component than Either the columns oA with x; > 0 are linearly independent, or the
argument may be repeated to find another feasible solutiorowétesgositive component. Continuing,
we eventually find a feasible solutiamwith cw > cy, and the columns oA with wj > 0 are linearly
independent. By théeasible extreme-point theorem is an extreme point of the feasible region.

Consequently, given any feasible point, there is always an extreme point whose objective value is at least
as good. Since the number of extreme points is finite (the number of collections of linear independent
vectors ofA is finite), the extreme point giving the maximum objective value solves the proliliem.



