ECONOMICS 207
SPRING 2008
PROBLEM SET 10
KEY

For this laboratory exercise, consider the following matrices and vectors. You may want to tear
this page off so it is easy to view.

-5 2 0
A—E H,B—[g g},c— R
—4 2 1
1 —4 2 5 9 3 6 -3
D =|-3 13 —7,E:[2 3],F: -1 -5/3 2
4 —4 -5 -3 —4 8
3 2 3
a:[ﬂ, b:[?)l}’ c = |—-6 d = |-71{, 62[23], f=1-1
7 -7 2

Date: August 25, 2008.
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Problem 1.

a. Use elementary row operations to solve the following system of equations
Ar =a

1 1 il

2 3 T2

1
1
Create the augmented matrix A. That is,

= 1 1 1
A—(A a)—<2 3 1)
Then use elementary row operations on matrix A to create an identity matrix on the left side
To begin with, based on A, add the first row multiplied by —2 to the second row.

<2+11x(—2) 3+1i(—2) 1+1i(_2)>:((1) 1 1) (1)

-1
Based on the matrix on the right side of equation (1), subtract the second row from the first

row. ((1) o 1—_(1—1>><(1) 0 _21) @
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b. Use elementary row operations to solve the following system of equations.
4 3 X . 3
2 2 xa)  \—1
Create the augmented matrix A. That is,

(43 3
A_(22—1>

Then use elementary row operations on matrix A to create an identity matrix on the left side.
To begin with, based on A, add the first row multiplied by —1/2 to the second row.

4 3 3 (4 3 3 3)
2+4x(-1/2) 2+3x(-1/2) -1+3x(-1/2)) ~\0 5 -2
Based on the matrix on the right side of equation (3), multiply the second row by 2.
4 3 3 4 3 3
(0 3 %2 _gx2>—(0 1 —5) @

Based on the matrix on the right side of equation (4), add the second row multiplied by —3
to the first row.

0 1 -5 01 -5 5)

Based on the matrix on the right side of equation (5), divide the first row by 4.

(=0 )

So the solutions are (ml) = (9/2>.
o —5

(4 34+1x(=3) 3+(—5)><(—3)):(4 0 18)
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Problem 2.

a. Use elementary row operations to solve the following system of equations. The answers are x; =
1,X2:4,X3:3.

Cx = ¢

-5 2 0 1 3

1 -1 -1 2| = | —6

-4 2 1 x3 7

Create the augmented matrix A. That is,

-5 2 0 3
A=(C =1 -1 -1 -6

-4 2 1 7

Then use elementary row operations on matrix A to create an identity matrix on the left side.
To begin with, based on matrix A, add the second row multiplied by 4 to the third row.

—5 2 0 3 -5 2 0 3
1 -1 ~1 -6 =1 -1 -1 -6 (6)
—44+1x4 24(-1)x4 1+ (-1)x4 74+ (-6)x4 0o -2 -3 -17

Based on matrix on the right side of equation (6), add the first row multiplied by 1/5 to the
second row.

-5 2 0 3 -5 2 0 3
1+(=5)x (1/5) —142x(1/5) —1 —6+3x(1/5)|=|0 =3/5 —1 —27/5| (7)
0 —2 -3 —17 0 -2 -3 -17

Based on matrix on the right side of equation (7), multiply the second row by —5/3.

. 2 0 3 5 2 0 3
0 -3/5x(=5/3) —1x(=5/3) —27/5x(-5/3)|=|0 1 5/3 9 (8)
0 —2 -3 —17 0 -2 -3 -17

Based on matrix on the right side of equation (8), add the second row multiplied by 2 to the
third row.

-5 2 0 3 -5 2 0 3
1 5/3 9 =10 1 5/3 9 (9)
0 —24+1x2 —-3+(5/3)x2 —17+9x2 0 0 1/3 1

Based on matrix on the right side of equation (9), multiply the third row by 3.
-5 2 0 3 -5 2 0 3
0 1 5/3 9 =10 1 5/3 9 (10)
0 0 1/3x3 1x3 0o 0 1 3
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Based on matrix on the right side of equation (10), add the third row multiplied by —5/3 to
the second row.

-5 2 0 3 -5 2 0 3
0 1 5/3+1x(-5/3) 9+3x(=5/3)|=[0 1 0 4 (11)
0 0 1 3 0 0 1 3

Based on matrix on the right side of equation (11), add the second row multiplied by —2 to
the first row.

-5 241x(=2) 0 34+4x(-2) -5 0 0 =5
0 1 0 4 =10 1 0 4 (12)
0 0 1 3 0 01 3
Based on matrix on the right side of equation (12), divide the first row by —5.
-5/(=5) 0 0 —5/(—5) 1 0 01
0 10 4 =10 1 0 4 (13)
0 0 1 3 0 0 1 3
T 1
The solutions are | 2o | = | 4
T3 3
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b. Use elementary row operations to solve the following system of equations. Use elementary row

operations to solve the following system of equations. The answers are x; = 4, xo = 2, x3 = 3.

Dx = d
1 -4 2 1 2
-3 13 -7 0| = | =7
4 —4 -5 T3 -7

Create the augmented matrix A. That is,
1 -4 2 2
A=(D d)y=|-3 13 -7 -7
4 -4 -5 -7

Then use elementary row operations on matrix A to create an identity matrix on the left side.
To begin with, based on matrix A, add the first row multiplied by —4 to the third row.

1 —4 2 2 1 -4 2 2
-3 13 -7 -7 (-3 13 -7 -7
A4+1x(—4) —4—4x(—4) —5+2x(=4) —T+2x(-4) 0 12 —13 -15

(14)

Based on matrix on the right side of equation (14), add the first row multiplied by 3 to the
second row.

1 —4 2 2 1 -4 2 2
—34+1x3 13+ (—4)x3 —7+2x3 —7+2x3|=[0 1 -1 -1 (15)
0 12 ~13 ~15 0 12 -13 -15

Based on matrix on the right side of equation (15), add the second row multiplied by —12 to
the third row.

1 —4 2 2 1 -4 2 2
0 1 -1 -1 =lo 1 -1 -1 (16)
0 124 1x(=12) —13+(=1) x (=12) —15—1x (—12) 0 0 -1 -3

Based on matrix on the right side of equation (16), add the second row multiplied by 4 to the
first row.

1 —4+1x4 2+ (1) x4 2+ (-1)x4 10 -2 —2
-1 ~1 =l0 1 -1 -1 (17)
0 ~1 -3 00 —1 -3

Based on matrix on the right side of equation (17), multiply the third row by —1.
1 0 -2 -2 1 0 -2 =2
0 1 -1 -1 =10 1 -1 -1 (18)
0 0 -1x(-1) =3x(-1) 00 1 3
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Based on matrix on the right side of equation (18), add the third row to the second row.

10 -2 —2 10 -2 -2
01 —1+1 —143|=]01 0 2 (19)
00 1 3 00 1 3

Based on matrix on the right side of equation (19), add the third row multiplied by 2 to the
first row.

1 0 -2+1x2 —-2+3x2 1 0 0 4
0 1 0 2 =10 1 0 2 (20)
0 0 1 3 0 01 3
X1 4
The solutions are |z | = | 2

I3 3
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Problem 3.
a. Use elementary row operations to find the inverse of the following matrix.

()

The answer is

Augment matrix A with an 2 x 2 identity matrix. That is, let

) 111 0
A= I“Q):(z 30 1)

Then use elementary row operations on A to create an identity matrix on the left side.
To begin with, based on A, add the first row multiplied by —2 to the second row.

( 1 1 1 0) (1 1 1 o)
= (21)
241x(=2) 34+1x(=2) 04+1x(-2) 1 01 -2 1

Based on the matrix on the right side of equation (21), subtract the second row from the first

Trow.
1 1-1 1-(-2) 0-1 10 3 -1
= (22)
0 1 -2 1 01 -2 1

So the inverse of A is
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b. Use elementary row operations to find the inverse of the following matrix.
5 9
e=(33)

- -1 3
3 3

The answer is

Augment matrix F with an 2 x 2 identity matrix. That is, let

] 59 10
A= Ba)={, 4

Then use elementary row operations on A to create an identity matrix on the left side.
To begin with, based on A, add the first row multiplied by —2/5 to the second row.

5 9 1 0y (5 9 1 0 ’s
245x(=2/5) 3+9x(=2/5) 04+1x(=2/5) 1) \0 -3/5 —2/5 1 (23)

Based on the matrix on the right side of equation (23), multiply the second row by —5/3.

5 9 1 0 5 9 1 0 (24)
0 —-3/5x(=5/3) —2/5x(=5/3) 1x(=5/3) ~\o 1 2/3 —5/3
Based on the matrix on the right side of equation (24), add the second row multiplied by —9
to the first row.

<5 9—1x9 1—(2/3)x9 0—(—5/3)><9>:<5 0 -5 15) (25)
0 1 2/3 ~5/3 0 1 2/3 —5/3
Based on the matrix on the right side of equation (25), divide the first row by 5.
<5/5 0 —5/5 15/5) _ (1 0 -1 3 ) 26)
0 1 2/3 -5/3 0 1 2/3 —5/3

So the inverse of E is
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Problem 4.

a. Use elementary row operations to find the inverse of the following matrix.

3 6 -3
F=|-1 -5/3 2
-3 -4 8
The answer is
% 36 -7
Fl=1]-2 —-15 3
1 6 -1

Augment matrix F' with an 3 x 3 identity matrix. That is, let
3 6 -3 1 00
A=[F Iys]=|-1 -5/3 2 0 1 0
-3 -4 8§ 0 01

Then use elementary row operations on matrix A to create an identity matrix on the left side.
To begin with, based on matrix A, add the first row to the third row.

3 6 -3 1 0 0 3 6 -3 1 0 0
-1 -5/3 2 0 1 0l=|-1 -5/3 2 01 0 (27)
-3+3 —-446 8-3 041 0 1 0 2 5 1 0 1
Based on matrix on the right side of equation (27), add the first row multiplied by 1/3 to the
second row.
3 6 -3 1 0 0
143 % (1/3) —5/3+6x (1/3) 2+ (=3)x(1/3) 0+1x(1/3) 1 0
0 2 5 1 0 1

3 6 -3 1 00
=10 1/3 1 1/3 1 0 (28)
0 2 5 1 01

Based on matrix on the right side of equation (28), multiply the second row by 3.

36 -3 1 0 0
0 1/3x3 1x3 1/3x3 1x3 0

0 2 5 1 0 1

36 -3 10 0

=101 3 130 (29)
0 2 101



ECONOMICS 207 SPRING 2008 PROBLEM SET 10 KEY 11

Based on matrix on the right side of equation (29), add the second row multiplied by —2 to
the third row.

3 6 -3 1 0 0
0 1 3 1 3 0
0 24+1x(-2) 54+3x(-2) 1+1x(-2) 0+3x(-2) 1
3 6 -3 1 0 O
=101 3 1 3 0 (30)
00 -1 -1 -6 1

Based on matrix on the right side of equation (30), add the third row multiplied by 3 to the
second row.

3 6 -3 1 0 0
3+(=1)x3 1+(-1)x3 3+(-6)x3 0+1x3
0 0 -1 -1 —6 1

36 -3 1 0 0
=01 0 -2 —-15 3 (31)
00 -1 -1 —6 1

Based on matrix on the right side of equation (31), multiply the third row by —3.

3 6 -3 1 0 0
0 1 0 -2 —15 3
0 0 —1x(-3) —-1x(=3) —6x(=3) 1x(=3)

36
=01 0 -2 —-15 3 (32)
00

Based on matrix on the right side of equation (32) add the third row multiplied by 3 to the
first row.

3 6 —3+1x3 14+1x3 0+6x3 0+(—1)x3

0 1 0 —2 ~15 3

0 0 1 1 6 ~1
360 4 18 -3

=010 -2 -15 3 (33)
001 1 6 -1
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Based on matrix on the right side of equation (33), add the second row multiplied by —6 to
the first row.

3 64+1x(—6) 0 4—2x(—6) 18—15x (—6) —3-+3 x (—6)

0 1 0 -2 -15 3
0 0 1 1 6 -1
3 0 0 16 108 -21
=0 1 0 -2 —-15 3 (34)
00 1 1 6 -1
Based on matrix on the right side of equation (34) divide the first row by 3.
3/3 0 0 16/3 108/3 —21/3
0 1 0 -2 -15 3
0 0 1 1 6 -1
1 0 0 16/3 36 -7
=0 1 0 -2 -15 3 (35)
0 0 1 1 6 -1

So the inverse of F' is given by

Fl=|-2 -15 3
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b. Use elementary row operations to find the inverse of

1 —4
D=|-3 13
4 -4
The answer is
(93 28
D7'= 143 13
140 12
Augment matrix D with an 3 x 3 identity matrix.
[1 —4
A=[D I3s]=|-3 13
4 —4
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the following matrix.

2
-7
)

-2
-1
-1

That is, let
2 1 0 0
-7 0 10
-5 0 0 1

13

Then use elementary row operations on matrix A to create an identity matrix on the left side.

To begin with, based on matrix A, add the first row multiplied by —4 to the third row.

(36)

(37)

1 —4 2 1 0 0
-3 13 -7 0 10
44+1x(—4) -4+ (-4 x(-4) -5+2x(—4) 0+1x(-4) 0 1
1 -4 2 1 0 0
=(-3 13 -7 0 1 0
0 -2 —-13 -4 0 1
Based on matrix on the right side of equation (36) add the first row multiplied by 3 to the
second row.
1 —4 2 1 0 0
—34+1x3 134+ (-4)x3 —-742x3 0+1x3 1 0
0 12 —13 —4 0 1
1 -4 2 1 00
=0 1 -1 3 1 0
0 12 —-13 -4 0 1

Based on matrix on the right side of equation (37), add the second row multiplied by 4 to the

first row.
1 —4+41x4 2+ (-1)x4 1

0 1 -1

0 12 —13
1 0 -2 13 4 0
=0 1 -1 3 1 0
0 12 -13 -4 0 1

+3x4 0+1x4 0
3 1 0
—4 0 1

(38)
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Based on matrix on the right side of equation (38), add the second row multiplied by —12 to

the third row.
1 0 -2 13 4 0
0 1 -1 3 1 0
—13+(-1) x(-12) —4+43x(-12) 0+1x(-12) 1

0 1241 x (—12)
10 -2 13 4 0

=10 1 -1 3 1 0 (39)
00 -1 —-40 -12 1
Based on matrix on the right side of equation (39), multiply the third row by —1.
1 0 -2 13 4 0
0 1 -1 3 1 0
0 0 —1x(=1) —40x(-1) —-12x(=1) 1x(-1)
1 0 -2 13 4 0
(40)

=01 -1 3 1 0
0 0 1 40 12 -1
Based on matrix on the right side of equation (40) add the third row multiplied by 2 to the

first row.
1 0 —24+1x2 134+40x2 4+12x2 0+ (=1)x2
0 1 -1 3 1 0
0 0 1 40 12 -1
10 0 93 28 -2
=0 1 -1 3 1 0 (41)
0 0 1 40 12 -1
Based on matrix on the right side of equation (41) add the third row to the second row.
10 0 93 28 -2
0 1 —-1+1 3+40 1+12 0-1
0 0 1 40 12 -1
1 0 0 93 28 -2
=10 1 0 43 13 -1 (42)
0 0 1 40 12 -1
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Problem 5.

a. Use the inverse you found in problem 3a to solve the following equation.

()

3 ()
()= ()

Using the inverse of A, the solution is given by

() == (5 ) 0)
_ <3><1+(—1)><1>
—2x14+1x1

)

b. Use the inverse you found in problem 3b to solve the following equation.

The answer is

Ezx =¢
5 9 T o 2
2 3 xo) -3
The answer is
—11
T o
(1?2> B E
3

Using the inverse of matrix E, the solution is given by

Il
/
wlN |

X -
o X
_|_ [N}
, +
Wb e
X X
T
|
w w
=
N——

15
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Problem 6. Use the inverse you found in problem 4a to solve the following equation.

Fz=f
3 6 -3 1 3
1 =5/3 2 | |z| = [-1
-3 -4 8 T3 2

Use the inverse of F', the solution is given by

16/3 36 -7\ /3

T
| =F1'f=| -2 -15 3 -1
3 1 6 -1/ \2

(16/3) x 3+ 36 x (—1) + (=7) x 2
= —2x34+(-15)x(-1)+3x2
1x3+6x(=1)+(-1) x2

—34
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Problem 7. Compute the determinants of the following matrices.

a.
1 1
=)
det[A] =1x3-1x2=1
b.
4 3
5= )
det[B]=4x2-3x2=2
c.
-5 2 0
c=11 -1 -1
-4 2 1
det[C] =
-5 2 0
-1 -1 1 -1
det[C]=]1 -1 —1|=-5x —2x
2 1 -4 1
-4 2 1
=-5x(Ix2—(-1)x(-4)—-2x(1x1—-(-1)x(-4)=-5+6=1
d.
1 -4 2
D=|-3 13 -7
4 -4 =5
det[D] =—1
1 -4 2
det[D] = |-3 13 -7
4 -4 =5
13 -7 -3 =7 -3 13
=1x —(—4) x +2x
-4 =5 4 =5 4 -4

=-93+4+172-80= -1
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Problem 8. For each of the following problems, find the critical points. For each critical point
state whether the function is at a relative maximum, relative minimum, or otherwise. Check to see

if there are potential points of inflection at points other than critical points.

a. f(z) = 6"+ 2z — 3022

FIGURE 1. f(z) = 6a* + 222® — 3022

fIx]

109

54

—15(

—-204

-25(

The derivatives of f(x) = 6z* + 53—21‘3 — 3022 are given by
f!(z) = 2423 + 522% — 60z
f"(z) = 722% + 104z — 60
O () = 1442 + 104
Set the first derivative, equation (43), to be zero.

f'(z) = 2423 + 5222 — 60z = 0

= 2(622 4+ 13x —15) = 0
= x(z+3)(6x —5) =
= xr=0 or xz=-3 or x=5/6

Check the second derivative, equation (44), for = 0, x = —3, and = = 5/6 respectively.

f7(0) =72 x 0% +104 x 0 — 60 = —60 <0
f"(=3) =72 x (=3)* +104 x (—3) — 60 = 276 > 0

£/(5/6) = 72 x (5/6)% + 104 x (5/6) — 60 = 230/3 > 0

So xz = 0 is a local maximum point; x = —3 and 2 = 5/6 are local maximum points.
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Set the second derivative, equation (44), to be zero.
I"(z) =722 4+ 1042 — 60 = 0

= 1822 + 262 — 15 = 0

926 + /267 — -
N . /262 — 4 x 18 x (—15)

36

—13 4+ /439

= r = ——*t
18
—13 £ 439
Since f©)(z) = 144z + 104 is zero only when x = —104/144 = 13/18, x = — g e

inflection points.
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b. f((ﬂ) = 4e— 3% (@ _ 17z 2332)

9 3
_ ge-3u (28 17 2
FIGURE 2. f(z) = 4e™3" (% — 12 — 222) FIGURE 3. A Close-up
oy’ g
6000Q
19

50!
1000d 04
30000

201

-1q

X

-3 -2 -1 1

Hints: The second derivative of the function will simplify to —72e 3?22 — 108e 3%z 4+ 232e 3.
The real points of inflection (you still need to find them) are - (=9 + /545). 9 x 545 = 4905.

The derivatives of f(z) = 4e™3" (£ — ”Tz — 2x?) are given by

= ¢ % (=60 + 52z + 2427) (46)
f"(x) = e+ (=3) (—60 + 52z + 242”) + e >* (52 + 48z)
= e %" (232 — 108z — 7227) (47)
fO(z) =737 - (=3) (232 — 108z — 722%) + ¢ >* (—108 — 144x)
= e % (—804 + 180z + 21627)

= 12¢7%% (—67 + 15z + 1827%) (48)

Set the first derivative, equation (46), to zero.

f'(z) = €737 (=60 + 52z + 24z%) = 0
= —60 + 52z + 2422 = 0
= 4(—15+ 13z 4+ 62?) = 0
= —4(x+3)(6z—5) = 0
= x=-3 or x=5/6

Check the second derivative, equation (47), for x = —3 and = = 5/6 respectively.
f7(=3) = e73*(=3) (232 — 108 x (—3) — 72 x (=3)?)
=e” x(-92) <0
17(5/6) = e=3%/0) (232 — 108 x (5/6) — 72 x (5/6)?)

=e %2 %x092>0
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So x = —3 is a local maximum point; £ = 5/6 is a local minimum point.

Set the second derivative, equation (47), to be zero.
f"(x) = e37 (232 — 108z — 72z%) = 0
= 232 — 108z — 7222 = 0

21

= 58 — 27z — 1822 = 0
27 £ /272 —4 x (—
N . V x (—18) x 58
—36
9+ /545
= r = ———
—12
Also set third derivative, equation (48), to be zero.
& (x) =12e73% (=67 + 152 4 182%) = 0
= —67 + 152 + 1822 = 0
—15+ /152 —4 x 18 —
N . Vv x 18 x (—67)
36
-5+ /761
= r = —
12
9 + /545 -5+ /761
As a result, when z = 12 #* B , the third derivatives are not equal to zero.
9 + /545
Thus, © = ———— are two inflection points.

—12
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c. fla) = o+ 5% — 1 0

FIGURE 4. f(z) = x4+%_%_9x

40
20
T T X
1 T 2 3
l
-20
The inflection points are % (—4 + \/61).
The derivatives of f(z) = z*+ % - 152“"2 — 9z are given by
f'(x) = 42® 4+ 82% — 152 — 9 (49)
f(x) = 1222 + 16z — 15 (50)
O (x) = 242 + 16 (51)
Set the first derivative, equation (49), to be zero.
f'(x) =42® +82% — 152 —9 =0 (52)
By guess, © = —3 is a solution of equation f/(z) = 0. Then we try to factorize f'(x) =
423 4+ 822 — 150 — 9 = 0 by (z + 3).
402 —4xr —3
r+3) 4a® +8z%—152 -9
— 423 — 1222
— 422 — 15z
4z% + 12z
-3z -9
3z +9
0

Then, equation (52) can be easily solved.
fl(r) =423+ 822 — 150 -9 = 0
= (x+3)(422 —42—-3) = 0
= (z4+3)2z+1)(2z-3) = 0
= z=-3 o z=-1/2 or x=3/2
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Check the second derivative, equation (50), for x = —3, x = —1/2, and « = 3/2.
f'(=3) =12 x (=3)* + 16 x (—=3) —15=45> 0
f'(=1/2) =12 x (=1/2)* +16 x (—=1/2) —=15=—-20< 0
f7(3/2) =12 x (3/2)* + 16 x (3/2) — 15 =36 > 0
So x = —3 and « = 3/2 are local minimum points; © = —1/2 is a local minimum point.

Set the second derivative, equation (50), to be zero.
f(x) =1222 + 162 — 15 = 0
—16 4 /162 — 4 x 12 x (—15)

24
-4+ /61
6

= r =

= r =

-4+ /61
Since f®)(x) = 24z + 16 is zero only when z = —16/24 = —2/3, x = T\ﬁ

points.

are inflection



