ECONOMICS 207
SPRING 2008
LABORATORY EXERCISE 7
KEY

Problem 1. Find the second derivative of each of the following functions with respect to x
a. f(r) = —400 + 200z + 2022 — 223

1@ _ 900 4 402 — 622
dz

& f(x)

=012

b. f(x) = 1802'/42%/> — 150 — 8z

I@) _ 150,25 (Ly-a1) g5
dx 4

= 452%/5273/4 _ 15
d? f(x) 2/5 3 74
722 = 4522/ —Zx /

T

1
7%22/5{7/4

djf:) = 3(22% — 42%)?(62% — 82)
a* f(z) _
T = 6(22° — 42%)(62% — 82)* + 3(22° — 42%)*(122 — 8)

Date: August 6, 2008.
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d
CJ;(?U) — 1242e20° —4® | 43,207 —4a® (622 — 8z)
T
= 124262 42" (242° — 321‘4)629637412
d2 : 2 : 2
dJ;(QHU = g N 4 2922 (62 — 8x)

+ (1202 — 12823)e2 4" 4 (242° — 322%)e2" 47" (622 — 8x)

= 21" (240 1 1242 (62° — 82) + 1202* — 1282° + (242° — 322%)(62° — 8)]



ECONOMICS 207 SPRING 2008 LABORATORY EXERCISE 7 KEY

Problem 2. Find the definite integral of each of the following functions.
a. f; (6x + 3) dx

4
/ (6x + 3) dx = (3z2+3z)’§
2

—48+12— (12+46)
=42

b [ (452320 15) do, z = 2.

81

81 45
/ (4530_3/422/5 — 15) de = [ ———2V/422/5 _ 15z
16 —-3/4+1

16

= (54022/5 — 1215) — (36022/° — 240)
= 1802%/° — 975

= 180 x 9 — 975

=645
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c. [, (622 — 40z +200) dz

10
/O (62 — 40z + 200) dx = (22° — 202 + 200z)|

=2 x 1000 — 20 x 100 + 200 x 10
= 2000

d. [? (—272% + 360z — 432) dx

12
/ (—272 + 360z — 432) do = (—92° + 1802° — 4322)| °
0

=-9x122+120 x 122 — 432 x 12
= 5184
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Problem 3. Solve the following systems of equations.
4573422 — 15 =0

72z}/4:c2_3/5 -8 =0

From the second equation,

72x1/4z2_3/5 -8 =0
= z}/4z2_3/5 = 1/9
- A = gl
N z1—3/4 _ 3%2—9/5

Substitute 27 /% = 3525 %% into the first equation.

45273425 —15 = 0

= 36x;9/5x§/5 = 37!
= x;7/5 = 377
= x;/s =3
= r9 = 243
Substitute x5 = 243 into z1—3/4 = 3%2_9/5.
x1—3/4 _ 3695;9/5

= ;¥ = 36379

= rp = (373)743

= x; = 34

= r1 = 81
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Problem 4. The cost function for a firm is a rule or mapping that tells the total cost of production of any
output level produced by the firm. If the variable y represents the output of the firm, then the cost function
is given by c¢(y). Marginal cost represents the change in the cost of production for the firm as output changes
and is given by the derivative of the cost function with respect to output,i.e., Marginal Cost(MC) = dcd—(;’).
A competitive firm facing a fixed output price maximizes profit at the output level where marginal cost is
equal to price as in the figure 1.

FIGURE 1. Profit Maximization
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The area below the cost curve is a measure of variable cost and can be found by integrating the marginal
cost curve from 0 to any given output level y. The shaded area in figure 2 represents the variable cost of
production for the cost function c(y) = 400 + 200y — 20 y* + 2y°.

FIGURE 2. Variable Cost of Production and Producer Surplus
Cost
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Producer surplus is the area below a given price and above the marginal cost curve. Producer surplus
is the unshaded area below the horizontal line at 400 in figure 2. Producer surplus can be computed by
subtracting the shaded area from total revenue.
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a. Find the profit maximizing level of output for the following firm. Demonstrate that the level you choose
maximizes profit.

price = p = $400

cost = c(y) =400 + 200y — 20y*> + 2y°

Given the cost function, c(y) = 400 + 200y — 20y? + 233, the profit is given by
Profit = py — c(y)
= 400y — (400 4 200y — 20y> + 2y%)
= —2y3 + 201> + 200y — 400

The first and seond derivative for the profit function are given by
dProfit

iy - —6y% + 40y + 200 (1)
d? Profit
#‘;ﬂ — 12y +40

Let the first derivative of profit be zero, (1) = 0. That is,
2004+ 40y —6y2 = 0
=  6y?—40y—200 = 0
= (y—10)(6y+20) = 0
= y=10 or y= 713—0

When y = —10, ©Lrefit — 19y 4 40 = 80 > 0.

And When y = 10, £5r8f — 12y 4 40 = —80 < 0.

So the optimal ouput for profit maximization is that y = 10,
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b. What is revenue minus variable cost for this firm when price is $400?

At the optimal output level of maximizing profit,
Revenue = py = $400 x 10 = $4000
And the variable cost is given by
200y — 20y* + 2y® = $(2000 — 2000 4 2000) = $2000
So the revenue minus variable cost is given by
Revenue — variable cost = $4000 — $2000 = $2000

c. Find producer surplus for this firm assuming you are only given the following marginal cost function:
MC(y) = 200 — 40y + 6y? and a price of $400.

The producer surplus is given by
10

producer surplus = total revenue — MC(y)dy
0

10
=400 x 10 — / (200 — 40y + 6y*)dy
0
= 4000 — (200y — 2032 + 24%)| °

= 4000 — 2000
= 2000



ECONOMICS 207 SPRING 2008 LABORATORY EXERCISE 7

Problem 5. In the following problem you are given a production function for a firm where y is the level of
output and x is the level of the variable input. You are given the price (p) of the output and the price (w)

of the single variable input.
a. Write down an equation that represents profit for the firm.

b. Maximize this function by taking its derivative with respect to the variable input x and setting the

derivative equal to zero.

c. Solve the equation in part 5b for the potentially profit maximizing level of x.
d. Determine using the second order conditions which of the roots represents maximum profit.

output price = p =3

input price = w = 732

y = output = f(z) = 100z + 60x® — 323

FicUure 3. Revenue, Cost and Profit

$
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a. The profit for the firm is given by
Profit = py — wx

= 3(100x + 602 — 32°) — 732z

= —92° + 1802* — 432z
b. the first derivative of the profit function is given by
d (=923 + 18022 — 432x)

= —272% + 360z — 432
dx

Set equation (2) to zero.
—272% + 360z — 432 = 0

—272% + 360z — 432 = 0
= —9(z-12)3z—4) =0

= xr =12 or x:%
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d. The second derivative of the profit function is given by
d? (—92® + 18022 — 4327)
d x?

When x = %, the second derivative of the profit, equation (3), is given by

= —54z + 360 (3)

4
—54x+360=—54x§+360:288>0

When z = 12, the second derivative of the profit, equation (3), is given by
—54x + 360 = —54 x 12+ 360 = —288 < 0

So the profit attains maximum when the input level z = 12.
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Problem 6. Solve the following system of equations for x7, X2, and x3.
{z1 = 3, 220 = 2, 33 = 1}
1 + 229 — 3z3 =4
*3561 — 5:62 + 81‘3 = —11
2x1 + bxy — 623 =10
Multiply the first equation by 3 and add it to the second equation.
3x1 + 629 — 923 + (—3$1 — by +8$3) =4x3-11

That is,

SCQ*ZL'Q,:l

Multiply the first equation by —2 and add it the third equation.
—2x1 — 4xo + 623 + (21‘1 + by — 6.%'3) =4 x (—2) + 10
That is,

562:2

Substitute x2 = 2 into x2 — x3 = 1, equation (4).

To — T3 = 1
= 2—x23 =1
= r3 = 1

Substitute zo = 2 and x3 = 1 into the first equation.

T+ 229 — 323 = 4
T1+4—-3 = 4

= r; = 3

I

So the solution is
$1:3, 112:2, 1]3:1

11
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Problem 7. For each of the following problems, find the critical points. For each critical point state whether
the function is at a relative maximum, relative minimum, or otherwise.

a.y = 42r — 322

FIGURE 4. f(z) = 42z — 32

fIx]
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The first and second derivative of y = 42z — 322 are given by

dy

To=42-6z (6)
d?y
a2 =" @

Set equation (6) to zero.
2-6x=0 = zx=7

When z = 7, the second derivative, equation (7), is —6. So z = 7 is a point where y = 42z — 322
attains its global maximum.
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FIGURE 5. f(x) =
1ooofc§X]
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4

-10

The derivatives of y = z*

are given by

—Z =43

— = 1227

—= =24z

— =24

Set the first derivative, equation (8), to zero.
42°=0 = x=0

When z = 0, the second [equation (9)], the third [equation (10)], and the fourth [equation (11)]

derivatives are given by

d?y 9
d3y

d4

Y 2450
T

So x = 0 is a point where y = 2* attains its global minimum.

13
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c. f(z)=a— 32224z

FIGURE 6. f(z) =2 — 32? — 24z
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The derivatives of y = 2% — 322 — 24z are givne by

d
ﬁ =322 — 62 — 24 (12)
d2

d—xZ =626 (13)
A3y

dzs 0 (14)

Set the first derivative, equation (12), to zero.
322 —6r—24 = 0
= 3z—-4)(z+2) =0

= r=4 or v =-2
When 2 = —2, the second derivative, equation (13), is given by
d*y

So x = —2 is a point where the function is at a relative maximum.

When z = 4, the second derivative, equation (13), is given by

d*y

So x = 4 is a point where the function is at a relative minimum.

Set the second derivative, equation (13), to zero.

d’y

When 2 = 1, the third derivative, equation (14), is given by
dy
—=6+#0
dax3 7
So z =1 is an inflection point of the function.
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d. f(x) = =323 + 3022 + 3002 — 500

FIGURE 7. f(z) = —32% + 3022 4 300z — 500
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The derivatives of f(x) = —323 + 3022 + 300z — 500 are given by

f(x) = —92% + 60z + 300 (15)
" (x) = =18z + 60 (16)
f® =18 (17)
Set the first derivative, equation (15), to zero.
f/(z) = —92% + 60z + 300 = 0
= —3(x—10)(3z+10) = 0
= r=10 or xz = f%

When 2 = 10, the second derivative, equation (16), is given by
F7(10) = —18 x 10+ 60 = —120 < 0

So x = 10 is a point where the function is at a relative maximum.
When z = — 130, the second derivative, equation (16), is given by
10
f(=10/3) = —18 (—?) +60 =120 >0

So x = —10/3 is a point where the function is at a relative minimum.

Set the second derivative, equation (16), to zero.

10
f'(x)=—-182+60=0 = z=7

10
When = —, the third derivative, equation (17), is —18, which is not equal to zero. So x = 3 is an

inflection point of the function.
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e. f(x)=3/42" — 5422 — 200

FIGURE 8. f(z) = 3/4z* — 542% — 200
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The derivatives of f(z) = 22* — 542% — 200 are given by
f/(x) = 32° — 1082

f"(x) = 92% — 108

f®(x) =18z
Set the first derivative, equation (18), to zero.
f(z) =323 —108z = 0

= 3z(x? —36) = 0
= 3z(z+6)(x—6) = 0
= =0 or =6 or x= -6

When z = 0, the second derivative, equation (19), is given by
f"(x) =9 x 0% —108 = 108 < 0

So x = 0 is a point where the function is at a relative maximum.
When x = 46, the second derivative, equation (19), is given by

f"(£6) =9 x (£6)? — 108 = 216 > 0

In addition, f(6) = f(—6). So & = £6 are points where the function is at a global minimum.

Set the second derivative, equation (19), to zero.
f(z) =922 —108 = 0
= 22 = 12
= x=2V3 or x=-2V3
When 2 = 4+2+/3, the third derivative, equation (20), is given by
O (£2v/3) = 182 = +36v/3 # 0
So z = +24/3 are inflection points of the function.
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f. f(x) =4/52% —100/323 + 576z

FIGURE 9. f(z) = 4/52° — 100/3z% + 576
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The derivatives of f(z) = $a2° — 18%2° + 576z are given by

f'(x) = 42* — 1002% + 576 (21)
f"(x) = 162> — 200z (22)
O (z) = 4822 — 200 (23)

Set the first derivative, equation (21), to zero.

f'(z) = 42* — 10022 + 576 = 0
2t — 2522 4+ 144 = 0

2t — 2522+ 144 = 0

(2?2 —=9)(2® —16) = 0

r=3 or x=-3 or x=4 or x=-—4

¢

When 2 = 3 and 2 = +4, the second derivative, equation (22), are respectively given by
(3) =16 x 3> =200 x 3 = —168 < 0

17(3)

f"(=3) =16 x (=3)* — 200 x (—3) = 168 > 0
f7(4) =16 x 4% — 200 x 4 = 224 > 0

f(—4) =16 x (—4)% — 200 x (—4) = —224 < 0

So x = 3 and x = —4 are points where the function is at a relative maximum. And © = —3 and x = 4
are points where the function is at a relative minimum.

Set the second derivative, equation (22), to zero.
1623 — 200 = 0
= 4z(42? —50) = 0

= z=0 or T

Sl

or Tr = —

N
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When z =0, %, and — %, the third derivative, equation (23), are respectively given by
F®(0) = =200 # 0
5 5\’
Gl(+—) =48 x (i—) — 200 = 400 # 0
A \/5) 7 #

Sorx=0,x= %, and x = —%, are inflection points of the function.
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g. f(x) =302%° — 22

FIGURE 10. f(z) = 302%/° — 2z

fx]
300)

2004

1004

200 200 600 800 Y{m’<
100

The derivatives are of f(z) = 302%/° — 2z are given by

f(z) =1827%/° -2 (24)
J(w) = =20 (25)

Set the first derivative, equation (24), to zero.
fl(x) =18272%/5 -2 = 0

= x5 = 2/9=3"2
= 22/ = 32
= x = 3°=243

When z € (0, 00), the second derivative, equation (25), is less than zero. So x = 243 is a point where
the function is at a global maximum. And there is no inflection point of this function.



