ECONOMICS 207
SPRING 2008
LABORATORY EXERCISE 6
KEY

Problem 1. Find the derivatives of each of the following functions with respect to x.
a.y = 24z'/3 4 322e%’

d 1 , ‘
% = 24§x72/3 + 6ze™ + 3$2(€2I3 - (62%))

= 83723 4+ 61> + 18462

b. y = log[(22® — 42%)4]

dy 1 3 213 2
O L (4(24% — 42%)%) - (622 — 8
_ 4(62% — 8x)
T 213 — 4a2
12216
22— 2
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23 2+2 3
o flz) = 2L

[622(2? + 22)3 + 22° - (3(2? + 22)?) - (22 + 2)] (42? — 22 — 7) — [22%(2? 4 22)] - (82 — 2)

J@) = (42% — 22— 7)°

622 (22 + 22)% + 22 - (3(22 +22)?) - (22 +2)  [223(2? + 22)%] - (8z — 2)

4a? — 20 — 7 (4x? — 22 —7)?

622 (22 + 22)% + 622 - (2% +22)2 - (22 +2)  [223(2? + 22)%] - (8z — 2)

402 — 20— 7 (42?2 — 22 —7)?

d. Find the derivative with respect to x;. y = 16201 °23/> — 1621 — 243,

Ay 25 (1 _ass5
Tor = 162022"% - = ) — 16

= 32407 722/° — 16
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Problem 2. Find the second derivative of each of the following functions with respect to x
a.y = 5 +42% — 10z

dy = 1522 + 8z — 10
dx

d?y

b. y = (2 +4x)3

d
ﬁ = 3(z% +42)* - (22 + 4)

= 6(2? + 42)*(z + 2)

% =6 [2(2? +4z) (27 + 4)(z + 2) + (2% + 42)?]

= 24(2? + 4z)(x + 2)® + 6(2 + 4x)?
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3
c.y = bre2r tiz

dy

= 5e27 T 4 e T (627 4 4)

d? . . : .
d—xg = 562I3+4z(6z2 +4) + [562I3+4z + 5ge2r iz . (627 + 4)} (622 4+ 4) + Bae2™ T4 . (12z)

= pe2e’tie (1227 + 8) + 2(62” + 4) + 1227
= 20247 [62% 4 2 4 2(92 + 1222 + 4)]

= 202"+ (925 4 122° + 62 + 4x + 2)

d. y = 20(100z + 202? — 2®) — 500z
d
&Y~ 20(100 + 402 — 322) — 500
dz
d*y
— = 20(40 —
T2 ( 6x)

—120x + 800
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Problem 3. In the following problems you are given a production function for a firm where y is the level
of output and x is the level of the variable input. You are given the price (p) of the output and the price
(w) of the single variable input. For each problem

1) Write down an equation that represents profit for the firm.
2) Maximize this function by taking its derivative with respect to the variable input x and setting it equal
to zero.
) Solve for the profit maximizing level of x.
) Find the optimal level of output.
) What is revenue at the optimal level of output?
) What is cost at the optimal level of the input x?
output price = p = 20
input price = w = 500
y = output = f(z) = 100z + 20z* — 2
For this example, profit is given by

Profit = 20(100x + 20z* —z®) — 500z
= 2000z 4+ 400z% — 202® — 500z

= 1500z + 400z* — 20z°
For this example, the derivative of profit is given by

Profit = 1500z + 400x® — 20z

dProfit _ 1500 4 8000 — 602
dx

2 P -

" Profit _ 00 _ 190z
dx?

Now set the derivative of profit equal to zero and solve for x as follows.

d Profit

= 1500 4+ 800z — 60z%2 =0
dx

= 322 —-402—-75 =0
= Bz +5)(x—15) =0
=

5
= -2 =15
X 3 or x

At x = -3, EProfit _ 800 — 120(=5/3) = 800 + 200 = 1000 > 0.

At x = 15, ELrofit — 809 — 120(15) = 800 — 1800 = —1000 < 0. The optimal x =15.

The optimal outzput is given by
y =100z + 20z® —2?
(100)(15) + 20(15%) — 15°
1500 + (20)(225) — 3375
= 1500 4 4500 — 3375 = 6000 — 3375 = 2625

Revenue is equal to the optimal output multiplied by the output price.

revenue = py = (20)(2625) = 52500
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Cost of production is equal to the level of the input used multiplied by the input price.

cost = wzx = (500)(15) = 7500
Profit is equal to revenue minus cost.

profit = revenue — cost = 52500 — 7500 = 45000.
A graph of revenue, cost and profit is given in figure 1

FiGUure 1. Revenue, Cost and Profit
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output price = p =2
nput price = w 1998
y = output = f(z) =200z + 1002 — 32°
The profit is given by
Profit = 2(200x + 100z* — 32°) — 1998z
= —1598z + 2002” — 62°

The first and second derivative of the profit with respect to input = are given by

Profit = —1598x + 2002% — 623

dProfit

dProfit _ 108 4 400z — 1842
dx

d?Profit

5 = 400 — 362

Now set the first derivative of the profit, equation (1), to zero and solve z as follows.

dProfit
AProfit _ 1508 1 400z — 1827 = 0
dx
= —1598 + 400z — 1822 = 0
= —2(z —17)(9z —47) =0
47
= xr=17 or xz= ?

Atz = 4T, LProfit — 400 — 3647 > (.

At @ =17, LLrofit — 400 — 36 x 17 < 0. The optimal & = 17
The optimal output is given by

y = 200z + 100z* — 323
=200 x 17+ 100 x 17% — 3 x 17°
= 3400 + 28900 — 14739
= 17561
Revenue equals to the output price muliplied by the optimal output.
revenue = py = 2 X 17561 = 35122
Cost or production equals to the level of input multiplied by the input price.
cost = wzr = 1998 x 17 = 33966

Profit equals to revenue minus cost.

profit = revenue — cost = 35122 — 3396 = 1156
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Problem 4. In this problem (Problem 4), you will be given the price (p) for a competitive firm and the
total cost function (TC[y]) for the firm. TCly] specifies cost as a function of output which is denoted by y.
Total revenue is given by TR[y] = py. Marginal cost (MC) is the derivative of the cost function with respect
to output. At the optimal level of output, marginal cost will be equal to price.

A graph of total revenue (TR), total cost (TC) and profit for such a firm is given in figure 2. Maximum
profit is at the point where total revenue is at the highest level above total cost.

FiGURE 2. Revenue, Cost and Profit
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For each problem write down the equation for profit. Then find the profit maximizing level of output.

price = p = 550
Total Cost = TC(y) = 500+ 400y — 40y* + 233
The total revenue is given by
Total revenue =TR(y) = py = 550y
The profit is given by
Profit = TR(y) — TC(y) = 550y — 500 — 400y + 40y* — 233

= —500 + 150y + 40y> — 2>
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The first and second derivative of profit are given by

d Profit
dProfit _ 150 1 80y — 62
dy
d? Profit
T TN 80— 12
d y? 4

Set the first derivative, equation (2), to zero and solve for z.
d Profit

dy
= (15-y)(10+6y) =0

=150+ 80y — 6> =0

5
= y=15 or y=-3

Aty =—35, TEroll — 80 — 12 x (=5/3) > 0.
2 .

Aty =15, &Lrollt — 80 — 12 x 15 = —100. The optimal y = 15.

When the output level y = 15, the total profit at the optimal level of output is given by

Profit = —500 + 150y + 40y* — 23>

—500 + 150 x 15 + 40 x 152 — 2 x 15>

= 4000
When y = 15, the total cost at the optimal level of output is given by
TC(y) = 500 + 400y — 409> + 2¢/°
=500 + 400 x 15 — 40 x 15* + 2 x 15°
= 4250

And the revenue at the optimal level of output is given by
revenue = 550y = 550 x 15 = 8250.
When y = 15, The marginal cost at the optimal level of output is given by
d (500 + 400y — 40y? + 2y°)
dy

= 400 — 80y + 6y

MC(y) =

=400 — 80 x 15+ 6 x 152
= 550

So this shows that at the optimal level of output, marginal cost will be equal to price.
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p = 1164
TC = 1000+ 800y — 50y% + 3y

The total revenue is given by
Total revenue = TR(y) = py = 1164y
The profit is given by
Profit = TR(y) — TC(y) = 1164y — (1000 + 800y — 503> + 3y%)
= —1000 + 364y + 503> — 33>

The first and second derivative of profit are given by

d Profit
dProfit _ a64 + 100y — 942 (3)
dy
d? Profit
——— =100—-18
d y? Y
Set the first derivative, equation (3), to zero and solve for x.
d Profit

=364+ 100y — 9y*> =0
dy

= (4—y)(26+9y) =0
= y=14 ory=-26/9
When y = —26/9, ©-2781 = 100 — 18 x (~26/9) = 152 > 0.

When y = 14, ‘ffjiyzft =100 — 18 x 14 = —152 < 0. The optimal y = 14.
When the output level y = 14, the total profit at the optimal level of output is given by

Profit = —1000 4 364y + 50y* — 3>

—1000 + 364 x 14 + 50 x 142 — 3 x 143

—1000 + 364 x 14 + 50 x 142 — 3 x 143

= 5664
When y = 14, the total cost at the optimal level of output is given by
TC(y) = 1000 + 800y — 502 + 3>

= 1000 + 800 x 14 — 50 x 142 + 3 x 143
= 10632.

And the revenue at the optimal level of output is given by
revenue = 1164y = 16296.
The marginal cost at the optimal level of output is given by
d (1000 + 800y — 502 + 3y?)
dy
= 800 — 100y + 93>

MC(y) =

=1164
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Problem 5. Solve the following system of equations.

LABORATORY EXERCISE 6 KEY

32427 %225 — 16 =0

648x1/5:c2_3/5

From the second equation,

— 243 =0
The x values that solve the system are x; = 243 and xo =32.

6482172,/ — 243 1= 0

1/5 —3/5

= 951/ xQ/ =
1/5

= xl/ =
—4/5

= x; -

)4562_12/5

Substitute z1_4/5 = (% into the first equation.

243
648
3,.3/5
g2

8\4 —12/5
(3) T

32427 °22% —16 = 0

= 324 (3)" 25723 = 16
= 217,105 — 16
= x;10/5 _ 2_10
= Tre = 32
Substitute x = 32 into x1/5 = %zg/5.
P = 343
= :C}/E’ = 332%3/5
= :C}/E’ =3

= Ty = 243

So the solution is x1 = 243, x2 = 32.

11
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Problem 6. For each of the following, find the points where f has critical values. Check to see whether
these are maximum or minimum point.

a. {x = 28,z ="}
flx) = 4222 — 23

The first and second derivative of f(x) are given by

M — 841 — 322
dx
&* f(x)
= 4—
722 8 6x

Set the first derivative to be zero. That is,
84z — 322 = 0
= z(28—2) =0
= =0 or x =28

When z = 0, % =84 — 62 =84 > 0. So f(x) has a minimum point at = 0.

And when x = 26, dZdJ;(f) =84 — 6z = —84 < 0. So f(x) has a maximum point at x = 28.

b. {z = 26,z =7}
flx) = —223 4+ 842% — 312z

The first and second derivative of f(z) are given by

df®) _ 602 4 1680 — 312
dzx
a2 f(x)
L = 120+ 168

Set the first derivative to be zero. That is,
—622 4+ 168z —312 = 0
= —6(xz—2)(z—26) =0

= r=2 or x =26
When z = 2, deJ;(:) = —12z + 168 = 144 > 0. So f(z) has a minimum point at = = 2.
And when z = 26, CIE — 1954168 = —144 < 0. So f(z) has a maximum point at = = 26.

dx
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c. f(z) = —a3+ 212 + 2852

The first and second derivative of f(x) are given by

AI@) _ 302 4on 1085
dzx

d? f(z)
722 = —6x + 42

Set the first derivative to be zero. That is,
—322 4+ 422 +285 = 0
= =3(x—-19)(z+5) =0
= r=-5or =19

When x = -5, i) _ gy +42=172>0. So f(x) has a minimum point at z = —5.

d z?
And when x = 19, dzdfz(f) = —6x+42=-72<0. So f(z) has a maximum point at z = 19.
d. f(z) = —22% +422% + 1922

The first and second derivative of f(x) are given by

dI@) _ 62 4 g4z +192

dx
4> f(x)
a2 = —12z 4 84

Set the first derivative to be zero. That is,
—622 + 842 +192 = 0
= —6(z—16)(x+2) = 0
= r=—-2 or =16

When z = -2, @ 5@ — 194 484 =108 > 0. So f(z) has a minimum point at z = —2.

d z?

And when x = 16, dzdfz(f) =—122+ 84 =-108 < 0. So f(x) has a maximum point at = 16.
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Problem 7. Find the indefinite integral of each of the following functions. Write in the form F(x) + c.
a. f(x) = 122% + 6z + 3

b. f(x) = 400 — 80z + 622
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