ECONOMICS 207
SPRING 2008
LABORATORY EXERCISE 13

Problem 1. The cost function for a firm is a rule or mapping that tells the minimum total cost of production
of any output level produced by the firm for a fixed level of input prices. If the variable y represents the
output of the firm, then the cost function is given by c(y,w) or ¢(y). Marginal cost represents the change in
the cost of production for the firm as output changes and is given by the derivative of the cost function with

respect to output, i.e., Marginal Cost(MC) = d‘;—(yy). A graph of price and marginal cost is given in figure 1.

F1GURE 1. Profit Maximization Given Marginal Cost
Cost

Output
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Consider a competitive firm with the following technology (as represented by its cost function) and output
price.

price = p = $748

cost = c(y) = 1000 + 800y — 80y* + 4y

Date: April 15, 2008.



2 ECONOMICS 207 SPRING 2008 LABORATORY EXERCISE 13

a. Write down an equation for profit for this firm and find the potential levels of output that maximize
profit.

b. Using the second order conditions from profit maximization, determine which of the levels of output from
part a that maximize profit?
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c. Explain in words why setting price equal to marginal cost and solving for the optimal output y gives
the same answers as taking the derivative of profit with respect to y, setting the result equal to zero and
solving for the optimal y. Remember that

Profit =py — c(y)

Profit =748y — [1000 + 800y — 80 y* + 4y°]

d. Consider a competitive firm with the following technology (as represented by its cost function) and output
price.

price = p = $748

cost = c(y) = 1000 + 800y — 80y* + 4¢°
Without writing down an equation for profit, find the levels of output which potentially maximize
profit using what you have learned in general about profit maximization for a competitive firm.
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e. Given that you have no second order conditions from profit maximization per se, make a coherent argument
about which of the two potential output levels you found in part d maximizes profit.

f. Integrate the marginal cost function you found in part d to obtain the variable cost function and then
use it to show that the level of variable cost for this firm when it maximizes profit with a price of $748 is
$5668.
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g. Cross-hatch the area represented by variable cost in part f and explain why the integral of the marginal
cost function or the area under the marginal cost curve represents variable cost.

h. Given that revenue for this profit maximizing firm is $9724, what is producer surplus?

i. Shade this level of producer surplus in Figure 1.
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Problem 2. In the following problem you are given a production function for a firm where y is the level of
output and x is the level of the variable input. You are given the price (p) of the output and the price (w)
of the single variable input.

output price = p =10
input price = w =5130

y = output = f(x) = 189z + 90x? — 33

FIGURE 2. Revenue, Cost and Profit
$
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a. Find values of x that potentially maximize output for this firm.

b. Show which values of x in part a actually maximize output.
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c. Write down an equation that represents profit for the firm.

d. Maximize this function by taking its derivative with respect to the variable input x and setting the
resulting equation equal to zero.

e. If you identify more than one critical value from setting the first derivative of profit equal to zero, show
which ones, if any, maximize profit.
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f. Explain in words why the value of the marginal product for this firm is equal to the price of the single
variable input at the profit maximizing level of input use. You can use the following information in
explaining this phenomenon. Say something about the benefits of using an input not being less than the
cost of the input.

Output =y = f(x)

M P =Marginal Product = df

Revenue =pf(x)
Cost =wzx
Profit = m =Revenue — Cost = pf(x) — wx

d_7r
dx

g. Using the information from part 2f, explain why the slope of total revenue in figure 2 is equal to the slope
of total cost at the profit maximizing level of input use.



Problem 3. For each of the following problems, write an equation that represents profit as a function of the two inputs x; and xs.
Write it in the form 7 = pf(x1,x2)-w1x1-woxo and then simplify the expression. Then find all first and second partial derivatives of the

function. Then set the partial derivatives with respect to x; and x5 equal to zero and solve the equations for the levels of x; and zo that
maximize profit. Then show that the level you found actually maximizes profit.

a.

f(x,12)
p

1021 + 4025 — x% + x1209 — a:%

4

wy = 60, wey = 24
7 = 4(10x1 + 4029 — 27 + 1129 — T3) — 6021 — 2475
= 40x1 + 160x2 — 41‘% + 4z — 41‘% — 60x1 — 2425
= — 2021 + 13623 — 427 + day 79 — 423

T ="=20 — 81 + 412

I% — 136 4 4z — 8o

BZQ -

n P _
8118x1 - 8 8x1812 - 4

. _ Fr
Ox20x1 4 Ox20x2 8
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Find potential profit maximizing levels of x; and xo.
We maximize profit by taking the derivatives of (1) setting them equal to zero and solving for x; and xs.

0
a—; — 20— 8z, 4+ 41y = 0 (2a)
on
— =136+4x1 — 8z = 0 2b
8562 + 1 T2 ( )
Multiply equation 2a by 2 and add to 2b to obtain
—40 — 16.171 +8172 = 0
136 +42;1 —8xy = 0 3
=96—-122;y +0z2 = O (3)
= r1 = 8
Now substitute x; in equation 2a and solve for xs.
—20 — 8561 + 4562 =0
= —20—8(8) +4x2 =0 4
=29 =21

(0)8
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By evaluating the Hessian matrix of the profit equation at the critical values, verify the optimal levels of x; and xs.

9*r &*r

g = % mom =t eu 16 = 48> 0
o“m 4 o'm '
0z20T1 Ox20x2
Both diagonal elements are negative and the determinant of the Hessian is positive, so the input levels z1 = 8, x5

point of profit maximization.

21 represent a
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f(x1,22) =302, + 152 — 227 + zy20 — 23

w; =60, wy = 12

K = 6, T2 = 9
o on
611 812
9% RS
611821 811612
9’ Rl
O0x2011 Qw2012

[q)
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By evaluating the Hessian matrix of the profit equation at the critical values, verify the optimal levels of x; and xs.

it
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flz1,22) =40x1 + 1022 — 21’% + 2119 — :13%

p =1
w1, = 347 W2 = 2
T = 77 T = 11
o on
611 812
9% RS
611821 811612
9’ Rl
O0x2011 Qw2012
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By evaluating the Hessian matrix of the profit equation at the critical values, verify the optimal levels of x; and xs.
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™

flar, ) = oy %ay?

p = 594
w; =81,  wy = 242

r1 = 121, T2 = 27

1

594272 2/® — 81z, — 2424,

—-1/2 1/3

I — 92972, 2,0 — 81

oxq

O — 198z, %, " — 242

Oxo

%x 297 -3/2_1/3 2 —1/2_—2/3
0x10x1 _T‘Tl Tg Dw1073 995C1 Tq

Pr —-1/2 —-2/3 Fr —1/2 —5/3
w0z, — 99T Ty Tusoe; — 132%y Tay

8T
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Find potential profit maximizing levels of x; and xo.
From equation (5) we have

29727 22l —81 =0 (5.1)
19821/ %2,%% — 242 =0 (5.2)
Rearrange the first equation 5.1 to obtain
~1/2, 173 _ 81 _ 3
1o Togr T I
1/2_—~1/2_1/3 3 12
= .'171/ l'l / SCQ/ = ﬁxl/
1/3 3 12
= a)° = ﬁxl/ (5.1.a)

= T2

3\° 1/2\°
() ()
3\° 3/2
1) "

1/2 —2/3 242 11
.Tl/ (EQ / = @ = ? (52’)

Now substitute xs from equation 5.1.a into equation 5.2’ to obtain

—2/3
1/2 3\° 3/2 1
(El H .Tl = ?

Rearrange the second equation 5.2 slightly to obtain

-2
(3 11
= — = —
71 (11) 9 (5.2.2)
1

- (36) - 6 @)

=11723*37%11* = 112 = 121
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Now substitute x; from equation 5.2.a into equation 5.1.a to obtain
S 3 ’ 3/2
° )
3
3
= (=) (121)%?
(5)

=3*117°(1)° = 3°

27

014
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By evaluating the Hessian matrix of the profit equation at the critical values, verify the optimal levels of x; and xs.

Remember that ;1 = 121, zo = 27. Substituting in the Hessian matrix we obtain the following.
*r _ Exfs/zst
(95618171 2 1 2
297 0*n _ -
— — 20 (191)=3/2(27) /3 = 99z, V2?3
32, (121) (27) 071075 Ty Ty
_ 3 >2< 1,3, 3 = 99(121)~/2(27)~%/3
54 =32 x11x117'x37?
L TEIE =1
B 81
242

0? _ —484
T 1320/, = T
(9271' —1/2 —2/3 81’26(172 81
Brgdr, 0T T = —132(121)/2(27)7%/3
= 99(121)"Y/2(27)72/3 = —22x3x11x11x37°
=3 x11x117t x 372 __4x12l
=1 34
484
81
Both diagonal elements are negative and the determinant of the Hessian is positive, so the input levels 1 = 121, x2 = 27 represent

a point of profit maximization.
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flar, ) = aPay?

p = 240
w1 :647 W2 = 135
r1 = 2437 To = 64
omr  __ onr  __
611 - 812 -
o  _ _ 288 1/3 —7/5 P _ -2/5_-2/3
0r10x1 _TmQ Ly 071073 48x1 Ty
57 n FFr
612811 - 812612 -

(44
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In this table fill in values of z1 and 2 given to obtain

numerical answers for the Hessian matrix.

on on
6:E1 - 812 -

9 P _
0r10x1 dx10x2 ~
_0'm _9%m 45
Oxo20x1 Oxo0xs 32

44
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By evaluating the Hessian matrix of the profit equation at the critical values, verify the optimal levels of x; and xs.
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1/4 3/7
f(z1,22) = $1/ $2/
p =224
w1 :7, Wy = 24
z1 =256, @y = 128
om o _
611 - 812 -
9% Rl
0x10x1 O0x10x2
9% r _ﬂxl 433711 7
612811 8126:E2 - 7 1 2

9
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In this table fill in values of z1 and 2 given to obtain

numerical answers for the Hessian matrix.

on or
6:E1 - 812 -

Fr 21 P _
61]82] - 1024 81]612 -

Fr P _ _ 3
Oxo20x1 Oxo0xs 28
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By evaluating the Hessian matrix of the profit equation at the critical values, verify the optimal levels of x; and xs.
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Problem 4. Find the listed partial derivatives of each of the following functions.
a. L(x1,29,A) = 60z + 24z9 — A (101‘1 + 4020 — 2% + 120 — 7% — 583)

oL A oL A oL A
LT = 60 — 10A +2Az; — Azy (@, v, ) =24 — 40\ — Az1 + 2)7, oLl A) _ —10z1 — 4022 + 2§ — z122 + 23 + 583
(9.1‘1 (91‘2 8/\

L _ 920 FLI
dr1011 2\ Ju107s "9z 0% = 10 — 221 + 29

’L 2\ 925 L
612811 - 812612 6128)\

%L 220 L

" ox0m “oxoay — 40+ 1 — 229 B YN

0¢
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b. L(z1,22,\) = 4531 + 1529 — 222 + 2w129 — 23 — A (15021 + 1022 — 3590)

8L($1,x27)\) 81)(:1:1,332,)\) 8&(:1:1,:1:2,)\)
(9.1’1 (9.1’2 8/\
o°L o°L __o°L
61182] 81]612 81]6)\
9°L 9°L _ 9°L
61282] 812612 6128/\
_ 0L _ %L _ 0L
OXOz 1 OXOxz2o OXOA
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c. L(xy,m9,)\) = 8lay + 24229 — A (xi/2xé/3 B 33>

8£;($1,x27)\) 8&(:1:1,:1:27)\) 8L(m1,m2,A)
(9.1‘1 (9.1‘2 8/\

P05 1, 1/3 —3/2 L a.—2/3 —1/2 5 1.1/3 —1/2
Do = 1ALy T w0z, 6%2  T1 “dzon — 2%2 T

EX 92L 2 —5/3 1/2 92L _ 1..-2/3 1/2
dra0z: Do = 9 M2 T T dzeox — 3T2 T
%L ~ 7L ~ 9L

NIz 1 ONOz2 DNON

143
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d. L(z1,20,N) = 27/%227 — X (Tzy + 325 — 832)

35(95179527)\) 35(1‘1,1727)\) 35(1‘1,1’2,/\)
85131 85132 oA\
277

o2r 215 92c 3$_2/3$—5/7 _9L vy

Oz10x1 9 5/3 O0z10z2 — 9171 2 Oz10X
Ty

%L 8°L 10,173 —12/7 9L
22071 Dw20z2 . 49%1 T2 T Dz20X
_ oL __o°L _9°L
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