ECONOMICS 207
SPRING 2008
EXAM 5
KEY

Some Hints:

(1) Allocate your time efficiently. Spend time on problems in proportion to points possible.

2) 26 =43 =64 = 64/3 =4

) 212 =26 x 26 = 642 = 4096

) 25 x 26 =2 = 2048

) 21 x 3=6144

) 169/4 — 99
For each of the first three problems, write an equation that represents profit as a function of the two

inputs x; and xo. Find levels of of x7 and x5 that potentially maximize profit. Show that the levels of x
and x2 you find actually maximize profit by checking second order conditions.

Date: April 23, 2008.



Problem 1 (25 Points).
a. What is the profit equation for the following firm

f(z1,22) =102 + 309 — 22 + 2129 — 223
p =3
w, = 97 W2 = 6
m =3(10z1 + 30x2 — :13% + z1T9 — 21’%) — 921 — 629
=301 + 9029 — 32?2 + 3x129 — 622 — 911 — 6y

=211 + 8429 — 323 + 3w179 — 623

b. Fill in the following table of derivatives of the profit equation.

o

— 9] — o _ _
T="91— 621 + 322 T =84+ 3x; — 1225
. Fr
0r10x1 _6 dx10x2 3
P Fr
Ox20x1 3 Dzadza -12
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c. Find potential profit maximizing levels of x; and xs.

To do so, write the two first order conditions as a system of equations after moving the constant to the right hand side.

—621 +3x2=—21 (1.1a)
3r1—1229= — 84 (1.1b)
Multiply equation 1.1a by 4 and then add it to the second equation. First multiply

4x (—6561 +3172: — 21)

(1.2)
=—-24x14+12x0,= — 84
Then add this new equation to equation 1.1b as follows.
—24x1 +1229 = — 84
3561 —12562 =—84
(1.3)
—21x, = — 168
—168
= =——=238
Y
Now substitute 1 = 8 into equation 1.1a and solve for x5 as follows.
—6561 + 3172 =-21
= —6(8) 4+ 320 =—21
= —48 4+ 31, = — 21 (1.4)
= 3xo =27
27
= T2 :g =9
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d. By evaluating the Hessian matrix of the profit equation at the critical values, verify the optimal levels of x; and xs.

The Hessian is given by

FFr P _
8118x1 - _6 8x1812 - 3
H= P _ 3 % _ -12
Ox20T1 dx20xy

The determinant of the Hessian is given by

det[H] = ((=6)(=12)) = (3)(3))
=172-9=63

Both diagonal elements of the Hessian are negative and the determinant is positive so the know that the z; = 8 and z9 = 9 is a point
of maximal profit.
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Problem 2 (25 Points).
a. What is the profit equation for the following firm

x1,T2) =100z + 5022 — 212 + T1To — 212
1 2

p =2

7 =2(100z; + 502y — 222 + 129 — 223) — 9027 — 6022
=200z + 10029 — 422 + 2129 — 422 — 9021 — 6022

=11021 + 4029 — 427 + 22129 — 423
b. Fill in the following table of derivatives of the profit equation.
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T =110 - 82, + 203 T =40 + 221 — 823
r FPr
0r10x1 _8 dx10x2 2
Fr *r
612811 - 2 812612 - 8
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c. Find potential profit maximizing levels of x; and xs.

To do so, write the two first order conditions as a system of equations.

—8561—|—2.T2: — 110
2561—8172: —40
Multiply equation 2.1b by 4 and then add it equation 2.1a. First multiply
4X(21‘1 —8$2: — 40)

= 81 —32x9= — 160
Then add this new equation to equation 2.1a as follows.

8r1 —32x9 = — 160
—8561 —|—2172 =-—110

T —301‘2 =—-270

= T ——_270 =9
2730
Now substitute o = 9 into equation 2.1a and solve for x; as follows.
—8171 + 2562 =-—110
= —8x1+2(9) =—110
= —8zr; + 18 =—-110
= 8xr1 =128
128
=1z =— =16

8

(2.3)
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d. By evaluating the Hessian matrix of the profit equation at the critical values, verify the optimal levels of x; and xs.

The Hessian is given by

FFr P _
8118x1 - _8 8x1812 - 2
H= Fr 2 Fr 8
Ox20T1 Ox20x2

The determinant of the Hessian is given by
det[H] = ((=8)(=8)) — ((2)(2))
=64—4 =60

Both diagonal elements of the Hessian are negative and the determinant is positive so the know that the x; = 16 and zo = 9 is a point
of maximal profit.
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Problem 3 (35 Points).
a. What is the profit equation for the following firm

flan,me) = a7/'a)?
p =24
wy = 3, wy = 1
T = 16

T =24 (56}/4.1‘;/3) —3r1 — T2

2245131/41‘;/3 — 371 — T2

b. Fill in the following table of derivatives of the profit equation.

or _ n —3/4 _1/3 or _ o 1/4 _—2/3
6—11—6561 Ty =3 8—@—8561 Ty -1
Zx 9, —7/4_1/3 2rx o —3/4 _—2/3
611811 - _51‘1 JCQ 811612 - 2:1:1 "172

2r —3/4 —2/3 x  _ _16,..1/4 —5/3
Drgmr — 271 T2 Dusoms — 301 T2
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c. Find potential profit maximizing levels of x; and xs.

To do this, solve the following systems of equations from the first order conditions for x; and xs.

6.171_3/456;/3 -

1/4
8z "xy

Rearrange the first equation in 3.1 to obtain

—3/4 1/3 _
Ty T

3/4 —3/4 1/3
= T T Ty

1/3

= 1,7 =

= Ty =

Rearrange the second equation 3.2 slightly to obtain

1/4 —2/3
Ty To

Now substitute xs from equation 3.1.a into equation 3.2’ to obtain

—2/3

N~ NI~ O w
8

=W
~
~
N =

w
~
'S

ool =

(3.1.a)

(3.2')
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—2/3
14 [ (1 ’ 9/4 1
x B —
! 2) 8
;sx}/4(2> n =5
2
o /1 1
_ 1/1\?
—4/5
1 1 /
=T = g 5

(56
(é) O

_ 4/528/5
— 912/598/5
— 920/5 _ 94 _ 15

Now substitute x; from equation 3.2.a into equation 3.1.a to obtain

1 3

(3.2.a)

(0)8
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d. In this table fill in values of x; and x5 given to obtain numerical answers for the Hessian matrix.

7l = —3a T 00 Ty
B EmE e
% _ —2(16)*7/4(64)1/3 :(_1)(9)271(24)77/4(26)1/3
=(-1)(©)27'277(2) = (~9)2° =
35?:(;;1 = 8512(;;2 = 2(16)3/4(64)~2/3 =2(24)~3/4(26)~2/3
=(2)27%27*=2"0= é
% = —2—6(16)1/4(64)‘5/3 =- 2; (24 (26)7°°
=(-1)(2")371(2)27*
-1 1
=BT = s = s -

This then gives for the Hessian

) Fr 1

6118Z1 - 64 6118£E2 - 64
H= Fr 1 Fr 1
8z2ax1 - 64 8:E2(9I2 - 96

1

96
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e. By evaluating the Hessian matrix of the profit equation at the critical values, verify the optimal levels of x; and xs.

P ) Fr 1

6118Z1 - 64 aazlf)zg - 64
H= Fr 1 Fr 1
8z2ax1 - 64 8:E2(9I2 - 96

The determinant of the Hessian is given by

st = (57) (55) - ((ar) (&)
= (‘%) (‘251x 3) B (% <2i6>>
~(w3) (30
(52%) - (55)
(55) - (3)

Given that the diagonals of the Hessian are negative and the determinant is postive, we know that the values of x we found represent a
maximum.

[q)
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Problem 4 (15 Points). Find the listed partial derivatives of each of the following function.
L($17$2,>\) = (10$1 + 301‘2 — l‘% + x12x9 — 21‘%) — A(Ql‘l + 61‘2 — 126)

oL A oL A oL A
OL@LE N 0 9 44y — 0 OLGLe2d) gy o gy —gn | ZRELT N g 6, — 126)
(9.1‘1 (91‘2 8/\
L _ 7L L _
61]811 - _2 61] 612 - 1 _611 oA - 9
L 7L FL
612811 - 1 612612 - _4 - 6128/\ - 6
9°L 9L 9°L
T OOz, 9 TOXOzo T 6 TOXNON T 0

202 SOINONODH

800C DNIYUJS

g WVXH

AHM

€T



